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TABLE F.1 FORMULAS FOR UNIT CONVERSIONS* 





Name, Symbol, Dimensions 


Conversion Formula 





Length 


Speed 


Mass 


Density 
Force 


Pressure 


Volume 


Volume Flow 
Rate 
(Discharge) 
Mass Flow 
Rate 

Energy and 
Work 


Power 


Angular Speed 
Viscosity 
Kinematic 
Viscosity 
Temperature 





IL 





JL 


L/T 


M/I’ 
MILS TA 


M/LT? 


L 


E/T 


M/T 


ML?/T? 


IVE TS 


M/LT 
EIT 





1m = 3.281 ft = 1.094 yd = 39.37 in = km/ 1000 = 10° um 

1 ft = 0.3048 m = 12 in = mile/ 5280 = km/ 3281 

1mm = m/ 1000 = in/25.4 = 39.37 mil = 1000 um = 107A 

1m/s = 3.600 km/hr = 3.281 ft/s = 2.237 mph = 1.944 knots 

1 ft/s = 0.3048 m/s = 0.6818 mph = 1.097 km/hr = 0.5925 knots 

1 kg = 2.205 lbm = 1000 g = slug/ 14.59 = (metric ton or tonne or Mg)/ 1000 

1 Ibm = lbf-s?/ (32.17ft) = kg/2.205 = slug/32.17 = 453.6 g 
= 160z = 7000 grains = short ton/2000 = metric ton (tonne) / 2205 

1000 kg/m? = 62.43 lbm/ft? = 1.940 slug/ f? = 8.345 lbm/ gal (US) 

1 lbf = 4.448 N = 32.17 lbm- ft/s? 

1N = kg-m/s? = 0.2248 lbf = 10° dyne 

1 Pa = N/m? = kg/m: ê = 10% bar = 1.450 x 10°-*Ibf/in? = inch H,O/ 249.1 
= 0.007501 torr = 10.00 dyne / cm? 


1 atm = 101.3 kPa = 2116 psf = 1.013 bar = 14.70 Ibf/in? = 33.90 ft of water 
= 29.92 in of mercury = 10.33 m of water = 760 mm of mercury = 760 torr 


1 psi = atm/ 14.70 = 6.895 kPa = 27.68 in H,O = 51.71 torr 

1m? = 35.31 ft = 1000 L = 264.2 US. gal 

1 ft? = 0.02832 m> = 28.32 L = 7.481 US. gal = acre-ft/ 43,560 

1 U.S. gal = 231 in? = barrel (petroleum)/42 = 4 U.S. quarts = 8 U.S. pints 
= 3.785 L = 0.003785 m? 

1m?/s = 35.31 ft/s = 2119 cfm = 264.2 gal (US)/s = 15850 gal (US)/m 

lefs = 1 ft/s = 28.32 L/s = 7.481 gal (US)/s = 448.8 gal (US)/m 


1 kg/s = 2.205 lbm/s = 0.06852 slug/s 


1J =kgm’/s? = Nm = W's = volt:coulomb = 0.7376 ft-lbf 

= 9.478 x 10°* Btu = 0.2388 cal = 107 erg = kWh/3.600 x 10° 
1 W = J/s = N-w/s = kg-m?/ 8? = 1.341 x 10° hp 

= 0.7376 ft : lbf/s = 1.0 volt-ampere = 0.2388 cal/s = 9.478 x 10-*Btu/s 
1 hp = 0.7457 kW = 550 ft-lbf/s = 33,000 ft-lbf/min = 2544 Btu/h 


1.0 rad/s = 9.549 rpm = 0.1591 rev/s 
1 Pa's = kg/m:s = N:s/ m? = 10 poise = 0.02089 Ibf:s/ ft? = 0.6720 lbm/ ft's 
1 m?/s = 10.76 fi?/s = 10° cSt 


K = °C + 273.15 = °R/ 1.8 
°C = (= 18 

OR = °F + 459.67 = 1.8K 
OF = 1.8°C + 32 








* A useful online reference is ww.onlineconversion.com 








TABLE F.2 COMMONLY USED EQUATIONS 








Mass flow rate equation 


m=pAV =pQ= [ovaa = [PV dA Œa. 529, p. 131) 
A A 














Specific weight 
Y = PS (Eq. 2.2, p. 16) 
Specific gravity 
a a a (Eq. 2.3, p. 16) 
PH,Oat4ec YH,Oat4°C 

Ideal gas law 
p= pRT (Eq. 2.5, p. 17) 
Definition of viscosity 

= uw (Eq. 2.6, p. 19) 
Kinematic viscosity 
v= p/p (Eq. 2.8, p. 20) 





Pressure equation 
Pabs © Patm + P gage (Eq. 3.3a, p. 35) 


Pabs — Patm~ P vacuum (Eq. 3.3b, p. 35) 


Continuity equation 


d = 
a. pdk + i" oV+dA=0 


giMey + oD M = 0 


cs 


(Eq. 5.24, p. 138) 


(Eq. 5.25, p. 138) 


P, Ay V_ = P2422 


Momentum equation 


S'F= S| vedi [vov - da 
cv cs 


(Eq. 5.26, p. 142) 
(Eq. 6.5, p. 164) 


SF = “| pv dK + > tiv, — > mv ;(Eq. 6.6, p. 164) 
dt CV cs cs 








Hydrostatic equation 
a +23 = a +z, = constant 
Y y 


P- = Pı + YZ, = P2 + Yz, = constant 


(Eq. 3.7a, p. 38) 


(Eq. 3.7b, p. 38) 


Ap = -yAz (Eq. 3.7c, p. 38) 


Energy equation 
=2 =2 
Pı 


V V 
taita th, = Fay 
y & 


7g +z, +h,+ h; 


(Eq. 7.29; p. 225) 








Manometer equations 


P25 Pıt > Yihi— X Yih 


down up 


hı- h, = Ah(yg/ y4- 1) 


(Eq. 3.18, p. 45) 


(Eq. 3.19, p. 46) 


The power equation 
P = FV = To 
P = mgh = yQh 


(Eq. 7.3, p. 218) 
(Eq. 7.31, p. 227) 





Efficiency of a machine 
P 








Hydrostatic force equations (flat panels) 
F= pA (Eq. 3.23, p. 49) 


Y-Y = (Eq. 3.28, p. 51) 


{Ijs 





Buoyant force (Archimedes equation) 





Fg =Y#¥p (Eq. 3.36, p. 56) 
The Bernoulli equation 
2 2 
V V. 
Pipiza oe lee (Eq. 418b, p. 92) 
y 2 2g 


2 2 


pV, pV, 
Pit oe + pgz, = pot a + Pgz, (Eq. 418a, p. 92) 


n= oes ut (Eq. 7.32; p. 227) 
input 
Reynolds number (pipe) 


YD _pVD_4Q _~ 4m Eq. 10.2, p.317) 
v u TwDv twTwDp 





Re 





Combined head loss equation 


-oL y? 
h=5 Dg De 


pipes components 


(Eq. 10.45, p. 339) 


Friction factor f (Resistance coefficient) 


= 64 Re < 2000 (Eq. 10.34, p. 326) 
Re 
= 025 (Re > 3000)(Eq. 10.39, p. 331) 
k 
lon s, z 
3.71D pe” 








Coefficient of pressure 
„= P = ae Eq. 4.50, p. 109) 
Volume flow rate equation 
Q=VA A [vas |v- aa 
A 











(Eq. 5.8, p. 131) 


Drag force equation 


2 
V, 
F= cpa) 


5 (Eq. 11.5, p. 365) 











Lift force equation 


pV; 
F,=GAl— 





(Eq. 11.17, p. 381) 








TABLE F.3 USEFUL CONSTANTS 








Name of Constant Value 
Acceleration of gravity a= OM m/e = 2 is 
Universal gas constant R, = 8.314 kJ/ kmol + K = 1545 ft + Ibf/lbmol + °R 


Standard atmospheric pressure Pam = 1.0 atm = 101.3 kPa = 14.70 psi = 2116 psf = 33.90 ft of water 
10.33 m of water = 760 mm of Hg = 29.92 in of Hg = 760 torr = 1.013 bar 


ll 


TABLE F.4 PROPERTIES OF AIR [T = 20°C (68 °F), p = 1 atm] 








Property SI Units Traditional Units 

Specific gas constant Ria = 287.0 J/kg + K Ry, = 1716 ft * Ibf/ slug - °R 

Density p = 1.20 kg/m? p = 0.0752 Ibm/ ft? = 0.00234 slug/ f? 
Specific weight y = 11.8 N/m? y = 0.0752 Ibf/ f? 

Viscosity p = 1.81 x 105 N + s/m? p = 3.81 x 107 Ibf + s/ ft 

Kinematic viscosity v = 1.51 x 10% m?/ s v = 1.63 x 104 f?/s 

Specific heat ratio k = c,/c, = 1.40 k= ,/c, = 1.40 

Specific heat c, = 1004J/kg+K c, = 0.241 Btu/Ibm - °R 

Speed of sound c = 343 m/s c = 1130 ft/s 


TABLE F.5 PROPERTIES OF WATER [T = 15°C (59 °F), p = 1 atm] 


Property SI Units Traditional Units 

Density p = 999 kg/m? p= 62.4 lbm/ft? = 1.94 slug/ ft? 
Specific weight y = 9800 N/m} y= 62.4 lbf/ ft 

Viscosity w= 114 10 N 187 m2 p= DBI lO IPs s Awe 
Kinematic viscosity v= 1.14 x 10% m/s v= 123x10°f’/s 

Surface tension o = 0.073 N/m o = 0.0050 Ibf/ ft 

(water-air) 

Bulk modulus of elasticity B = One 10° Pa B=) 310x 10° psi 








TABLE F.6 PROPERTIES OF WATER [T = 4°C (39 °F), p = 1 atm] 





Property SI Units Traditional Units 





Density 1000 kg/m? 62.4 Ibm/ f? = 1.94 slug/ f? 
Specific weight 9810 N/ m3 62.4 Ibf/ ft 
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Test 28 
Chester 2, Probleme, Question 2.2 
Chistes é A U-tube mancenster contains oil, mercury, and water as shown in the Figure. For tha column heights indicated what is the pressure differential between pipes d 

anda? 
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© Algorithmic questions 
allow a group of students 
to work on the same 
problem with differing 
values. Students can 
also rework a problem 
with differing values for 
additional practice. 







This GO Tutorial will provide you with a step-by-step guide on how to approach this problem. When you are 
finished, go back and try the problem again on your own. To view the original question while you work, you can 


(camm |" drag this screen to the side. (This GO Tutorial consists of 6 steps). 
50 Tutorial Mie 


Step |i |v]: Solution Step 1: Choose Modeling Equation 





First choose an equation to model the flow. 
Question 


Are the assumptions and conditions for the use of Bernoulli's Equation satisfied: 


(a) Can one or more streamlines be identified? 
(b) Is the flow without significant viscous effects? 
(c) Is the flow steady? 

(d) Is the flow incompressible? 


(e) Is there any mechanical work done on the fluid? 








| References 


4 3.6.2 Confined Flows 
| in many cases the fluid is physically constrained within a device so that its pressure cannot be prescribed a priori as 
| was done for the free jet examples given earker. For these situations it is necessary to use the concept of 

conservation of mass (the continuity equation) along with the Bemoulli equation. 


Consider a fluid flowing through a fixed volume (such as a tank) that has one inlet and one outlet as shown in Fig 
3.9. If the flow is steady so that there is no additional accumulation of fluid within the volume, the rate at which the 
fluid flows into the volume must equal the rate at which it flows out of the volume (otherwise mass would not be 
conserved), 

B Fie paecet at = 0 


1 Same parcel at r = ör 


E=$ 


FIGURE 3.9 Steady flow into and out of a tank. 


The mass flowrate from an outlet, m (shugs/s or kg/s), is given by mh =P, where o(s or m/s) is the volume 

flowrate. If the outlet area is A and the fluid flows across this area (normal to the area) with an average velocity V, 

then the volume of the fluid crossing this area in a time interval &t is VA &t, equal to that in a volume of length V åt 
\_ and cross-sectional area A (see Fig 3.9). Hence, the volume flowrate (volume per unit time) is Q=VA Thus, 


© MultiPart Problems and 
GoTutorials lead students 
through a series of steps, 
providing instant feedback 
along the way, to help 
them develop a logical, 
structured approach to 
problem solving. 


© Or, they can link directly 
to the online text to read 
about this concept before 
attempting the problem 
again—with or without the 
same values. 
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Preface 


Audience 


Approach 


This book is written for engineering students of all majors who are taking a first or second 
course in fluid mechanics. Students should have background knowledge in statics and calculus. 

This text is designed to help students develop meaningful and connected knowledge of 
main concepts and equations as well as develop the skills and approaches that work effectively 
in professional practice. 


Through innovative ideas and professional skills, engineers can make the world a better place. 
In particular, fluid mechanics plays a very important role in the design, development, and anal- 
ysis of systems from microscale applications to giant hydroelectric power generation. For this 
reason, the study of fluid mechanics is essential to the background of an engineer. The approach 
in this text is to emphasize both professional practice and technical knowledge. 

This text is organized to support the acquisition of deep and connnected knowledge. Each 
chapter begins by informing students what they should be learning (i.e., learning outcomes) and 
why this learning is relevant. Topics are linked to previous topics so that students can see how 
knowledge is building and connecting. Seminal equations, defined as those that are commonly 
used, are carefully derived and explained. In addition, Table F.2 in the front of the book orga- 
nizes the main equations. 

This text is organized to support the development of skills for problem solving. Example 
problems are presented with a structured approach that was developed by studying the research 
literature that describes how experts solve technical problems. This structured approach, la- 
beled as “Engineering Analysis,” is presented in Chapter 1. Homework problems are organized 
by topic, and a variety of types of problems are included. 


Organization of Knowledge 


Chapters | to 11 and 13 are devoted to foundational concepts of fluid mechanics. Relevant con- 
tent includes fluid properties; forces and pressure variations in static fluids; qualitative descrip- 
tions of flow and pressure variations; the Bernoulli equation; the control volume concept; 
control volume equations for mass, momentum, and energy; dimensional analysis; head loss 
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in conduits; measurements; drag force; and lift force. Nearly all professors cover the material 
in Chapters 1 to 8 and 10. Chapters 9, 11, and 13 are covered based on instructor preference. 
Chapters 12, 14, and 15 are devoted to special topics that are optional for a first course in fluid 
mechanics. 

In this 9th edition, there is some reorganization of sections and some additions of new 
technical material. Chapter 1 provides new material on the nature of fluids, unit practices, and 
problem solving. Sections in Chapter 4 were reordered to provide a more logical development 
of the Bernoulli equation. Also, the material on the Eulerian and Lagrangian approaches was 
moved from Chapter 4 to Chapter 5. Chapter 7 provides new material on energy and power and 
a new section to describe calculation of power. In Chapter 10, new material on standard pipe 
sizes was added and new sections were added to describe flow classification and to describe 
how to solve turbulent flow problems. The open channels flow topics that were in Chapter 10 
were moved to Chapter 15. Chapters 11 and 15 were modified by introducing new sections to 
better organize the material. Also, a list of main equations and a detailed list of unit conversions 


were added to the front of the book. 


Features of this Book* 


*Learning Outcomes. Each chapter begins with learn- 
ing outcomes so students can identify what knowledge they 
should be gaining by studying the chapter. 

*Rationale. Each section describes what content is pre- 
sented and why this content is relevant so students can con- 
nect their learning to what is important to them. 

*Visual Approach. The text uses sketches and photo- 
graphs to help students learn more effectively by connect- 
ing images to words and equations. 

*Foundational Concepts. This text presents major con- 
cepts in a clear and concise format. These concepts form 
building blocks for higher levels of learning. Concepts are 
identified by a blue tint. 

*Seminal Equations. This text emphasizes technical 
derivations so that students can learn to do the derivations 
on their own, increasing their levels of knowledge. Features 
include 


e Derivations of each main equation are presented in a 
step-by-step fashion. 
¢ The assumptions associated with each main equation are 


stated during the derivation and after the equation is 
developed. 


e The holistic meaning of main equations is explained 
using words. 


e Main equations are named and listed in Table F.2. 


* Asterisk denotes a new or major modification to this edition. 


Chapter Summaries. Each chapter concludes with a 
summary so that students can review the key knowledge in 
the chapter. 

*Engineering Analysis. Example problems and solu- 
tions to homework problems are structured with a step-by- 
step approach. As shown in Fig. 1 (next page), the solution 
process begins with problem formulation, which involves 
interpreting the problem before attempting to solve the 
problem. The plan step involves creating a step-by-step 
plan prior to jumping into a detailed solution. This struc- 
tured approach provides students with an approach that can 
generalize to many types of engineering problems. 

*Grid Method. This text presents a systematic process, 
called the grid method, for carrying and canceling units. 
Unit practice is emphasized because it helps students spot 
and fix mistakes and because it helps student put meaning 
on concepts and equations. 

Traditonal and SI Units. Examples and homework 
problems are presented using both SI and traditional unit 
systems. This presentation helps students develop unit 
practices and gain familiarity with units that are used on 
professional practice. 

Example Problems. Each chapter has approximately 
10 example problems, each worked out in detail. The pur- 
pose of these examples is to show how the knowledge is 
used in context and to present essential details needed for 
application. 
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EXAMPLE 3.1 LOAD LIFTED BY A HYDRAULIC 


JACK 


A hydraulic jack has the dimensions shown. If one exerts a 
force F of 100 N on the handle of the jack, what load, F,, can 
the jack support? Neglect lifter weight. 


The first steps model 
how engineers 
change a problem 
statement into a 
meaningful and clear 
problem definition. 


Problem Definition 


jack. 


negligible. 
Sketch: 


Situation: A force of F = 100 N is applied to the handle of a 


Assumptions: Weight of the lifter component (see sketch) is 


2. Calculate pressure pin the hydraulic fluid by applying 
force equilibrium. 
3. Calculate the load F, by applying force equilibrium. 


Solution 
1. Moment equilibrium 


SMe = 0 
(0.33 m) x (100 N) - (0.03 m)F, = 0 


Find: Load F, in kN that the jack can lift. F= 0.33( m X 100 N) _ 1100 N 


0.03 m 


2. Force equilibrium (small piston) 
f ari =E= 


= = 1100 N 
Thus 


I<— 5 cm diameter 3. Force equilibrium (lifter) 


e Note that p, = p, because they are at the same eleva- 
tion (this fact will be established in the next section). 


e Apply force equilibrium: 





| — Lifter 





1.5 cm diameter —+ 





> Fier = Fo P47 = 0 
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2 











The next steps model a 


= £ 6 T i 
F =p -|62 x10 (F x (0.05 m) ) 
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Review 





how engineers find a 
solution path by 
using main concepts. 


Plan 


moment equilibrium. 


Figure 1 


Structured problem solving is used throughout the text. 


Homework Problems. The text includes several types 
of end-of-chapter problems, including 


e Preview (or prepare) questions PQ<4. A preview (or pre- 
pare) question is designed to be assigned prior to in-class 
coverage of the topic. The purpose is so that students 
come to class with some familiarity with the topics. 


e Analysis problems. These problems are traditional prob- 
lems that require a systematic, or step-by-step, approach. 
They may involve multiple concepts and generally can- 
not be solved by using a memorization approach. These 
problems help students learn engineering analysis. 

e Computer problems. These problems involve use of a 
computer program. Regarding the choice of software, we 
have left this open so that instructors may select a pro- 
gram or may allow their students to select a program. 


e Design problems. These problems have multiple possi- 
ble solutions and require assumptions and decision 
making. These problems help students learn to manage 
the messy, ill-structured problems that typify profes- 
sional practice. 





1. Calculate force F, acting on the small piston by applying 


Check valve ; . ; A p 
The jack in this example, which combines a lever and a 


hydraulic machine, provides an output force of 12,200 N 
from an input force of 100 N. Thus, this jack provides a 
mechanical advantage of 122 to 1! 





Solutions Manual. The formatting of the instructor’s so- 
lutions manual parallels the engineering-analysis approach 
presented in the text. Each solution includes a description of 
the situation, statement of the problem goals, statements of 
main assumptions, summary of the solution approach, a de- 
tailed solution, and review comments. In addition, each 
problem analysis is organized using text labels, such as 
“momentum equation (x-direction),” so that the labels 
themselves provide a summary of the solution approach. 


Image Gallery. The figures from the text are available 
in PowerPoint format, for easy inclusion in lecture pre- 
sentations. This resource is available only to instructors. 
To request access to this password-protected resource, 
visit the Instructor Companion Site portion of the web site 
located at ww.wiley.com/college/crowe, and register 
for a password. 

Interdisciplinary Approach. Historically, this text 
was written for the civil engineer. We are retaining this 
approach while adding material so that the text is also ap- 
propriate for other engineering disciplines. For example, 
the text presents the Bernoulli equation using both head 
terms (civil engineering approach) and terms with units of 
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pressure (the approach used by chemical and mechanical 
engineers). We include problems that are relevant to prod- 
uct development as practiced by mechanical and electrical 
engineers. Some problems feature other disciplines, such 
as exercise physiology. The reason for this interdiscipli- 
nary approach is that the world of today’s engineer is be- 
coming more and more interdisciplinary. 

Also Available from the Publisher. Practice Prob- 
lems with Solutions: A Guide for Learning Engineering 


Author Team 


Most of the book was originally written by Profes- 
sor John Roberson, with Clayton Crowe adding the 
material on compressible flow. Professor Roberson 
retired from active authorship after the 6th edition, 
Professor Donald Elger joined on the 7th edition, 
and Professor Barbara Williams joined on the 9th 


Edition. 
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Introduction 





Fluid mechanics applies concepts z 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Describe fluid mechanics. 
e Contrast gases and liquids by describing similarities and differences. 
e Explain the continuum assumption. 


Procedural Knowledge 
e Use primary dimensions to check equations for dimensional 
homogeneity. 
e Apply the grid method to carry and cancel units in calculations. 
Explain the steps in the “Structured Approach for Engineering 


related to force and energy to Analysis” (see Table 1.4). 
practical problems such as the 


design of gliders. (Photo courtesy 
of DG Flugzeugbau GmbH.) 


—_—@ — 


Liquids and Gases 


Prior to fluid mechanics, students take courses such as physics, statics, and dynamics, which 
involve solid mechanics. Mechanics is the field of science focused on the motion of material 
bodies. Mechanics involves force, energy, motion, deformation, and material properties. 
When mechanics applies to material bodies in the solid phase, the discipline is called solid 
mechanics. When the material body is in the gas or liquid phase, the discipline is called fluid 
mechanics. In contrast to a solid, a fluid is a substance whose molecules move freely past 
each other. More specifically, a fluid is a substance that will continuously deform—that is, 
flow under the action of a shear stress. Alternatively, a solid will deform under the action of a 
shear stress but will not flow like a fluid. Both liquids and gases are classified as fluids. 

This chapter introduces fluid mechanics by describing gases, liquids, and the contin- 
uum assumption. This chapter also presents (a) a description of resources available in the ap- 
pendices of this text, (b) an approach for using units and primary dimensions in fluid 
mechanics calculations, and (c) a systematic approach for problem solving. 


This section describes liquids and gases, emphasizing behavior of the molecules. This 
knowledge is useful for understanding the observable characteristics of fluids. 


Liquids and gases differ because of forces between the molecules. As shown in the first 
row of Table 1.1, a liquid will take the shape of a container whereas a gas will expand to fill 
a closed container. The behavior of the liquid is produced by strong attractive force between 
the molecules. This strong attractive force also explains why the density of a liquid is much 
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Attribute 


Table 1.1 COMPARISON OF SOLIDS, LIQUIDS, AND GASES 


Solid 


Liquid 


Gas 





Typical Visualization 


Macroscopic 
Description 


Mobility of Molecules 


Typical Density 


Molecular Spacing 


Effect of Shear Stress 


Effect of Normal Stress 


Viscosity 


Compressibility 


— 2 





Solids hold their shape; no need 
for a container 


Molecules have low mobility 
because they are bound in a 
structure by strong 
intermolecular forces 


Often high; e.g., density of steel 
is 7700 kg/m 


Small—molecules are close 
together 


Produces deformation 


Produces deformation that may 
associate with volume change; 
can cause failure 


NA 


Difficult to compress; bulk 
modulus of steel is 160 x 10° Pa 





Liquids take the shape of the 
container and will stay in open 
container 


Liquids typically flow easily even 


though there are strong intermolecular 


forces between molecules 


Medium; e.g., density of water is 
1000 kg/m 


Small—molecules are held close 
together by intermolecular forces 


Produces flow 


Produces deformation associated with 


volume change 


High; decreases as temperature 
increases 


Difficult to compress; bulk modulus 
of liquid water is 2.2 x 10° Pa 





Gases expand to fill a closed 
container 


Molecules move around freely 
with little interaction except 
during collisions; this is why 
gases expand to fill their container 


Small; e.g., density of air at sea 


level is 1.2 kg/m 


Large—on average, molecules are 
far apart 


Produces flow 


Produces deformation associated 
with volume change 


Low; increases as temperature 
increases 


Easy to compress; bulk modulus 
of a gas at room conditions is 
about 1.0 x 10° Pa 


higher than the density of gas (see the fourth row). The attributes in Table 1.1 can be gen- 
eralized by defining a gas and liquid based on the differences in the attractive forces between 
molecules. A gas is a phase of material in which molecules are widely spaced, molecules 
move about freely, and forces between molecules are minuscule, except during collisions. Al- 
ternatively, a liquid is a phase of material in which molecules are closely spaced, molecules 
move about freely, and there are strong attractive forces between molecules. 


The Continuum Assumption 


This section describes how fluids are conceptualized as a continuous medium. This topic is 
important for applying the derivative concept to characterize properties of fluids. 
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Figure 1.1 





When a measuring 
volume A¥ is large 
enough for random 
molecular effects to 
average out, the 
continuum assumption is 
valid 


Gas Gas molecules 













Continuum assumption 
ih is valid. | 
— l 
AF ae 
Selected 
volume = AV Ay AF, 
Volume AF 
(a) (b) 


While a body of fluid is comprised of molecules, most characteristics of fluids are due 
to average molecular behavior. That is, a fluid often behaves as if it were comprised of con- 
tinuous matter that is infinitely divisible into smaller and smaller parts. This idea is called the 
continuum assumption. When the continuum assumption is valid, engineers can apply limit 
concepts from differential calculus. Recall that a limit concept, for example, involves letting 
a length, an area, or a volume approach zero. Because of the continuum assumption, fluid pa- 
rameters such as density and velocity can be considered continuous functions of position 
with a value at each point in space. 

To gain insight into the validity of the continuum assumption, consider a hypothetical 
experiment to find density. Fig. 1.la shows a container of gas in which a volume A¥ has 
been identified. The idea is to find the mass of the molecules AM inside the volume and then 
to calculate density by 

-= AM 
A¥ 


The calculated density is plotted in Fig. 1.15. When the measuring volume A¥ is very small 
(approaching zero), the number of molecules in the volume will vary with time because of 
the random nature of molecular motion. Thus, the density will vary as shown by the wiggles 
in the blue line. As volume increases, the variations in calculated density will decrease until 
the calculated density is independent of the measuring volume. This condition corresponds to 
the vertical line at A¥,. If the volume is too large, as shown by A¥,, then the value of density 
may change due to spatial variations. 

In most applications, the continuum assumption is valid. For example, consider the 
volume needed to contain at least a million (10°) molecules. Using Avogadro’s number of 
6 x 1023 molecules/mole, the limiting volume for water is 10-!3 mm3, which corresponds 
to a cube less than 10-4 mm ona side. Since this dimension is much smaller than the flow di- 
mensions of a typical problem, the continuum assumption is justified. For an ideal gas (1 atm 
and 20°C) one mole occupies 24.7 liters. The size of a volume with more than 10° molecules 
would be 10-!° mm3, which corresponds to a cube with sides less than 10-3 mm (or one 
micrometer). Once again this size is much smaller than typical flow dimensions. Thus, the 
continuum assumption is usually valid in gas flows. 

The continuum assumption is invalid for some specific applications. When air is in 
motion at a very low density, such as when a spacecraft enters the earth’s atmosphere, 
then the spacing between molecules is significant in comparison to the size of the 
spacecraft. Similarly, when a fluid flows through the tiny passages in nanotechnology 
devices, then the spacing between molecules is significant compared to the size of these 
passageways. 
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Dimensions, Units, and Resources 


This section describes the dimensions and units that are used in fluid mechanics. This 
information is essential for understanding most aspects of fluid mechanics. In addition, this 
section describes useful resources that are presented in the front and back of this text. 


Dimensions 


A dimension is a category that represents a physical quantity such as mass, length, time, mo- 
mentum, force, acceleration, and energy. To simplify matters, engineers express dimensions 
using a limited set that are called primary dimensions. Table 1.2 lists one common set of pri- 
mary dimensions. 

Secondary dimensions such as momentum and energy can be related to primary dimen- 
sions by using equations. For example, the secondary dimension “force” is expressed in pri- 
mary dimensions by using Newton’s second law of motion, F = ma. The primary 


dimensions of acceleration are L/T e so 
L _ML 








(1.1) 


In Eq. (1.1), the square brackets mean “dimensions of.” This equation reads “the primary di- 
mensions of force are mass times length divided by time squared.” Note that primary dimen- 
sions are not enclosed in brackets. 


Units 


While a dimension expresses a specific type of physical quantity, a unit assigns a number so 
that the dimension can be measured. For example, measurement of volume (a dimension) can 
be expressed using units of liters. Similarly, measurement of energy (a dimension) can be ex- 
pressed using units of joules. Most dimensions have multiple units that are used for measure- 
ment. For example, the dimension of “force” can be expressed using units of newtons, 
pounds-force, or dynes. 


Unit Systems 


In practice, there are several unit systems in use. The International System of Units (abbrevi- 
ated SI from the French “Le Système International d'Unités”) is based on the meter, 





Table 1.2 PRIMARY DIMENSIONS 


Dimension Symbol Unit (SI) 
Length IE meter (m) 
Mass M kilogram (kg) 
Time I second (s) 
Temperature 0 kelvin (K) 
Electric current i ampere (A) 
Amount of light G candela (cd) 
Amount of matter N mole (mol) 
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kilogram, and second. Although the SI system is intended to serve as an international stan- 
dard, there are other systems in common use in the United States. The U.S. Customary Sys- 
tem (USCS), sometimes called English Engineering System, uses the pound-mass (Ibm) for 
mass, the foot (ft) for length, the pound-force (lbf) for force, and the second (s) for time. The 
British Gravitational (BG) System is similar to the USCS system that the unit of mass is the 
slug. To convert between pounds-mass and kg or slugs, the relationships are 


L 


1.0 Ibm = 52 


kg = es slug 
Thus, a gallon of milk, which has mass of approximately 8 Ibm, will have a mass of about 
0.25 slugs, which is about 3.6 kg. 

For simplicity, this text uses two categories for units. The first category is the familiar 
SI unit system. The second category contains units from both the USCS and the BG systems 
of units and is called the “Traditional Unit System.” 


Resources Available in This Text 


To support calculations and design tasks, formulas and data are presented in the front and 
back of this text. 

Table F.1 (the notation “F.x” means a table in the front of the text) presents data for con- 
verting units. For example, this table presents the factor for converting meters to feet (1 m = 
3.281 ft) and the factor for converting horsepower to kilowatts (1 hp = 745.7 W). Notice that 
a given parameter such as viscosity will have one set of primary dimensions (M/ LT) and 
several possible units, including pascal-second (Pa +s ), poise, and lbf+ s/ft’. Table F.1 lists 
unit conversion formulas, where each formula is a relationship between units expressed using 
the equal sign. Examples of unit conversion formulas are 1.0 m = 3.281 ft and 3.281 
ft = km/ 1000. Notice that each row of Table F.1 provides multiple conversion formulas. For 
example, the row for length conversions, 


km 


1 m = 3.281 ft = 1.094 yd = 39.37 in = = 106 
1000 


06 um (1.2) 


has the usual conversion formulas such as | m = 39.37 in, and the less common formulas 
such as 1.094 yd = 106 um. 

Table F.2 presents equations that are commonly used in fluid mechanics. To make them 
easier to remember, equations are given descriptive names such as the “hydrostatic equa- 
tion.” Also, notice that each equation is given an equation number and page number corre- 
sponding to where it is introduced in this text. 

Tables F.3, F.4, and F.5 present commonly used constants and fluid properties. Other 
fluid properties are presented in the appendix. For example, Table A.3 (the notation “A.x” 
means a table in the appendix) gives properties of air. 

Table A.6 lists the variables that are used in this text. Notice that this table gives the 
symbol, the primary dimensions, and the name of the variable. 


Topics in Dimensional Analysis 


This section introduces dimensionless groups, the concept of dimensional homogeneity of an 
equation, and a process for carrying and canceling units in a calculation. This knowledge is 
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useful in all aspects of engineering, especially for finding and correcting mistakes during cal- 
culations and during derivations of equations. 


All of topics in this section are part of dimensional analysis, which is the process for 
applying knowledge and rules involving dimensions and units. Other aspects of dimensional 
analysis are presented in Chapter 8 of this text. 


Dimensionless Groups 


Engineers often arrange variables so that primary dimensions cancel out. For example, 
consider a pipe with an inside diameter D and length L. These variables can be grouped to 
form a new variable L/D, which is an example of a dimensionless group. A dimensionless 
group is any arrangement of variables in which the primary dimensions cancel. Another 
example of a dimensionless group is the Mach number M, which relates fluid speed V to 
the speed of sound c: 


M= 


ain 


Another common dimensionless group is named the Reynolds number and given the symbol 
Re. The Reynolds number involves density, velocity, length, and viscosity u : 
Re = PYŁ (1.3) 
u 
The convention in this text is to use the symbol [-] to indicate that the primary dimensions of 
a dimensionless group cancel out. For example, 


[Re] = ka = [-] (1.4) 


Dimensional Homogeneity 
When the primary dimensions on each term of an equation are the same, the equation is 


dimensionally homogeneous. For example, consider the equation for vertical position s of an 
object moving in a gravitational field: 


s= +vott+s, 


gt 
2 

In the equation, g is the gravitational constant, ź is time, v, is the magnitude of the vertical 
component of the initial velocity, and s, is the vertical component of the initial position. This 
equation is dimensionally homogeneous because the primary dimension of each term is 
length L. Example 1.1 shows how to find the primary dimension for a group of variables us- 
ing a step-by-step approach. Example 1.2 shows how to check an equation for dimensional 
homogeneity by comparing the dimensions on each term. 

Since fluid mechanics involves many differential and integral equations, it is useful to 
know how to find primary dimensions on integral and derivative terms. 

To find primary dimensions on a derivative, recall from calculus that a derivative is de- 
fined as a ratio: 


Gf tig 
y. Ay —> 0 AY 
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Thus, the primary dimensions of a derivative can be found by using a ratio: 


EXAMPLE 1.1 PRIMARY DIMENSIONS OF THE 
REYNOLDS NUMBER 


Show that the Reynolds number, given in Eq. 1.4, is a 
dimensionless group. 


Problem Definition 
Situation: The Reynolds number is given by 
Re = (pVL)/w. 


Find: Show that Re is a dimensionless group. 


Plan 
1. Identify the variables by using Table A.6. 
2. Find the primary dimensions by using Table A.6. 


3. Show that Re is dimensionless by canceling primary 
dimensions. 


EXAMPLE 1.2 DIMENSIONAL HOMOGENEITY 
OF THE IDEAL GAS LAW 


Show that the ideal gas law is dimensionally homogeneous. 


Problem Definition 

Situation: The ideal gas law is given by p = pRT. 
Find: Show that the ideal gas law is dimensionally 
homogeneous. 


Plan 
1. Find the primary dimensions of the first term. 
2. Find the primary dimensions of the second term. 


3. Show dimensional homogeneity by comparing the terms. 





Bibis 


Solution 
1. Variables 
e mass density, p 
e velocity, V 
e Length, L 
e viscosity, u 
2. Primary dimensions 


[p] = M/L? 
[V] = L/T 
w= 

[el = AT 


3. Cancel primary dimensions: 
l aA -E 


Since the primary dimensions cancel, the Reynolds number 
(pVL)/p is a dimensionless group. 


Solution 
1. Primary dimensions (first term) 
e From Table A.6, the primary dimensions are: 
M 
jel=—4 
L 
2. Primary dimensions (second term). 
e From Table A.6, the primary dimensions are 


[el = M/L* 
[R] =L7/0T° 
[7] =o 
e Thus 
M\( r? M 
RT| =| #1 S|) = 4 
l Ho I” 


3. Conclusion: The ideal gas law is dimensionally 
homogeneous because the primary dimensions of each 
term are the same. 
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The primary dimensions for a higher-order derivative can also be found by using the basic 
definition of the derivative. The resulting formula for a second-order derivative is 


pp 
[A] im Aoje- 
Ay —> 0 


dy? Ay yi pY 


(1.5) 


Applying Eq. (1.5) to acceleration shows that 


#y| (2%) -i 

de |e | P 
To find primary dimensions of an integral, recall from calculus that an integral is defined as a 
sum: 


N 
dy = lim Ay; 
|r y= ia ae y 


Thus 


[ray] = [fly] (1.6) 


For example, position is given by the integral of velocity with respect to time. Checking pri- 
mary dimensions for this integral gives 


|a = (vita = 5-7 =2 


In summary, one can easily find primary dimensions on derivative and integral terms by 
applying fundamental definitions from calculus. This process is illustrated by Example 1.3 





EXAMPLE 1.3 PRIMARY DIMENSIONS OF Solution 2 
A DERIVATIVE AND Ha 1. Primary dimensions of ee 
Find the primary dimensions of pee, where u is viscosity, e From Table A.6: v 
g = 
u is fluid velocity, and y is distance. Repeat for Z | p dF Hl Gee 
dt, [u] = L/T 

where fis time, ¥ is volume, and p is density. ix] = 

e Apply Eq. (1.5): 
Problem Definition PPE] 
Situation: A derivative and integral term are specified above. du A [ u ] — ATE 
Find: Primary dimensions on the derivative and the integral. dy? i 1? 
Plan e Combine the previous two steps: 


1. Find the primary dimensions of the first term by applying 


Eq. (1.5). du P du = LIE M 
i . f . ers a [u] PE -Fr z] 272 
2. Find the primary dimensions of the second term by dy dy LTAL LT 


applying Eqs. (1.5) and (1.6). 
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2. Primary dimensions of & | pak 


e Apply Eqs. (1.5) and (1.6) together: 


z de a lv 
e Find primary dimensions from Table A.6: =| e a | t | EIT) IF 
T 


[H =7 
[p] = M/L? 
m= 





Figure 1.2 
Grid method 


Sometimes constants have primary dimensions. For example, the hydrostatic equation 
relates pressure p, density p , the gravitational constant g, and elevation z: 


p + pgz = constant = C 


For dimensional homogeneity, the constant C needs to have the same primary dimensions as 
either p or pgz. Thus the dimensions of C are [C] = M/LT ? Another example involves ex- 
pressing fluid velocity V as a function of distance y using two constants a and b: 


V(y) = ay(b-y) 


For dimensional homogeneity both sides of this equation need to have primary dimensions of 
[L/T]. Thus, [b] = Land [a] = LT. 


The Grid Method 


Because fluid mechanics involves complex equations and traditional units, this section pre- 
sents the grid method, which is a systematic way to carry and cancel units. For example, Fig. 
1.2 shows an estimate of the power P required to ride a bicycle at a speed of V = 20 mph. 
The engineer estimated that the required force to move against wind drag is F = 4.0 lbf and 
applied the equation P = FV. As shown, the calculation reveals that the power is 159 watts. 

As shown in Fig. 1.2, the grid method involves writing an equation, drawing a grid, and 
carrying and canceling units. Regarding unit cancellations, the key idea is the use of unity 
conversion ratios, in which unity (1.0) appears on one side of the equation. Examples of 
unity conversion ratios are 

_ _Im/s 10= 1.0N 
2.237 mph 0.2249 lbf 


Figure 1.2 shows three conversion ratios. Each of these ratios is obtained by using informa- 
tion given in Table F.1. For example, the row in Table F.1 for power shows that 
1 W = (N-: m/s). Dividing both sides of this equation by N+ m/s gives 
_ Ws 

N-m 


1.0 


Table 1.3 shows how to apply the grid method. Notice how the same process steps can apply 
to different situations. 


4lbt | 20 mpi | 1.0ms | 10N | W*s 


= xVe= 
atl | 2.237 mph | 0.2248 bf | Nm 








P=159 7 
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Table 1.3 APPLYING THE GRID METHOD (TWO EXAMPLES) 


Process Step 


Example 2 





Situation: Convert a pressure of 2.00 


psi to pascals. 


Step 1. Problem: Write the term or = 2.00 psi 
: : Pp ‘UU p 
equation. Include numbers and units. 


Step 2. Conversion Ratios: Look up E 1 Pa 

unit conversion formula(s) in Table F.1 1.0 = Tere ae 
and represent these as unity conversion 1.45 x 10" psi 
ratios. 

Step 3. Algebra: Multiply variables and , 

cancel units. Fix any errors. p= [2.00 psi] 

Step 4. Calculations: Perform the p = 13.8 kPa 


indicated calculations. Round the 
answer to the correct number of 
significant figures. 


Situation: Find the force in newtons that is needed to 
accelerate a mass of 10 g at a rate of 15 ft/s. 


F = ma 
F (N) = (0.01 kg)(15 ft/s?) 


1.0 m MEAE: 
3.281 ft © kgem 








F= ooa EREE] 


F = 0.0457 N 





Since fluid mechanics problems often involve mass units of slugs or pounds-mass 
(lbm), it is easy to make a mistake when converting units. Thus, it is useful to have a system- 
atic approach. The idea is to relate mass units to force units through F = ma. For example, a 
force of 1.0 N is the magnitude of force that will accelerate a mass of 1.0 kg at a rate of 1.0 m/s?. 


Thus, 


(1.0 N) = (1.0 kg)(1.0 m/s?) 


Rewriting this expression gives a conversion ratio 





When mass is given using slugs, the corresponding conversion ratio is 


kg-m 

i7 
ga (1.7) 
1.9 = Slug: ft (1.8) 


lbf + s2 


A force of 1.0 lbf is defined as the magnitude of force that will accelerate a mass of 1.0 Ibm 


at a rate of 32.2 ft/s. Thus, 


(1.0 Ibf) = (1.0 Ibm)(32.2 ft/s?) 


Thus, the conversion ratio relating force and mass units becomes 


_ 32.2 Ibm: ft 
lbf + s2 


(1.9) 


Example 1.4 shows how to apply the grid method. Notice that calculations involving 
traditional units follow the same process as calculations involving SI units. 
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EXAMPLE 1.4 GRID METHOD APPLIED TO 
A ROCKET 


A water rocket is fabricated by attaching fins to a 1-liter plastic 
bottle. The rocket is partially filled with water and the air space 
above the water is pressurized, causing water to jet out of the 
rocket and propel the rocket upward. The thrust force T from 
the water jet is given by T = mV, where m is the rate at which 
the water flows out of the rocket in units of mass per time and 
V is the speed of the water jet. (a) Estimate the thrust force in 
newtons for a jet velocity of V = 30 m/s (98.4 ft/s) where the 
mass flow rate is m = 9 kg/s (19.8 Ibm/s). (b) Estimate the 
thrust force in units of pounds-force (lbf). Apply the grid 
method during your calculations. 


Problem Definition 
Situation: 


Plan 


Find the thrust force by using the process given in 
Table 1.3. When traditional units are used, apply Eq. (1.9). 


Solution 
1. Thrust force (SI units) 
T=mV 
e Insert numbers and units: 
T (N) = mV = (9 kg/s)(30 m/s) 
e Insert conversion ratios and cancel units: 
w e 


2. Thrust force (traditional units) 
T=mV 


1. A rocket is propelled by a water jet. 
2. The thrust force is given by T = mV. 


Find: Thrust force supplied by the water jet. Present the 
answer in N and lbf. 


Sketch: e Insert numbers and units: 


T (lbf) = mV = (19.8 Ibm/s) (98.4 ft/s) 


e Insert conversion ratios and cancel units: 


Pressure = 
es lipase The - = 














Review 
@/ O 1. Validation. Since 1.0 lbf = 4.45 N, answer (a) is the same 
Water jet as answer (b). 
Velocity =V = 30 m/s = 98.4 ft/s 2. Tip! To validate calculations in traditional units, repeat the 


Mass flow rate = 7 = 9 kg/s = 19.8 Ibm/s cieneaion i IU. 


Engineering Analysis 


In fluid mechanics, many problems are messy and open-ended. Thus, this section presents a 
structured approach to problem solving. 


Engineering analysis is a process for idealizing or representing real-world situations using 
mathematics and scientific principles and then using calculations to extract useful informa- 
tion. For example, engineering analysis is used to find the power required by a pump, wind 
force acting on a building, and pipe diameter for a given application. Engineering analysis 
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Table 1.4 STRUCTURED APPROACH FOR ENGINEERING ANALYSIS 
What To Do Why Do This? Typical Actions 
Problem Definition: This involves e To visualize the situation (present ° Read and interpret the problem statement. 
figuring out what the problem is, what is state). e Look up and learn unfamiliar knowledge. 
involved, and what the end state (i.e., e To visualize the goal (end state). e Document your interpretation of the situation. 


goal state) is. 


e Interpret and document problem goals. 


Problem definition is done before trying e Make an engineering sketch. 


to solve the problem. 


e Document main assumptions. 
e Look up fluid properties; document sources. 


Plan: This involves figuring out a e To find an easy way to solve the e Generate multiple ideas for solving the problem 
solution path or “how to solve the problem. e Identify useful equations from Table F.2. 
problem.” e Saves you time. e Inventory past solutions. 
Planning is done prior to jumping into e Analyze equations using a term-by-term approach. 
action. e Balancing number of equations with number of 
unknowns. 

e Make a step-by-step plan. 
Solution: This involves solving the e To reach the problem goal state. e Use computer programs. 
problem by executing the plan. e Perform calculations. 


Review: This involves 


e Double-check work. 
e Carry and cancel units. 


e Gain confidence that your answer œ Check the units of answer. 


validating the solution, exploring can be trusted. e Check that problem goals have been reached. 
implications of the solution, and looking ° Increases your understanding. e Validate the answer with a simpler estimate. 

back to learn from the experience you e Gain ideas for applications. e Write down knowledge that you want to remember. 
just had. e To learn. e List “what worked” and “ideas for improvement.” 





~ g- 


involves subdividing or organizing a problem into logical parts as described in Table 1.4. No- 
tice that the columns describe what to do, the rationale for this step, and typical actions taken 
during this step. The approach shown in Table 1.4 is used in example problems throughout 
this text. 


Applications and Connections 


Knowledge in this textbook generalizes to problem solving in many contexts. However, this 
presents a challenge because it can be hard to understand how this fundamental knowledge 
relates to everyday problems. Thus, this section describes how knowledge from fluid 
mechanics connects to other disciplines. 


Hydraulics is the study of the flow of water through pipes, rivers, and open-channels. 
Hydraulics includes pumps and turbines and applications such as hydropower. Hydraulics is 
important for ecology, policymaking, energy production, recreation, fish and game resources, 
and water supply. 

Hydrology is the study of the movement, distribution, and quality of water throughout 
the earth. Hydrology involves the hydraulic cycle and water resource issues. Thus, hydrol- 
ogy provides results that are useful for environmental engineering and for policymaking. 
Hydrology is important nowadays because of global challenges in providing water for hu- 
man societies. 
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Summary 


Aerodynamics is the study of air flow. Topics include lift and drag on objects (e.g., air- 
planes, automobiles, birds), shock waves associated with flow around a rocket, and the flow 
through a supersonic or deLaval nozzle. Aerodynamics is important for the design of vehi- 
cles, for energy conservation, and for understanding nature. 

Bio-fluid mechanics is an emerging field that includes the study of the lungs and circu- 
latory system, blood flow, micro-circulation, and lymph flow. Bio-fluids also includes 
development of artificial heart valves, stents, vein and dialysis shunts, and artificial organs. 
Bio-fluid mechanics is important for advancing health care. 

Acoustics is the study of sound. Topics include production, control, transmission, reception 
of sound, and physiological effects of sound. Since sound waves are pressure waves in fluids, 
acoustics is related to fluid mechanics. In addition, water hammer in a piping system, which in- 
volves pressure waves in liquids, involves some of the same knowledge that is used in acoustics. 

Microchannel flow is an emerging area that involves the study of flow in tiny pas- 
sages. The typical size of a microchannel is a diameter in the range of 10 to 200 micrometers. 
Applications that involve microchannels include microelectronics, fuel cell systems, and ad- 
vanced heat sink designs. 

Computational fluid dynamics (CFD) is the application of numerical methods imple- 
mented on computers to model and solve problems that involve fluid flows. Computers per- 
form millions of calculations per second to simulate fluid flow. Examples of flows that are 
modeled by CFD include water flow in a river, blood flow in the abdominal aorta, and air 
flow around an automobile. 

Petroleum engineering is the application of engineering to the exploration and pro- 
duction of petroleum. Movement of oil in the ground involves flow through a porous me- 
dium. Petroleum extraction involves flow of oil through passages in wells. Oil pipelines 
involve pumps and conduit flow. 

Atmospheric science is the study of the atmosphere, its processes, and the interaction 
of the atmosphere with other systems. Fluid mechanics topics include flow of the atmosphere 
and applications of CFD to atmospheric modeling. Atmospheric science is important for pre- 
dicting weather and is relevant to current issues including acid rain, photochemical smog, 
and global warming. 

Electrical engineering problems can involve knowledge from fluid mechanics. For ex- 
ample, fluid mechanics is involved in the flow of solder during a manufacturing process, the 
cooling of a microprocessor by a fan, sizing of motors to operate pumps, and the production 
of electrical power by wind turbines. 

Environmental engineering involves the application of science to protect or improve 
the environment (air, water, and/ or land resources) or to remediate polluted sites. Environ- 
mental engineers design water supply and wastewater treatment systems for communities. 
Environmental engineers are concerned with local and worldwide environmental issues such 
as acid rain, ozone depletion, water pollution, and air pollution. 


Fluid mechanics involves the application of scientific concepts such as position, force, velocity, 
acceleration, and energy to materials that are in the liquid or gas states. Liquids differ from sol- 
ids because they can be poured and they flow under the action of shear stress. Similar to liquids, 
gases also flow when shear stress is nonzero. A significant difference between gases and liquids 
is that the molecules in liquids experience strong intermolecular forces whereas the molecules 
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in gases move about freely with little or no interactions except during collisions. Thus, gases 
expand to fill their container while liquids will occupy a fixed volume. In addition, liquids have 
much larger values of density and liquids exhibit effects such as surface tension. 


In fluid mechanics, practices that involve using units and dimensions are known collec- 
tively as “dimensional analysis.” A dimension is a category associated with a physical quan- 
tity such as mass, length, time, or energy. Units are the divisions by which a dimension is 
measured. For example, the dimension called “mass” may be measured using units of kilo- 
grams, slugs, pounds-mass, or ounces. 

All dimensions can be expressed using a limited set of primary dimensions. This text 
mainly uses three primary dimensions: mass (M), length (L), and time (T). 

A systematic way to carry and cancel units is called the grid method. The main idea of the grid 
method is to multiply terms in equations by a ratio (called a unity conversion ratio) that equals 1.0. 
Examples of unity conversion ratios are 1.0 = (1.0 kg)/ (2.2 Ibm) and 1.0 = (1.0 Ibf)/ (4.45 N). 

Engineering analysis is the process of applying scientific knowledge and mathematical 
procedures to solve practical problems such as calculating forces on an airplane or estimating 
the energy requirements of a pump. Engineering analysis involves actions that can be orga- 


nized into four categories: problem definition, plan, solution, and review. 


Problems 


*A Preview Question (PQ) can be assigned prior to in-class 
coverage of a topic. 


Units, Dimensions, Dimensional Homogeneity 


*1.1 PO For each variable below, list three common units. 

a. Volume flow rate (Q), mass flow rate (m), and pressure ( p). 

b. Force, energy, power. 

c. Viscosity. 

*1.2 PQ4 In Table F.2, find the hydrostatic equation. For each 

form of the equation that appears, list the name, symbol, and 

primary dimensions of each variable. 

*1.3 PQ<4 For each of the following units, list the primary 

dimensions: kWh, poise, slug, cfm, cSt. 

1.4 The hydrostatic equation is p/y + z = C, where p is pressure, 

y is specific weight, z is elevation, and C is a constant. Prove that 

the hydrostatic equation is dimensionally homogeneous. 

1.5 Find the primary dimensions of each of the following terms. 

a. (pV2)/2 (kinetic pressure), where p is fluid density and V 
is velocity. 

b. T (torque). 

c. P (power). 

d. (pV?L)/o (Weber number), where p is fluid density, V is 
velocity, L is length, and o is surface tension. 

1.6 The power provided by a centrifugal pump is given by 

P = mgh, where m is mass flow rate, g is the gravitational con- 

stant, and / is pump head. Prove that this equation is dimension- 

ally homogeneous. 

1.7 Find the primary dimensions of each of the following terms. 


a. [p V2 dA, where p is fluid density, V is velocity, and A is area. 
A 


b. £ | pV d¥, where 2 is the derivative with respect to time, p is 
E 


density, and ¥ is volume. 


The Grid Method 


*1.8 PO In your own words, what actions need to be taken in 
each step of the grid method? 

1.9 Apply the grid method to calculate the density ofan ideal gas us- 
ing the formula p = p/ RT. Express your answer in Ibm/ft’. Use the 
following data: absolute pressure is p = 35 psi, the gas constant is 
R = 1716 ft-lbf/slug-°R, and the temperature is T = 100 °F. 
1.10 The pressure rise Ap associated with wind hitting a win- 
dow of a building can be estimated using the formula 
Ap = p(V2/2), where p is density of air and V is the speed of 
the wind. Apply the grid method to calculate pressure rise for 
p = 1.2 kg/m? and V = 60 mph. 

a. Express your answer in pascals. 

b. Express your answer in pounds-force per square inch (psi). 
c. Express your answer in inches of water column (in-H,O). 
1.11 Apply the grid method to calculate force using F = ma. 

a. Find force in newtons for m = 10 kg and a = 10 m/s’. 

b. Find force in pounds-force for m = 10 lbmanda = 10 ft/s’. 
c. Find force in newtons for m = 10 slug and a = 10 ft/s’. 
1.12 When a bicycle rider is traveling at a speed of V = 24 
mph, the power P she needs to supply is given by P = FY, 
where F = 5 lbf is the force necessary to overcome aerody- 
namic drag. Apply the grid method to calculate: 

a. power in watts. 

b. energy in food calories to ride for 1 hour. 

1.13 Apply the grid method to calculate the cost in U.S. dollars to 
operate a pump for one year. The pump power is 20 hp. The pump 
operates for 20 hr/ day, and electricity costs $0.10 per kWh. 


C H A P T E R 


Fluid Properties 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Define density, specific gravity, viscosity, surface tension, vapor pressure, and bulk modulus of elasticity. 
e Describe the differences between absolute viscosity and kinematic viscosity. 
e Describe how shear stress, viscosity, and the velocity distribution are related. 
e Describe how viscosity, density, and vapor pressure vary with temperature and / or pressure. 


Procedural Knowledge 
e Look up fluid property values from figures, tables; know when and how to interpolate. 
e Calculate gas density using the ideal gas law. 


DES- E 


A fluid has certain characteristics by which its physical condition may be described. These 
characteristics are called properties of the fluid. This chapter introduces material properties 
of fluids and presents key equations, tables, and figures. 


Properties Involving Mass and Weight 


Mass and weight properties are needed for most problems in fluid mechanics, including the 
flow of ground water in aquifers and the pressure acting on a scuba diver or an underwater 
structure. 


Mass Density, p 


Mass density is defined as the ratio of mass to volume at a point, given by 


p= lm = 
Av—>0 AF 


(2.1) 


Review the continuum assumption developed in Section 1.2 for the meaning of A¥ approach- 
ing zero. Mass density has units of kilograms per cubic meter (kg/m>) or pounds-mass per 
cubic foot (lbm/ft*). The mass density of water at 4°C is 1000 kg/m? (62.4 lbm/ft?), and it 
decreases slightly with increasing temperature, as shown in Table A.5. The mass den- 
sity of air at 20°C and standard atmospheric pressure is 1.2 kg/m? (0.075 lbm/ft*), and 
it changes significantly with temperature and pressure. Mass density, often simply called 
density, is represented by the Greek symbol p (rho). The densities of common fluids are 
given in Tables A.2 to A.5. 
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Ideal Gas Law 


Specific Weight, y 

The gravitational force per unit volume of fluid, or simply the weight per unit volume, is de- 
fined as specific weight. It is given the Greek symbol y (gamma). Water at 20°C has a specific 
weight of 9790 N/m? (or 62.4 Ibf/ft? at 50°F). In contrast, the specific weight of air at 20°C 
and standard atmospheric pressure is 11.8 N/ m°. Specific weight and density are related by 


Y = pg (2.2) 


Specific weights of common liquids are given in Table A.4. 


Variation in Liquid Density 


In practice, engineers need to decide whether or not to model a fluid as constant density or 
variable density. Usually, a liquid such as water requires a large change in pressure in order to 
change the density. Thus, for most applications, liquids can be considered incompressible 
and can be assumed to have constant density. An exception to this occurs when different so- 
lutions, such as saline and fresh water, are mixed. A mixture of salt in water changes the den- 
sity of the water without changing its volume. Therefore in some flows, such as in estuaries, 
density variations may occur within the flow field even though the fluid is essentially incom- 
pressible. A fluid wherein density varies spatially is described as nonhomogeneous. This text 
emphasizes the flow of homogeneous fluids, so the term incompressible, used throughout the 
text, implies constant density. 


Specific Gravity, S 
The ratio of the specific weight of a given fluid to the specific weight of water at the standard 
reference temperature 4°C is defined as specific gravity, S: 


g = Jfluid _ Pfuid (2.3) 
Y water Pwater 


The specific weight of water at atmospheric pressure is 9790 N/ m°. The specific gravity of 
mercury at 20°C is 


_ 133 kN/m? 


S 
9.79 kN/m* 


tip = 13.6 


Because specific gravity is a ratio of specific weights, it is dimensionless and therefore inde- 
pendent of the system of units used. 


The ideal gas /aw relates important thermodynamic properties, and is often used to calculate 
density. 


One form of the law is 
p¥ = nR,T (2.4) 


where p is the absolute pressure, ¥ is the volume, n is the number of moles, R, is the univer- 
sal gas constant (the same for all gases), and T is absolute temperature. Absolute pressure, 
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EXAMPLE 2.1 DENSITY OF AIR Solution 
Air at standard sea-level pressure (p = 101 KN/m’) has a _ J 
temperature of 4°C. What is the density of the air? p= RT 
3 2 
Problem Definition = 101 x 10° N/m = 1.27 kg/m} 27 kg/m? 
p = m .27 kg/m 
Situation: Air with a known temperature and pressure. BET Jisa E (ATA A) IE 
Find: Density (kg/ mn) Ree 


Properties: Air, 4°C, p at 101 KN/m”; Table A.2, 


R = 287 J/kg K. 1. Remember: Use absolute temperatures and pressures with 


the ideal gas law. 
2. Remember: In Eq. (2.5), use R from Table A.2. Do not use 
ion 


u 


Plan 
Apply the ideal gas law, Eq. (2.5), to solve for density, p. 





introduced in Chapter 3, is referred to absolute zero. The universal gas constant is 8.314 
kJ/kmol-K in the SI system and 1545 ft-lbf/lbmol-°R in the traditional system. Eq. (2.4) 
can be rewritten as 


— nM, 


EM 
where M is the molecular weight of the gas. The product of the number of moles and the mo- 


lecular weight is the mass of the gas. Thus nM /Æ is the mass per unit volume, or density. 
The quotient R/M is the gas constant, R. Thus a second form of the ideal gas law is 


p= pRT (2.5) 


Although no gas is ideal, Eq. (2.5) is a valid approximation for most gas flow problems. 
Values of R for a number of gases are given in Table A.2. To determine the mass density 
of a gas, solve Eq. (2.5) for p: 


e 


Properties Involving Thermal Energy 


Specific Heat, c 

The property that describes the capacity of a substance to store thermal energy is called 
specific heat. By definition, it is the amount of thermal energy that must be transferred to a 
unit mass of substance to raise its temperature by one degree. The specific heat of a gas de- 
pends on the process accompanying the change in temperature. If the specific volume v of the 
gas (v = 1/p) remains constant while the temperature changes, then the specific heat is iden- 
tified as c,. However, if the pressure is held constant during the change in state, then the spe- 
cific heat is identified as c,. The ratio c,/c,, is given the symbol k. Values for c, and k for 


: : o A 
various gases are given in Table A.2. 
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Viscosity 


Internal Energy 


The energy that a substance possesses because of the state of the molecular activity in the sub- 
stance is termed internal energy. Internal energy is usually expressed as a specific quantity— 
that is, internal energy per unit mass. In the SI system, the specific internal energy, u, is given 
in joules per kilogram; in Traditional Units it is given in Btu/ lbm. The internal energy is gener- 
ally a function of temperature and pressure. However, for an ideal gas, it is a function of tem- 
perature alone. 


Enthalpy 


The combination u +p/p is encountered frequently in equations for thermodynamics and 
compressible flow; it has been given the name specific enthalpy. For an ideal gas, u and p/p 
are functions of temperature alone. Consequently their sum, specific enthalpy, is also a func- 
tion solely of temperature. 


The property of viscosity is important to engineering practice because it leads to significant 
energy loss when moving fluids contact a solid boundary, or when different zones of fluid are 
flowing at different velocities. 


Viscosity, y 

Viscosity (also called dynamic viscosity, or absolute viscosity) is a measure of a fluid’s resis- 
tance to deformation under shear stress. For example, crude oil has a higher resistance to 
shear than does water. Crude oil will pour more slowly than water from an identical beaker 
held at the same angle. This relative slowness of the oil implies a low “speed” or rate of strain. 
The symbol used to represent viscosity is u (mu). To understand the physics of viscosity, it 
is useful to refer back to solid mechanics and the concepts of shear stress and shear strain. 
Shear stress, T, tau, is the ratio of force/area on a surface when the force is aligned parallel 
to the area. Shear strain is a change in an interior angle of a cubical element, Ag, that was 
originally a right angle. The shear stress on a material element in solid mechanics is propor- 
tional to the strain, and the constant of proportionality is the shear modulus: 


{shear stress } = {shear modulus} x { strain } 


In fluid flow, however, the shear stress on a fluid element is proportional to the rate (speed) 
of strain, and the constant of proportionality is the viscosity: 


{shear stress } = {viscosity} x {rate of strain} 


Figure 2.1 depicts an initially rectangular element in a parallel flow field. As the element 
moves downstream, a shear force on the top of the element (and a corresponding shear stress 
in the opposite direction on the bottom of the element) causes the top surface to move faster 
(with velocity V+ AV) than the bottom (at velocity V). The forward and rearward edges be- 
come inclined at an angle A@ with respect to the vertical. The rate at which A@ changes with 
time, given by @, is the rate of strain, and can be related to the velocity difference between 
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Figure 2.1 





Depiction of strain 
caused by a shear stress 
(force per area) ina 
fluid. The rate of strain is 
the rate of change of the 
interior angle of the 
original rectangle. 















Element at 
time t+ At 


I 
I 
( ! Element at 


time ¢ 











the two surfaces. In time (Af) the upper surface moves (V+ AV)At while the bottom sur- 
face moves VAt, so the net difference is A VAt. The strain A@ is 


AVAt 


A= 


where Ay is the distance between the two surfaces. The rate of strain is 


Ag AV 
At Ay 


In the limit as At —> 0 and Ay —> 0, the rate of strain is related to the velocity gradient by 
ý = dV/ dy, so the shear stress (shear force per unit area) is 


T=U ay (2.6) 

For strain in flow near a wall, as shown in Fig. 2.2, the term dV/dy represents the ve- 
locity gradient (or change of velocity with distance from the wall), where V is the fluid veloc- 
ity and y is the distance measured from the wall. The velocity distribution shown is 
characteristic of flow next to a stationary solid boundary, such as fluid flowing through a 
pipe. Several observations relating to this figure will help one to appreciate the interaction 
between viscosity and velocity distribution. First, the velocity gradient at the boundary is fi- 
nite. The curve of velocity variation cannot be tangent to the boundary because this would 
imply an infinite velocity gradient and, in turn, an infinite shear stress, which is impossible. 
Second, a velocity gradient that becomes less steep (dV/dy becomes smaller) with distance 
from the boundary has a maximum shear stress at the boundary, and the shear stress de- 
creases with distance from the boundary. Also note that the velocity of the fluid is zero at the 
stationary boundary. That is, at the boundary surface the fluid has the velocity of the boundary— 
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Figure 2.2 





Velocity distribution next 
to a boundary. 

















no slip occurs between the fluid and the boundary. This is referred to as the no-s/ip condition. 
The no-slip condition is characteristic of all flows used in this text. 

From Eq. (2.6) it can be seen that the viscosity p is related to the shear stress and veloc- 
ity gradient. 


ees ane N/m = 
h dV/dy (m/s)/m 





N + s/m? (2.7) 


A common unit of viscosity is the poise, which is 1 dyne-s/cm? or 0.1 N - s/m2. The vis- 
cosity of water at 20°C is one centipoise (10° poise) or 10° N - s/m?. The unit of viscosity 
in the traditional system is lbf- s/ ft?. 


Kinematic Viscosity, v 
Many equations of fluid mechanics include the ratio p/p. Because it occurs so frequently, 
this ratio has been given the special name kinematic viscosity. The symbol used to identify ki- 
nematic viscosity is v (nu). Units of kinematic viscosity v are m/s, as shown. 
N.: 2 
v=” N S/n _ m?s (2.8) 
p kg/m 


The units for kinematic viscosity in the traditional system are ft’/s. 


Temperature Dependency 


The effect of temperature on viscosity is different for liquids and gases. The viscosity of liq- 
uids decreases as the temperature increases, whereas the viscosity of gases increases with in- 
creasing temperature; this trend is also true for kinematic viscosity (see Fig. 2.3 and Figs. A.2 
and A.3). 

To understand the mechanisms responsible for an increase in temperature that causes a 
decrease in viscosity in a liquid, it is helpful to rely on an approximate theory that has been 
developed to explained the observed trends (1). The molecules in a liquid form a lattice-like 
structure with “holes” where there are no molecules, as shown in Fig. 2.4. Even when the liq- 
uid is at rest, the molecules are in constant motion, but confined to cells, or “cages.” The cage 
or lattice structure is caused by attractive forces between the molecules. The cages may be 
thought of as energy barriers. When the liquid is subjected to a rate of strain and thus caused 
to move, as shown in Fig. 2.4, there is a shear stress, t, imposed by one layer on another in 
the fluid. This force/area assists a molecule in overcoming the energy barrier, and it can move 
into the next hole. The magnitude of these energy barriers is related to viscosity, or resistance 
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Figure 2.3 





Kinematic viscosity for 
air and crude oil. 


Figure 2.4 





Visualization of 
molecules in a liquid. 
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to shear deformation. At a higher temperature the size of the energy barrier is smaller, and it 
is easier for molecules to make the jump, so that the net effect is less resistance to deforma- 
tion under shear. Thus, an increase in temperature causes a decrease in viscosity for 
liquids. 

An equation for the variation of liquid viscosity with temperature is 


p= Ce” (2.9) 


where C and b are empirical constants that require viscosity data at two temperatures for 
evaluation. This equation should be used primarily for data interpolation. The variation of 
viscosity (dynamic and kinematic) for other fluids is given in Figs. A.2 and A.3. 

As compared to liquids, gases do not have zones or cages to which molecules are 
confined by intermolecular bonding. Gas molecules are always undergoing random motion. 
If this random motion of molecules is superimposed upon two layers of gas, where the top 
layer is moving faster than the bottom layer, periodically a gas molecule will randomly move 
from one layer to the other. This behavior of a molecule in a low-density gas is analogous to 
people jumping back and forth between two conveyor belts moving at different speeds as 
shown in Fig. 2.5. When people jump from the high-speed belt to the low-speed belt, a re- 
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EXAMPLE 2.2 CALCULATING VISCOSITY OF 
LIQUID AS A FUNCTION OF TEMPERATURE 


The dynamic viscosity of water at 20°C is 

1.00 x 10° N - s/m2, and the viscosity at 40°C is 
653. x 10> No s/ me. 

Using Eq. (2.9), estimate the viscosity at 30°C. 


Problem Definition 


Situation: Viscosity of water is specified at two 
temperatures. 


Find: The viscosity at 30°C by interpolation. 
Properties: 

a) Water at 20°C, w = 1.00 x 10° N - s/m?. 
b) Water at 40°C, = 6.53 x 104+N - s/m?. 


Plan 

1. Linearize Eq. (2.9) by taking the logarithm. 

2. Interpolate between the two known values of viscosity. 
3. Solve for InC and b in this linear set of equations. 

4. Change back to exponential equation, and solve for u at 





Solution 
1. Logarithm of Eq. (2.9) 
lnu = InC+b/T 
2. Interpolation 
—6.908 = InC + 0.00341 b 
—7.334 = InC + 0.003196 
3. Solution for InC and b 
InC=-13.51 b= 1936 (K) 


@ = 145710 


C= 
4. Substitution back in exponential equation 
m = 1357x Ie 2 


At30°€ 


m =|8.08 x 104 N - s/m? 


Review 


Note: This value differs by 1% from the reported value in 
Table A.5, but provides a much better estimate than would be 
obtained by arithmetically averaging two values on the table. 


straining (or braking) force has to be applied to slow the person down (analagous to viscos- 
ity). If the people are heavier, or are moving faster, a greater braking force must be applied. 
This analogy also applies for gas molecules translating between fluid layers where a shear 
force is needed to maintain the layer speeds. As the gas temperature increases, more of the 
molecules will be making random jumps. Just as the jumping person causes a braking action 
on the belt, highly mobile gas molecules have momentum, which must be resisted by the 
layer to which the molecules jump. Therefore, as the temperature increases, the viscosity, or 
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EXAMPLE 2.3 MODELING A BOARD SLIDING ON 
A LIQUID LAYER 


A board | m by | m that weighs 25 N slides down an inclined 
ramp (slope = 20°) with a velocity of 2.0 cm/s. The board is 
separated from the ramp by a thin film of oil with a viscosity 
of 0.05 N -: s/m?. Neglecting edge effects, calculate the 
space between the board and the ramp. 


2. With a linear velocity distribution, dV/dy can 
everywhere be expressed as AV/Ay, where AV is the 
velocity of the board, and Ay is the space between the 
board and the ramp. 


3. Solve for Ay. 


Solution 


1. Freebody analysis 


Int Ff 


Problem Definition 


Situation: A board is sliding down a ramp, on a thin film of 
oil. 


tangential = P shear 


Wsin20° = tA 


Find: Space (in m) between the board and the ramp. Wsin20° = „Za 
Assumptions: A linear velocity distribution in the oil. v 
Properties: Oil, u = 0.05 N - s/m?. 


Sketch: 


2. Substitution of dV/dy as AV/Ay 


Wein = pLa 
Ay 
3. Solution for Ay 
_ BAVA 
Y — Wsin20° 
a COAN: s/m? x 0.020 m/s x 1 m’ 
25 Nx sin20° 


W sin 20° 


Ftangential = 


F, 


shear 


normal 





Ay = 0.000117 m 


W cos 20° 
Plan Ay =]0.117 mm 
1. Draw a free body diagram of the board, as shown in 
“sketch.” 


e For a constant sliding velocity, the resisting shear force 
is equal to the component of weight parallel to the in- 
clined ramp. 


e Relate shear force to viscosity and velocity distribution. 





An estimate for the variation of gas viscosity with temperature is Sutherland's equation, 


b(t ae 2.10 
wo a T+S (2.10) 





where wọ is the viscosity at temperature Tọ, and S is Sutherland’s constant. All temperatures 
are absolute. Sutherland’s constant for air is 111 K; values for other gases are given in Table 
A.2. Using Sutherland’s equation for air yields viscosities with an accuracy of +2% for tem- 
peratures between 170 K and 1900 K. In general, the effect of pressure on the viscosity of 
common gases is minimal for pressures less than 10 atmospheres. 


Newtonian versus Non-Newtonian Fluids 


Fluids for which the shear stress is directly proportional to the rate of strain are called Newtonian 
fluids. Because shear stress is directly proportional to the shear strain, dV/dy, a plot relat- 
ing these variables (see Fig. 2.6) results in a straight line passing through the origin. The 
slope of this line is the value of the dynamic (absolute) viscosity. For some fluids the shear 
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Figure 2.6 
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stress may not be directly proportional to the rate of strain; these are called non-Newtonian 
fluids. One class of non-Newtonian fluids, shear-thinning fluids, has the interesting property 
that the ratio of shear stress to shear strain decreases as the shear strain increases (see Fig. 
2.6). Some common shear-thinning fluids are toothpaste, catsup, paints, and printer’s ink. 
Fluids for which the viscosity increases with shear rate are shear-thickening fluids. Some ex- 
amples of these fluids are mixtures of glass particles in water and gypsum-water mixtures. 
Another type of non-Newtonian fluid, called a Bingham plastic, acts like a solid for small 
values of shear stress and then behaves as a fluid at higher shear stress. The shear stress ver- 
sus shear strain rate for a Bingham plastic is also shown in Fig. 2.6. This book will focus on 
the theory and applications involving Newtonian fluids. For more information on the theory 
of flow of non-Newtonian fluids, see references (2) and (3). 


Bulk Modulus of Elasticity 


The bulk modulus of elasticity, E,, is a property that relates changes in pressure to changes in 
volume (e.g., expansion or contraction) 


| ae change in pressure (2.11) 
Y d¥/¥ fractional change in volume f 


where dp is the differential pressure change, d¥ is the differential volume change, and ¥ is 
the volume of fluid. Because d¥/¥ is negative for a positive dp, a negative sign is used in 
the definition to yield a positive E,. The elasticity is often called the compressibility of the 
fluid. 


The fractional change in volume can be related to the change in material density using 
M= p¥ (2.12) 
Since the mass is constant 


dM = pd¥+¥dp = 0 





2.6 SURFACE TENSION 25 
so 
d 
¥dp = -p d¥ or E L 
p £ 
and the definition of the bulk modulus of elasticity becomes 
E= dp _ change in pressure (2.13) 


D- 


Surface Tension 






Surface-tension 
force 


Figure 2.7 





Capillary action 
in a small tube. 


” dp/p fractional change in density 


The bulk modulus of elasticity of water is approximately 2.2 GN/ m’, which corre- 
sponds to a 0.05% change in volume for a change of 1MN/ m?in pressure. Obviously, the 
term incompressible is justifiably applied to water because it has such a small change in vol- 
ume for a very large change in pressure. 

The elasticity of an ideal gas is proportional to the pressure, according to the ideal gas 
law. For an isothermal (constant-temperature) process, 


dp = KE 
dp 

SO 
dp 


For an adiabatic process, E, = kp, where k is the ratio of specific heats, c,/c,,. 

The elasticity or compressibility of a gas is important in high-speed gas flows where pres- 
sure variations can cause significant density changes. As will be shown in Chapter 12, the elas- 
ticity of a gas is related to the speed of sound in that gas. The ratio of the flow velocity to the 
speed of sound is the Mach number, which relates to the importance of elasticity effects. 


Surface tension, o (sigma), is a material property whereby a liquid at a material interface, usu- 
ally liquid-gas, exerts a force per unit length along the surface. According to the theory of mo- 
lecular attraction, molecules of liquid considerably below the surface act on each other by forces 
that are equal in all directions. However, molecules near the surface have a greater attraction for 
each other than they do for molecules below the surface because of the presence of a different 
substance above the surface. This produces a layer of surface molecules on the liquid that acts 
like a stretched membrane. Because of this membrane effect, each portion of the liquid surface 
exerts “tension” on adjacent portions of the surface or on objects that are in contact with the liq- 
uid surface. This tension acts in the plane of the surface, and is given by: 


F,=oL (2.14) 


where L is the length over which the surface tension acts. 


Surface tension for a water—air surface is 0.073 N/m at room temperature. The magni- 
tude of surface tension decreases with increasing temperature; tabulated values for different 
liquids as a function of temperature are available in the literature and online. The effect of 
surface tension is illustrated for the case of capillary action (rise above a static water level 
at atmospheric pressure) in a small tube (Fig. 2.7). Here the end of a small-diameter tube is 
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inserted into a reservoir of water, and the characteristic curved water surface profile occurs 
within the tube. The relatively greater attraction of the water molecules for the glass rather 
than the air causes the water surface to curve upward in the region of the glass wall. Then the 
surface tension force acts around the circumference of the tube, in the direction indicated. It 
may be assumed that the contact angle 0 (theta) is equal to 0° for water against glass. The 
surface tension force produces a net upward force on the water that causes the water in the 
tube to rise above the water surface in the reservoir. A calculation of the surface tension force 
acting to raise the water in a small-diameter tube is demonstrated in Example 2.4. 

Other manifestations of surface tension include the excess pressure (over and above at- 
mospheric pressure) created inside droplets and bubbles because there is necessarily a pres- 
sure difference across a curved interface; the breakup of a liquid jet into droplets; the shape 
and motion of bubbles, the structure of foams, and the binding together of wetted granular 
material, such as soil. 

Surface tension forces for several different cases are shown in Fig. 2.8. Case (a) is a 
spherical droplet of radius r. The surface tension force is balanced by the internal pressure. 


FL, =oL=pA 


or 


Case (b) is a bubble of radius r that has internal and external surfaces and the surface- 
tension force acts on both surfaces, so 
= 20 
m 
Case (c) is a cylinder supported by surface-tension forces. The liquid does not wet the 
cylinder surface. The maximum weight the surface tension can support is 


W=2F,=20L 
where L is the length of the cylinder. 


Solution 


To what height above the reservoir level will water (at 20°C) 
rise in a glass tube, such as that shown in Fig. 2.7, if the inside 
diameter of the tube is 1.6 mm? 


Problem Definition 


Situation: A glass tube of small diameter placed in an open 
reservoir of water induces capillary rise. 


Find: The height the water will rise above the reservoir level. 


Sketch: See Figure 2.7. 


Properties: Water (20 °C), Table A.5, o = 0.073 N/m; 
y = 9790 N/m’. 


Plan 


1. Perform a force balance on water that has risen in the tube. 


2. Solve for Ah. 





1. Force balance: Weight of water (down) is balanced by 
surface tension force (up). 


ena lil =O 
ord cos6 — (Ah) (1d°/4) =0 
Because the contact angle 0 for water against glass is so 
small, it can be assumed to be 0°; therefore 
cos@ = 1. Therefore: 


ond- yan( 2) =0 


2. Solve for Ah: 


2.7 VAPOR PRESSURE 
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Figure 2.8 
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Case (d) is a ring being pulled out of a liquid. This is a technique to measure surface 
tension. The force due to surface tension on the ring is 


Fe =F gt Es 
= to(D,;+D,) 


The pressure at which a liquid will vaporize, or boil, at a given temperature, is called its 
vapor pressure. This means that boiling occurs whenever the local pressure equals the vapor 
pressure. Vapor pressure increases with temperature. Note that there are two ways to boil a 
liquid. One way is to raise the temperature, assuming that the pressure is fixed. For water at 
14.7 psia, this can be accomplished by increasing the temperature of water at sea level to 
212°F, thus reaching the temperature where the vapor pressure is equal to the same value. 
However, boiling can also occur in water at temperatures much below 212°F if the pressure 
in the water is reduced to the vapor pressure of water corresponding to that lower 
temperature. For example, the vapor pressure of water at 50°F (10°C) is 0.178 psia 
(approximately 1% of standard atmospheric pressure). Therefore, if the pressure in water at 
50°F is reduced to 0.178 psia, the water boils.* 


Such boiling often occurs in localized low-pressure zones of flowing liquids, such as 
on the suction side of a pump. When localized low-pressure boiling does occur in flowing 
liquids, vapor bubbles start growing in local regions of very low pressure and then collapse in 
regions of higher pressure downstream. This phenomenon, which is called cavitation, can 
cause extensive damage to fluids systems, and is discussed in Chapter 5. 

Table A.5 gives values of vapor pressure for water. 


* Actually, boiling can occur at this vapor pressure only if there is a gas—liquid surface present to allow the 
process to start. Boiling at the bottom of a pot of water is usually initiated in crevices in the material of the 
pot, in which minute bubbles of air are entrapped even when the pot is filled with water. 
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Summary 
The commonly used fluid properties are 
Mass density (p): mass per unit volume. 
Specific weight (y): weight per unit volume. 
Specific gravity (S): ratio of specific weight to specific weight of water at reference conditions. 
The relationship between pressure, density, and temperature for an ideal gas is 
p = pRT 
where R is the gas constant, and pressure and temperature must be expressed in absolute 
values. 
In a fluid the shear stress is proportional to the rate of strain, and the constant of propor- 
tionality is the viscosity. The shear stress at a wall is given by 
I 
where dV/dy is the velocity gradient of the fluid evaluated at the wall. In a Newtonian fluid, 
the viscosity is independent of the rate of strain. A fluid for which the effective viscosity de- 
creases with increasing strain rate is a shear-thinning fluid. 
Surface tension is the result of molecular attraction near a free surface, causing the sur- 
face to act like a stretched membrane. 
The bulk modulus of elasticity relates to the pressure required to change the density of 
a fluid. 
When the local pressure is equal to the vapor pressure at a given temperature, liquid 
boils. 
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Problems 


*A Preview Question (PQ) can be assigned prior to in-class 
coverage of a topic. 


Properties Related to Mass and Weight 


*2.1 PQ Describe how density differs from specific weight. 
*2.2 PQ For what fluids can we (usually) assume density to 
be nearly constant? For what fluids must we be careful to calcu- 
late density as a function of temperature and pressure? 

*2.3 PQ< Where in this text can you find density data for such 
fluids as oil and mercury? 





3. Schowalter, W. R. Mechanics of Non-Newtonian Fluids. 
Pergamon Press, New York, 1978. 


2.4 An engineer living at an elevation of 2500 ft is conducting 
experiments to verify predictions of glider performance. To pro- 
cess data, density of ambient air is needed. The engineer mea- 
sures temperature (74.3°F) and atmospheric pressure (27.3 
inches of mercury). Calculate density in units of kg/ m`. Com- 
pare the calculated value with data from Table A.3 and make a 
recommendation about the effects of elevation on density; that 
is, are the effects of elevation significant? 


2.5 Calculate the density and specific weight of carbon dioxide 
at a pressure of 300 kN/m? absolute and 60°C. 
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2.6 Determine the density and specific weight of methane gas 
at at a pressure of 300 kN/m’ absolute and 60°C. 
2.7 Natural gas is stored in a spherical tank at a temperature of 
10°C. At a given initial time, the pressure in the tank is 100 kPa 
gage, and the atmospheric pressure is 100 kPa absolute. Some time 
later, after considerably more gas is pumped into the tank, the pres- 
sure in the tank is 200 kPa gage, and the temperature is still 10°C. 
What will be the ratio of the mass of natural gas in the tank when 
p = 200 kPa gage to that when the pressure was 100 kPa gage? 
2.8 At a temperature of 100°C and an absolute pressure of 5 at- 
mospheres, what is the ratio of the density of water to the den- 
sity of air, p,,/p,? 
2.9 Find the total weight of a 10 ft’ tank of oxygen if the oxy- 
gen is pressurized to 500 psia, the tank itself weighs 150 Ibf, and 
the temperature is 70°F? 
2.10 A 10 m°? oxygen tank is at 15°C and 800 kPa. The valve is 
opened, and some oxygen is released until the pressure in the 
tank drops to 600 kPa. Calculate the mass of oxygen that has 
been released from the tank if the temperature in the tank does 
not change during the process. 
2.11 What are the specific weight and density of air at an abso- 
lute pressure of 600 kPa and a temperature of 50°C? 
2.12 Meteorologists often refer to air masses in forecasting the 
weather. Estimate the mass of 1 mi? of air in slugs and kilo- 
grams. Make your own reasonable assumptions with respect to 
the conditions of the atmosphere. 
2.13 A bicycle rider has several reasons to be interested in the 
effects of temperature on air density. The aerodynamic drag 
force decreases linearly with density. Also, a change in tempera- 
ture will affect the tire pressure. 
a. To visualize the effects of temperature on air density, write a 
computer program that calculates the air density at atmospheric 
pressure for temperatures from —10°C to 50°C. 
b. Also assume that a bicycle tire was inflated to an absolute 
pressure of 450 kPa at 20°C. Assume the volume of the tire does 
not change with temperature. Write a program to show how the 
tire pressure changes with temperature in the same temperature 
range, —10°C to 50°C. 

Prepare a table or graph of your results for both problems. 
What engineering insights do you gain from these calculations? 


2.14 A design team is developing a prototype CO, cartridge for 
a manufacturer of rubber rafts. This cartridge will allow a user to 
quickly inflate a raft. A typical raft is shown in the sketch. As- 
sume a raft inflation pressure of 3 psi (this means that the abso- 
lute pressure is 3 psi greater than local atmospheric pressure). 
Estimate the volume of the raft and the mass of CO, in grams in 
the prototype cartridge. 

2.15 A team is designing a helium-filled balloon that will fly to an 
altitude of 80,000 ft. As the balloon ascends, the upward force 
(buoyant force) will need to exceed the total weight. Thus, weight 
is critical. Estimate the weight (in newtons) of the helium inside 
the balloon. The balloon is inflated at a site where the atmospheric 


pressure is 0.89 bar and the temperature is 22°C. When inflated 
prior to launch, the balloon is spherical (radius 1.3 m) and the in- 
flation pressure equals the local atmospheric pressure. 





PROBLEM 2.14 


2.16 Hydrometers are used in the wine and beer industries to 
measure the alcohol content of the product. This is accom- 
plished by measuring the specific gravity of the liquid before 
fermentation, during fermentation, or after fermentation is com- 
plete. During fermentation, glucose (C6H;206) is converted to 
ethyl alcohol (CH,CH,OH) and carbon dioxide gas, which es- 
capes from the vat. 


C,H,,0, —> 2(CH;CH,OH) + 2(CO,) 


Brewer’s yeast tolerates alcohol contents to approximately 5% 
before fermentation stops, whereas wine yeast tolerates alcohol 
contents up to 21% depending on the yeast strain. The specific 
gravity of alcohol is 0.80, and the maximum specific gravity of 
sugar in solution is 1.59. If a wine has a specific gravity of 1.08 
before fermentation, and all the sugar is converted to alcohol, 
what will be the final specific gravity of the wine and the percent 
alcohol content by volume? Assume that the initial liquid (the un- 
fermented wine is called must) contains only sugar and water. 


Viscosity 


*2.17 PO The following questions relate to viscosity. 

a. What are the primary dimensions of viscosity? What are five 
common units? 

b. What is the viscosity of SAE 10W-30 motor oil at 115°F (in 
traditional units)? 

c. How does viscosity of water vary with temperature? Why? 
d. How does viscosity of air vary with temperature? Why? 
2.18 What is the change in the viscosity and density of water be- 
tween 10°C and 70°C? What is the change in the viscosity and 
density of air between 10°C and 70°C? Assume standard atmo- 
spheric pressure (p = 101 kN/m? absolute). 

2.19 Determine the change in the kinematic viscosity of air that is 
heated from 10°C to 70°C. Assume standard atmospheric pressure. 
2.20 Find the dynamic and kinematic viscosities of kerosene, SAE 
10W-30 motor oil, and water at a temperature of 38°C (100°F). 
2.21 What is the ratio of the dynamic viscosity of air to that of 
water at standard pressure and a temperature of 20°C? What is 
the ratio of the kinematic viscosity of air to that of water for the 
same conditions? 
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2.22 Using Sutherland’s equation and the ideal gas law, develop 
an expression for the kinematic viscosity ratio v/v, in terms of 
pressures p and py and temperatures T and Tọ, where the sub- 
script 0 refers to a reference condition. 

2.23The dynamic viscosity of air at 15°C is 1.78x 10° 
N° s/m’. Using Sutherland’s equation, find the viscosity at 100°C. 
2.24 The kinematic viscosity of methane at 15°C and atmo- 
spheric pressure is 1.59 x 10 m’/s. Using Sutherland’s equa- 
tion and the ideal gas law, find the kinematic viscosity at 200°C 
and 2 atmospheres. 

2.25 The dynamic viscosity of nitrogen at 59°F is 3.59 x107 
lbf - s/ft’. Using Sutherland’s equation, find the dynamic vis- 
cosity at 200°F. 

2.26 The kinematic viscosity of helium at 59°F and 1 atmo- 
sphere is 1.22 x 10° f?/ s. Using Sutherland’s equation and 
the ideal gas law, find the kinematic viscosity at 30°F and a 
pressure of 1.5 atmospheres. 

2.27 The absolute viscosity of propane at 100°C is 1.00 x 10° 
N + s/m? and at 400°C is 1.72 x 10°N - s/m’. Find Suther- 
land’s constant for propane. 

2.28 Ammonia is very volatile, so it may be either a gas or a liq- 
uid at room temperature. When it is a gas, its absolute viscosity 
at 68°F is 2.07 x 107 Ibf- s/ft? and at 392°F is 3.46 x 107 
lbf - s/f. Using these two data points, find Sutherland’s con- 
stant for ammonia. 

2.29 The viscosity of SAE 10W-30 motor oil at 38°C is 0.067 
N + s/m? and at 99°C is 0.011 N - s/m’. Using Eq. (2.8) for 
interpolation, find the viscosity at 60°C. Compare this value 
with that obtained by linear interpolation. 

2.30The viscosity of grade 100 aviation oil at 100°F is 
4.43 x 10° Ibf- s/f? and at 210°F is 3.9 x 104 Ibf - s/ft*. 
Using Eq. (2.8), find the viscosity at 150°F. 

2.31 Two plates are separated by a 1/8-in. space. The lower 
plate is stationary; the upper plate moves at a velocity of 25 
ft/s. Oil (SAE 10W-30, 150°F), which fills the space between 
the plates, has the same velocity as the plates at the surface of 
contact. The variation in velocity of the oil is linear. What is the 
shear stress in the oil? 

2.32 Find the kinematic and dynamic viscosities of air and water 
at a temperature of 40°C (104°F) and an absolute pressure of 
170 kPa (25 psia). 

2.33 The sliding plate viscometer shown below is used to mea- 
sure the viscosity of a fluid. The top plate is moving to the right 
with a constant velocity of 10 m/s in response to a force of 3 N. 
The bottom plate is stationary. What is the viscosity of the fluid? 
Assume a linear velocity distribution. 
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PROBLEM 2.33 


2.34 The velocity distribution for water (20°C) near a wall is 
given by u = a(y/ b)'®, where a = 10 m/s, b = 2 mm, and y 
is the distance from the wall in mm. Determine the shear stress 
in the water at y = 1 mm. 
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PROBLEMS 2.35, 2.36, 2.37 


2.35 The velocity distribution for the flow of crude oil at 100°F 
(u = 8 x 10% Ibf - s/ft”) between two walls is shown, and is 
given by u = 100y(0.1 —y) ft/s, where y is measured in feet 
and the space between the walls is 0.1 ft. Plot the velocity distri- 
bution and determine the shear stress at the walls. 

2.36A liquid flows between parallel boundaries as shown 
above. The velocity distribution near the lower wall is given in 
the following table: 





Vin 
yinmm m/s 
0.0 0.00 
1.0 1.00 
2.0 1.99 
3.0 2.98 


a. If the viscosity of the liquid is 10° N - s/m’, what is the 
maximum shear stress in the liquid? 
b. Where will the minimum shear stress occur? 
2.37 Suppose that glycerin is flowing (T = 20°C) and that the 
pressure gradient dp/dx is—1.6 kN/ m°. What are the velocity 
and shear stress at a distance of 12 mm from the wall if the 
space B between the walls is 5.0 cm? What are the shear stress 
and velocity at the wall? The velocity distribution for viscous 
flow between stationary plates is 
_ læ 2 
u Ba de (By-y’) 
2.38A laminar flow occurs between two horizontal parallel 
plates under a pressure gradient dp/ds (p decreases in the pos- 
itive s direction). The upper plate moves left (negative) at veloc- 
ity u,. The expression for local velocity u is given as 
d 
u= E Hy -y°) + u% 
a. Is the magnitude of the shear stress greater at the moving 
plate (y = H ) or at the stationary plate (y = 0 )? 
b. Derive an expression for the y position of zero shear stress. 
c. Derive an expression for the plate speed u, required to make 
the shear stress zero at y = 0. 
2.39 Consider the ratio 199/59, Where w is the viscosity of 
oxygen and the subscripts 100 and 50 are the temperatures of 
the oxygen in degrees Fahrenheit. Does this ratio have a value 
(a) less than 1, (b) equal to 1, or (c) greater than 1? 
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PROBLEM 2.38 


2.40 This problem involves a cylinder falling inside a pipe that 
is filled with oil, as depicted in the figure. The small space be- 
tween the cylinder and the pipe is lubricated with an oil film that 
has viscosity p. Derive a formula for the steady rate of descent 
of a cylinder with weight W, diameter d, and length € sliding in- 
side a vertical smooth pipe that has inside diameter D. Assume 
that the cylinder is concentric with the pipe as it falls. Use the 
general formula to find the rate of descent of a cylinder 100 
mm in diameter that slides inside a 100.5 mm pipe. The cyl- 
inder is 200 mm long and weighs 15 N. The lubricant is SAE 
20W oil at 10°C. 

2.41 The device shown consists of a disk that is rotated by a 
shaft. The disk is positioned very close to a solid boundary. Be- 
tween the disk and the boundary is viscous oil. 

a. If the disk is rotated at a rate of 1 rad/s, what will be the ra- 
tio of the shear stress in the oil at r = 2 cm to the shear stress at 
r=3 cm? 

b. If the rate of rotation is 2 rad/s, what is the speed of the oil 
in contact with the disk at r = 3 cm? 

c. Ifthe oil viscosity is 0.01 N - s/m? and the spacing y is 2 mm, 
what is the shear stress for the conditions noted in part (b)? 
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PROBLEM 2.41 


2.42 Some instruments having angular motion are damped by 
means of a disk connected to the shaft. The disk, in turn, is im- 


mersed in a container of oil, as shown. Derive a formula for the 
damping torque as a function of the disk diameter D, spacing S, 
rate of rotation œ, and oil viscosity p. 





S Shaft Container 
= 1 
a 
Oil s 
PROBLEM 2.42 


2.43 One type of viscometer involves the use of a rotating cylin- 
der inside a fixed cylinder The gap between the cylinders must 
be very small to achieve a linear velocity distribution in the liq- 
uid. (Assume the maximum spacing for proper operation is 0.05 
in.). Design a viscometer that will be used to measure the vis- 
cosity of motor oil from 50°F to 200°F. 


| Rotating cylinder 















































Oil 
a | Fixed cylinder 
PROBLEM 2.43 


Elasticity and Volume Changes 


*2.44 PQ< The bulk modulus of elasticity of ethyl alcohol is 
1.06 x 10” Pa. For water, it is 2.15 x 10° Pa. Which of these liq- 
uids is easier to compress? Why? 

2.45 A pressure of 2 x 10° N/m’ is applied to a mass of water 
that initially filled a 2000 cm? volume. Estimate its volume after 
the pressure is applied. 

2.46 Calculate the pressure increase that must be applied to wa- 
ter to reduce its volume by 2%. 

2.47 An open vat in a food processing plant contains 400 L of 
water at 20°C and atmospheric pressure. If the water is heated 
to 80°C, what will be the percentage change in its volume? If 
the vat has a diameter of 3 m, how much will the water level 
rise due to this temperature increase? Hint: In this case the 
volume change is due to change in temperature. 


Surface Tension 


*2.48 PQ< Advanced texts define the surface tension o as an 
energy/area. Use primary dimensions to show that energ- 
y/area equals force/length. 

2.49 Which of the following is the formula for the gage pressure 
within a very small spherical droplet of water: 

(a) p = o/d, (b) p = 40/d, or (c)p = 80/d? 

2.50 A spherical soap bubble has an inside radius R, a film 
thickness ¢, and a surface tension o. Derive a formula for the 
pressure within the bubble relative to the outside atmospheric 
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pressure. What is the pressure difference for a bubble with a 
4 mm radius? Assume o is the same as for pure water. 

2.51 A water bug is suspended on the surface of a pond by sur- 
face tension (water does not wet the legs). The bug has six legs, 
and each leg is in contact with the water over a length of 5 mm. 
What is the maximum mass (in grams) of the bug if it is to avoid 
sinking? 











PROBLEM 2.51 


2.52 A water column in a glass tube is used to measure the pres- 
sure in a pipe. The tube is 1/4 in. (6.35 mm) in diameter. How 
much of the water column is due to surface-tension effects? 
What would be the surface-tension effects if the tube were 1/8 in. 
(3.2 mm) or 1/32 in. (0.8 mm) in diameter? 

2.53 Calculate the maximum capillary rise of water between two 
vertical glass plates spaced 1 mm apart. 


PROBLEM 2.52 

2.54 What is the pressure within a 1 mm spherical droplet of 
water relative to the atmospheric pressure outside? 

2.55 By measuring the capillary rise in a tube, one can calculate 
the surface tension. The surface tension of water varies linearly 
with temperature from 0.0756 N/m at 0°C to 0.0589 N/m at 
100°C. Size a tube (specify diameter and length) that uses capil- 
lary rise of water to measure temperature in the range from 0°C 
to 100°C. Is this design for a thermometer a good idea? 

2.56 Consider a soap bubble 2 mm in diameter and a droplet of 
water, also 2 mm in diameter, that are falling in air. If the value 


of the surface tension for the film of the soap bubble is assumed 
to be the same as that for water, which has the greater pressure 
inside it? (a) the bubble, (b) the droplet, (c) neither—the pres- 
sure is the same for both. 

2.57 A drop of water at 20°C is forming under a solid surface. 
The configuration just before separating and falling as a drop is 
shown in the figure. Assume the forming drop has the volume 
of a hemisphere. What is the diameter of the hemisphere just be- 
fore separating? 


= 


PROBLEM 2.57 


2.58 The surface tension of a liquid is being measured with a 
ring as shown in Fig. 2.6d. The ring has an outside diameter of 
10 cm and an inside diameter of 9.5 cm. The mass of the ring is 
10 g. The force required to pull the ring from the liquid is the 
weight corresponding to a mass of 16 g. What is the surface ten- 
sion of the liquid (in N/m)? 


Vapor Pressure 


*2.59 PO If a liquid reaches the vapor pressure, what happens 
in the liquid? 

*2.60 PQ< How does vapor pressure change with increasing 
temperature? 

2.61 At a temperature of 60°F, what pressure must be imposed 
in order for water to boil. 

2.62 Water is at 20°C, and the pressure is lowered until bubbles 
are noticed to be forming. What must the magnitude of the pres- 
sure be? 

2.63 A student in the laboratory plans to exert a vacuum in the 
head space above a surface of water in a closed tank. She plans 
for the the absolute pressure in the tank to be 10,400 Pa. The 
temperature in the lab is 20°C. Will water bubble into the vapor 
phase under these circumstances? 

2.64 The vapor pressure of water at 100°C is 101 kN/m’, be- 
cause water boils under these conditions. The vapor pressure of 
water decreases approximately linearly with decreasing temper- 
ature at a rate of 3.1 KN/m?/°C. Calculate the boiling temper- 
ature of water at an altitude of 3000 m, where the atmospheric 
pressure is 69 kN/ m° absolute. 


C H A P T E R 


Fluid Statics 





SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Describe pressure and pressure distribution. 
e Describe gage, absolute, and vacuum pressure. 
e List the steps used to derive the hydrostatic differential equation. 


Procedural Knowledge 
e Apply the hydrostatic equation and the manometer equations to predict 
pressure. 
e Apply the panel equations to predict forces and moments. 
e Apply the buoyancy equation to predict forces. 


Applications (Typical) 
e For applications involving the atmosphere, the ocean, manometers, 


The first man made structure to exceed and hydraulic machines, find pressure values and distributions. 
the masonry mass of the Great Pyramid e For structures and components subjected to hydrostatic loading, find 
of Giza was the Hoover Dam. Design of forces and moments. 


dams involves calculations of hydrostatic 
forces.(Photo courtesy of U.S. Bureau of 
Reclamation, Lower Colorado Region) 


gg 


Pressure 


Chapters 1 and 2 set the stage by describing fluids and their properties. This chapter begins 
mechanics of fluids in depth by introducing many concepts related to pressure and by de- 
scribing how to calculate forces associated with distributions of pressure. This chapter is re- 
stricted to fluids that are in hydrostatic equilibrium. 

As shown in Fig. 3.1, the hydrostatic condition involves equilibrium of a fluid particle. 
A fluid particle, is defined as a body of fluid having finite mass and internal structure but neg- 
ligible dimensions. Thus, a fluid particle is very small, but large enough so that the continuum 
assumption (p. 2) applies. The hydrostatic condition means that each fluid particle is in force 
equilibrium with the net force due to pressure balancing the weight of the fluid particle. 


This section describes pressure, pressure distribution, and related concepts. This knowledge 
is foundational for all aspects of fluid mechanics. This section also presents an interesting 
application, the hydraulic machine. 
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Figure 3.1 





The hydrostatic 
condition. 

(a) A fluid particle in a 
body of fluid. 

(b) Forces acting on the 
fluid paricle. 


Figure 3.2 





Pressure acting on the 
walls of a sphere. 











= 
ma a Weight 
Weight T pressure Fluid particle 
distribution 
PET 
| | | Í Net force 
LM | of pressure 
(a) (b) 


Definition of Pressure 

Pressure is defined as the ratio of normal force to area at a point. For example, Fig. 3.2 shows 
fluid inside an object such as air inside a soccer ball. The molecules of the fluid interact with 
the walls to produces a pressure distribution. At each point on the walls, this pressure 
distribution creates a resultant force AF ormai that acts on an infinitesimal unit of area AA as 
shown. Pressure is the ratio of normal force magnitude AF 1G unit area AA at a point: 





p= lim — dF seni 
aA—>o AA dA 


| > 
AF normal 


(3.1) 


The reason that pressure is defined using a derivative is that pressure often varies from 
point to point. For example, pressure acting on the windshield of a moving car will vary at 
different locations on the windshield. 

Pressure is a scalar quantity; that is, it has magnitude only. Pressure is not a force; 
rather it is a scalar that produces a resultant force by its action on an area. The resultant force 
is normal to the area and acts in a direction toward the surface (compressive). 

Some units for pressure give a ratio of force to area. Newtons per square meter of area, 
or pascals (Pa), is the SI unit. The traditional units include psi, which is pounds-force per 
square inch, and psf, which is pounds-force per square foot. Other units for pressure give the 
height of a column of liquid. For example, pressure in a balloon will push on a water column 
upward about 8 inches as shown in Fig. 3.3. Engineers state that the pressure in the balloon is 
8 inches of water: p = 8 in-H,O. When pressure is given in units of “height of a fluid col- 
umn,” the pressure value can be directly converted to other units using Table F.1. For exam- 
ple, the pressure in the balloon is 


p = (8 in-H,O) (248.8 Pa/in-H,O) = 1.99 kPa 


Pressure 






distribution 
Resultant 
Z force (AF normal) 
~~! 


Infinitesimal area (AA) 


3.1 PRESSURE 
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Figure 3.3 





Pressure in a balloon 
causing a column of 


water to rise 8 inches. 


Ah = 8 inches 


Standard atmospheric pressure, which is the air pressure at sea level, can be written us- 
ing multiple units: 


1.0 atm = 101.3 kPa = 14.70 psi = 33.9 ft-H,O = 760 mm-Hg = 29.92 in-Hg = 2116 psf 


Absolute Pressure, Gage Pressure, and Vacuum Pressure 


Engineers use several different scales for pressure. Absolute pressure is referenced to regions 
such as outer space, where the pressure is essentially zero because the region is devoid of gas. 
The pressure in a perfect vacuum is called absolute zero, and pressure measured relative to 
this zero pressure is termed absolute pressure. 

When pressure is measured relative to prevailing local atmospheric pressure, the pres- 
sure value is called gage pressure. For example, when a tire pressure gage gives a value of 
300 kPa (44 psi), this means that the absolute pressure in the tire is 300 kPa greater than local 
atmospheric pressure. To convert gage pressure to absolute pressure, add the local atmo- 
spheric pressure. For example, a gage pressure of 50 kPa recorded in a location where the at- 
mospheric pressure is 100 kPa is expressed as either 


p = 50 kPa gage or p= 150 kPa abs (3.2) 


Gage and absolute pressures are often identified after the unit as shown in Eq. (3.2). However, 
engineers sometimes modify the pressure unit. For example, a gage pressure of 10 pounds per 
square foot is designated as psfg. Other combinations are psfa, psig, psia. The latter two des- 
ignations are for pounds per square inch gage and pounds per square inch absolute. 

When pressure is less than atmospheric, the pressure can be described using vacuum 
pressure. Vacuum pressure is defined as the difference between atmospheric pressure and ac- 
tual pressure. Vacuum pressure is a positive number and equals the absolute value of gage 
pressure (which will be negative). For example, if a gage connected to a tank indicates a vac- 
uum pressure of 31.0 kPa, this can also be stated as 70.0 kPa absolute, or —31.0 kPa gage. 

Figure 3.4 provides a visual description of the three pressure scales. Notice that 
Pp = 7.45 psia is equivalent to —7.25 psig and +7.25 psi vacuum. Notice that p, = of 301 
kPa abs is equivalent to 200 kPa gage. Gage, absolute, and vacuum pressure can be related 
using equations labeled as the “pressure equations.” 


Pabs = Pam + P gage (3.3a) 
Pabs — Patm ~P vacuum (3 .3b) 
Pyacuum — P gage (3 3¢) 
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i TF pr 
Figure 3.4 P=Pa 
Example of pressure 
relations. Pa = 200 kPa gage 

(pa = 28.9 psig) 


Local atmospheric pressure (gage ref.) p= 0 Pa gage = 101 kPa abs 
=x. . . . t{.. . . . 
pa = 301 kPa abs (p = 0 psig = 14.7 psia) 
(pa = 43.6 psia) Pg = -50 kPa gage 
(pg = -7.25 psig or 7.25 psi vacuum) 
—+————— p=, 
Patm = 101 kPa abs 


( = 14.7 psia) 
Ratti P Pg = 51.0 kPa abs 


(pg = 7.45 psia) 

Absolute zero (2>solute ) 
p = 0 Pa abs 
(p = O psia) 











Hydraulic Machines 


A hydraulic machine uses components such as pistons, pumps, and hoses to transmit forces 
and energy using fluids. Hydraulic machines are applied, for example, to braking systems, 
forklift trucks, power steering systems, and airplane control systems (3). Hydraulic machines 
provide an example of Pascal’s law. This law states that pressure applied to an enclosed and 
continuous body of fluid is transmitted undiminished to every portion of that fluid and to the 
walls of the containing vessel. 

Hydraulic machines provide mechanical advantage. For example, a person using a hy- 
draulic jack can lift a much larger load, as shown in Example 3.1. 





EXAMPLE3.1 LOAD LIFTED BY A HYDRAULIC JACK | Sketch: 


A hydraulic jack has the dimensions shown. If one exerts a 
force F of 100 N on the handle of the jack, what load, F,, can 
the jack support? Neglect lifter weight. 


Problem Definition 

Situation: A force of F = 100 N is applied to the handle of a 
jack. 

Find: Load F, in kN that the jack can lift. 


Assumptions: Weight of the lifter component (see sketch) is , 
negligible. | | — Lifter 


<— 5 cm diameter 





Plan 
1. Calculate force acting on the small piston by applying 
moment equilibrium. 


2. Calculate pressure p, in the hydraulic fluid by applying 
force equilibrium. 


3. Calculate the load F, by applying force equilibrium. 











Check valve 


3.2 PRESSURE VARIATION WITH ELEVATION 
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Solution 
1. Moment equilibrium 


SMe = 0 
(0.33 m) x (100 N) —(0.03 m)F, = 0 


= 033:m x 100 N _ 1499 N 
0.03 m 


2. Force equilibrium (small piston) 
S Meneses = pA, all = 


p\A, = F, = 1100 N 
Thus 


3. Force equilibrium (lifter) 


e Note that p, = p, because they are at the same eleva- 
tion (this fact will be established in the next section). 


e Apply force equilibrium: 
S fima = P= pA, = 0 


N 2 
Fo — pA, = (622 x 10° 3 G x (0.05 m) ) LEN 


Review 


The jack in this example, which combines a lever and a 
hydraulic machine, provides an output force of 12,200 N 
from an input force of 100 N. Thus, this jack provides a 
mechanical advantage of 122 to 1! 





Pressure Variation with Elevation 


This section shows how equations for pressure variation are derived and applied. The results 
are used throughout fluid mechanics. 


Hydrostatic Differential Equation 


The hydrostatic differential equation is derived by applying force equilibrium to a static body 
of fluid. To begin the derivation, visualize any region of static fluid (e.g., water behind a 
dam), isolate a cylindrical body, and then sketch a free-body diagram (FBD) as shown in Fig. 
3.5. Notice that the cylindrical body is oriented so that its longitudinal axis is parallel to an 
arbitrary € direction. The body is A€ long, AA in cross-sectional area, and inclined at an 
angle a with the horizontal. Apply force equilibrium in the € direction: 


Figure 3.5 we 





Variation in pressure 
with elevation. 


pAA 


Fp 





SF, =0 


ressure ` F Weight =0 


DAA - (p + Ap)AA — yA4 Af sina = 0 


Be Apind 2s | £ ‘ 


Weight = yAAA€ 
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Simplify and divide by the volume of the body ACA 4 to give 
Ap _ 


— =-ysina 
at 
From Fig. 3.5, the sine of the angle is given by 
: _ Ag 
sina = = 
Aft 
Combining the previous two equations and letting Az approach zero gives 
A 
lim —2 =-y 
Az — 0 Az 
The final result is 
£ =-y (hydrostatic differential equation) (3.4) 
Iz 


Equation (3.4) is valid in a body of fluid when the force balance shown in Fig. 3.1 is satisfied. 

Equation (3.4) means that changes in pressure correspond to changes in elevation. If 
one travels upward in the fluid (positive z direction), the pressure decreases; if one goes 
downward (negative z), the pressure increases; if one moves along a horizontal plane, the 
pressure remains constant. Of course, these pressure variations are exactly what a diver expe- 
riences when ascending or descending in a lake or pool. 


Hydrostatic Equation 
The hydrostatic equation is used to predict pressure variation in a fluid with constant density. 
This equation is derived by assuming that specific weight y is constant and then integrating 
Eq. (3.4) to give 

p +yz = p, = constant (3.5) 
where the term z is elevation, which is the height (vertical distance) above a fixed reference 
point called a datum, and p, is piezometric pressure. Dividing Eq. (3.5) by y gives 


Pz- E + z) = h = constant (3.6) 
where A is the piezometric head. Since h is constant in Eq. (3.6), 


Pie =P az, (3.7a) 
Y Y 


where the subscripts 1 and 2 identify any two points in a static fluid of constant density. Mul- 
tiplying Eq. (3.7a) by y gives 
Pit Y2, = P2 + ¥2Z2 (3.7b) 
In Eq. (3.7b), letting Ap = p,—p, and letting Az = z,—z, gives 
Ap = ~-yAz (3.7c) 


The hydrostatic equation is given by either Eq. (3.7a), (3.7b), or (3.7c). These three 
equations are equivalent because any one of the equations can be used to derive the 
other two. The hydrostatic equation is valid for any constant density fluid in hydrostatic 
equilibrium. 
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Figure 3.6 





Oil floating on water. 


EXAMPLE 3.2 WATER PRESSURE IN A TANK 
What is the water pressure at a depth of 35 ft in the tank 


shown? 


Problem Definition 


Situation: Water is contained in a tank that is 50 ft deep. 
Find: Water pressure (psig) at a depth of 35 ft. 
Properties: Water (50°F), Table A.5: y = 62.4 Ibé/ft’. 


Notice that the hydrostatic equation involves 
. : P 
piezometric head = h = & + z) (3.8) 


piezometric pressure = p, = (p + yz) (3.9) 


To calculate piezometric head or piezometric pressure, an engineer identifies a specific loca- 
tion in a body of fluid and then uses the value of pressure and elevation at that location. Pie- 
zometric pressure and head are related by 


p-= hy (3.10) 


Piezometric head, h, a property that is widely used in fluid mechanics, characterizes hydro- 
static equilibrium. When hydrostatic equilibrium prevails in a body of fluid of constant den- 
sity, then / will be constant at all locations. For example, Fig. 3.6 shows a container with oil 
floating on water. Since piezometric head is constant in the water, A, = h, = h,. Similarly 
the piezometric head is constant in the oil: hy = A, = hy. Notice that piezometric head is not 
constant when density changes. For example, A, # h, because points c and d are in different 
fluids with different values of density. Example 3.2 shows how to find pressure in liquid by 
applying the idea of constant piezometric head. 

Example 3.3 shows how to find pressure by applying the idea of “constant piezometric 
head” to a problem involving several fluids. Notice the continuity of pressure across a planar 
interface. 


2. Analyze each term in Eq. (3.7a). 
3. Solve for the pressure at elevation 2. 


Solution 
1. Eq. (3.7a): 
ales z= Ay Zo 
a ay 
2. Term-by-term analysis of Eq. (3.7a) yields: 


O P) = Pam = 0 psig 

















Sketch: 
a e z, = 250 ft 
=| Elevation = 250 ft O B= 21S iti 
3. Combine steps 1 and 2: 
eee 
Y y 
Co a 
62.4 lbf/ft 
Elevation = 200 ft P2 Pore 
Review 
Plan 


Use the idea that piezometric head is constant. The 


steps are 


1. Equate piezometric head at elevation 1 with piezometric 
head at elevation 2 (i.e., apply Eq. 3.7a). 


Remember! Gage pressure at the free surface of a liquid 
exposed to the atmosphere is zero. 
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EXAMPLE 3.3 PRESSURE IN TANK WITH 
TWO FLUIDS 


Oil with a specific gravity of 0.80 forms a layer 0.90 m deep 
in an open tank that is otherwise filled with water. The total 
depth of water and oil is 3 m. What is the gage pressure at the 
bottom of the tank? 


Problem Definition 

Situation: Oil and water are contained in a tank. 
Find: Pressure (kPa gage) at the bottom of the tank. 
Properties: 

1. Oil (10°C), S = 0.8. 

2. Water (10°C), Table A.5: y = 9810 N/m’. 
Sketch: 




















Plan 

Use the idea that piezometric head is constant in a body of 
fluid with constant density. Recognize that pressure across 
the interface at elevation 2 is constant. The steps are 


1. Find p, by applying the hydrostatic equation given in 
Eq. (3.7a). 





2. Equate pressures across the oil-water interface. 

3. Find p, by applying the hydrostatic equation given in 
Eq. (3.7a). 

Solution 

1. Hydrostatic equation (oil) 


P2 
Vai 0.8 x 9810 N/m? 
pa = 7.063 kPa 


+2.1m 





2. Oil-water interface 


Pol = 7.063 kPa 


water 


=o] 


oil 
3. Hydrostatic equation (water) 


P2 +z = P3 


Ywater Ywater 
7.063 x 103 Pa P3 
9810 N/m? 9810 N/m? 


P3 = 27.7 kPa gage 





+ Z3 


+2.1m= +0m 


Review 


Validation: Since oil is less dense than water, the 
answer should be slightly smaller than the pressure 
corresponding to a water column of 3 m. From Table 
F.1, a water column of 10m = 1 atm. Thus, a 3 m water 
column should produce a pressure of about 0.3 

atm = 30 kPa. The calculated value appears correct. 


Pressure Variation in the Atmosphere 


This section describes how to calculate pressure, density and temperature in the atmosphere 
for applications such as modeling of atmospheric dynamics and the design of gliders, air- 


planes, balloons, and rockets. 


Equations for pressure variation in the earth’s atmosphere are derived by integrating the 
hydrostatic differential equation (3.4). To begin the derivation, write the ideal gas law (2.5): 


Multiply by g: 


— P 
pse 


i (3.11) 


(3.12) 
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Figure 3.7 


Temperature variation 
with altitude for the U.S. 
standard atmosphere 


in July (1). 


Equation (3.12) requires temperature-versus-elevation data for the atmosphere. It is com- 
mon practice to use the U.S. Standard Atmosphere (1). The U.S. Standard Atmosphere defines 
values for atmospheric temperature, density, and pressure over a wide range of altitudes. The 
first model was published in 1958; this was updated in 1962, 1966, and 1976. The U.S. Stan- 
dard Atmosphere gives average conditions over the United States at 45° N latitude in July. 

The U.S. Standard Atmosphere also gives average conditions at sea level. The sea level 
temperature is 15°C (59°F), the pressure is 101.33 kPa abs (14.696 psia), and the density is 
1.225 kg/m? (0.002377 slugs/ft°). 

Temperature data for the U.S. Standard Atmosphere are given in Fig. 3.7 for the lower 30 
km of the atmosphere. The atmosphere is about 1000 km thick and is divided into five layers, 
so Fig. 3.7 only gives data near the earth’s surface. In the troposphere, defined as the layer be- 
tween sea level and 13.7 km (45,000 ft), the temperature decreases nearly linearly with increas- 
ing elevation at a lapse rate of 5.87 K/km. The stratosphere is the layer that begins at the 
top of the troposphere and extends up to about 50 km. In the lower regions of the 
stratosphere, the temperature is constant at —57.5°C, to an altitude of 16.8 km (55,000 ft), 
and then the temperature increases monotonically to —38.5°C at 30.5 km (100,000 ft). 


Pressure Variation in the Troposphere 
Let the temperature T be given by 


T = Tọ- a(z — Zo) (3.13) 


In this equation 7) is the temperature at a reference level where the pressure is known, and a 
is the lapse rate. Combine Eq. (3.12) with the hydrostatic differential equation (3.4) to give 


dp_ pg 
J TRT (3.14) 
Substituting Eq. (3.13) into Eq. (3.14) gives 
dp _ pg 


dz RIT,- a(z- zo)] 























30 F 
25 F 
20 | 
E L 
£ L 
d i Stratosphere 
a E 
215} 
z L 
E <a Linear approximation 
10 
i Data Troposphere 
5 dT/dz = -5.87 Klkm — 
ee | a OO SE 
-80 -60 -40 -20 o 20 40 


Temperature, °C 
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Separate the variables and integrate to obtain 


g/aR 


To 


pL a 


Thus, the atmospheric pressure variation in the troposphere is 


P =p T, 


glaR 


an (3.15) 


Example 3.4 shows how to apply Eq. (3.15) to find pressure at a specified elevation in 


the troposphere. 


Pressure Variation in the Lower Stratosphere 
In the lower part of the stratosphere (13.7 to 16.8 km above the earth’s surface as shown in Fig. 
3.7), the temperature is approximately constant. In this region, integration of Eq. (3.14) gives 
Zg 
Inp=-—=+C 
av 


Atz = Zo, P = Po, so the preceding equation reduces to 


Pp Pe (2-29) g/RT 
Po 


so the atmospheric pressure variation in the stratosphere takes the form 


P = Poe 


— (Z-Zo)g/RT 


(3.16) 


where p, is pressure at the interface between the troposphere and stratosphere, z, is the ele- 
vation of the interface, and T is the temperature of the stratosphere. Example 3.5 shows how 
to apply Eq. (3.16) to find pressure at a specified elevation in the troposphere. 


EXAMPLE 3.4 PRESSURE IN THE 
TROPOSPHERE 


If at sea level the absolute pressure and temperature are 101.3 
kPa and 23°C, what is the pressure at an elevation of 2000 m, 
assuming that standard atmospheric conditions prevail? 


Problem Definition 
Situation: Standard atmospheric conditions prevail at an 
elevation of 2000 m. 


Find: Atmospheric pressure (kPa absolute) at an elevation of 
2000 m. 





Plan 
Calculate pressure using Eq. (3.15). 


Solution 
g/aR 


liga) 
ID = Py — a7 


where py) = 101,300 N/m”, Ty) = 273 + 23 = 296 K, 
a@ = 5.87 x 10° K/m,z—z, = 2000\m, and 
g/aR = 5.823. Then 


296 — 5.87 x 10° x aw ace 


p= 101.3( a 


=|80.0 kPa absolute 
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EXAMPLE 3.5 PRESSURE IN THE LOWER 


STRATOSPHERE 


If the pressure and temperature are 2.31 psia (p = 15.9 kPa 
absolute) and —71.5°F (—57.5°C) at an elevation of 45,000 ft 
(13.72 km), what is the pressure at 55,000 ft (16.77 km), 

assuming isothermal conditions over this range of elevation? 


Problem Definition 


Situation: Standard atmospheric conditions prevail at an 
elevation of 55,000 ft (16.77 km). 


Find: Atmospheric pressure (psia and kPa absolute) at 


55,000 ft (16.77 km). 
Plan 


Calculate pressure using Eq. (3.16). 


— < 


Solution 


For isothermal conditions, 


T = -71.5 + 460 = 388.5°R 


—(z—-zo)g/RT = 
D= pie (2-Z9)g = 9 Bile (10,000)(32.2)/(1716 x 388.5) 


=2316e°8 


Therefore the pressure at 55,000 ft is 


p = 1.43 psia 


SI units 


p = 9.83 kPa absolute 





Pressure Measurements 


Vapor 
pressure 
of Hg 





Column of 
mercury rises 
to height A. 
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Figure 3.8 





A mercury barometer. 


This section describes five scientific instruments for measuring pressure: the barometer, 
Bourdon-tube gage, piezometer, manometer, and transducer. This information is used for 
experimental work, for equipment testing and process monitoring. 


Barometer 


An instrument that is used to measure atmospheric pressure is called a barometer. The most 
common types are the mercury barometer and the aneroid barometer. A mercury barometer is 
made by inverting a mercury-filled tube in a container of mercury as shown in Fig. 3.8. The 
pressure at the top of the mercury barometer will be the vapor pressure of mercury, which is 
very small: p, = 2.4 x 10°° atm at 20°C. Thus, atmospheric pressure will push the mercury 
up the tube to a height 4. The mercury barometer is analyzed by applying the hydrostatic 
equation: 


Pam = Yugh + Py* Yugh (3.17) 


Thus, by measuring A, local atmospheric pressure can be determined using Eq. (3.17). 

An aneroid barometer works mechanically. An aneroid is an elastic bellows that has 
been tightly sealed after some air was removed. When atmospheric pressure changes, this 
causes the aneroid to change size, and this mechanical change can be used to deflect a needle 
to indicate local atmospheric pressure on a scale. An aneroid barometer has some advantages 
over a mercury barometer because it is smaller and allows data recording over time. 


Bourdon-Tube Gage 

A Bourdon-tube gage, Fig. 3.9, measures pressure by sensing the deflection of a coiled tube. 
The tube has an elliptical cross section and is bent into a circular arc, as shown in Fig. 3.95. 
When atmospheric pressure (zero gage pressure) prevails, the tube is undeflected, and for this 








44 FLUID STATICS 
Ficure 3.9 A Pointer 
8 : Bourdon-tube 
Bourdon-tube gage. spring 
(a) View of typical gage. 
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Flow 


Figure 3.10 





Piexometer attached to a 
pipe. 


Figure 3.11 





U-tube manometer. 


through tube 





condition the gage pointer is calibrated to read zero pressure. When pressure is applied to the 
gage, the curved tube tends to straighten (much like blowing into a party favor to straighten it 
out), thereby actuating the pointer to read a positive gage pressure. The Bourdon-tube gage is 
common because it is low cost, reliable, easy to install, and available in many different 
pressure ranges. There are disadvantages: dynamic pressures are difficult to read accurately; 
accuracy of the gage can be lower than other instruments; and the gage can be damaged by 
excessive pressure pulsations. 


Piezometer 


A piezometer is a vertical tube, usually transparent, in which a liquid rises in response to a 
positive gage pressure. For example, Fig. 3.10 shows a piezometer attached to a pipe. 
Pressure in the pipe pushes the water column to a height A, and the gage pressure at the center 
of the pipe is p = yh, which follows directly from the hydrostatic equation (3.7c). The 
piezometer has several advantages: simplicity, direct measurement (no need for calibration), 
and accuracy. However, a piezometer cannot easily be used for measuring pressure in a gas, 
and a piezometer is limited to low pressures because the column height becomes too large 
at high pressures. 


Manometer 


A manometer, often shaped like the letter “U,” is a device for measuring pressure by 
raising or lowering a column of liquid. For example, Fig. 3.11 shows a U-tube manometer 
that is being used to measure pressure in a flowing fluid. In the case shown, positive gage 
pressure in the pipe pushes the manometer liquid up a height Ah. To use a manometer, 
engineers relate the height of the liquid in the manometer to pressure as illustrated in 
Example 3.6. 





%,(mManometer liquid) 
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EXAMPLE 3.6 PRESSURE MEASUREMENT 
(U-TUBE MANOMETER) 


Water at 10°C is the fluid in the pipe of Fig. 3.11, and 
mercury is the manometer fluid. If the deflection AA is 60 cm 
and € is 180 cm, what is the gage pressure at the center of the 


pipe? 


Solution 


1. Calculate the pressure at point 2 using the hydrostatic 
equation (3.7c). 


Pa = p; + pressure increase between 1 and 2 = 0+ y,,Ah,, 
= y,,(0.6 m) = (133, 000 N/m*)(0.6 m) 


= 79.8 kPa 
Problem Definition 

Situation: Pressure in a pipe is being measured using a 
U-tube manometer. 


2. Find the pressure at point 3. 
e The hydrostatic equation with z} = z, gives 


P3| = Po) = 79.8 kPa 


water 


Find: Gage pressure (kPa) in the center of the pipe. 


water 
Properties: 

1. Water (10°C), Table A.5, y = 9810 N/m’. 
2. Mercury, Table A.4: y = 133, 000 N/m’. 


e When a fluid-fluid interface is flat, pressure is constant 
across the interface. Thus, at the oil-water interface 


P3| = P3| = 79.8 kPa 


mercury water 


Plan 


Start at point 1 and work to point 4 using ideas from Eq. 
(3.7c). When fluid depth increases, add a pressure 
change. When fluid depth decreases, subtract a pressure 
change. 


3. Find the pressure at point 4 using the hydrostatic equation 
given in Eq. (3.7c). 


P4 = P3— pressure decrease between 3 and 4 = p;-y,,¢ 


= 79,800 Pa — (9810 N/m?) (1.8 m) 
= 62.1 kPa gage 





Once one is familiar with the basic principle of manometry, it is straightforward to 
write a single equation rather than separate equations as was done in Example 3.6. The single 
equation for evaluation of the pressure in the pipe of Fig 3.11 is 


0+ YmAh -yE = P4 


One can read the equation in this way: Zero pressure at the open end, plus the change in pres- 
sure from point 1 to 2, minus the change in pressure from point 3 to 4, equals the pressure in 
the pipe. The main concept to remember is that pressure increases as depth increases and de- 
creases as depth decreases. 

The general equation for the pressure difference measured by the manometer is: 


P25 Pı+t X Yihi- X Yih (3.18) 


down up 


where y; and h, are the specific weight and deflection in each leg of the manometer. It does 
not matter where one starts; that is, where one defines the initial point 1 and final point 2. 
When liquids and gases are both involved in a manometer problem, it is well within engi- 
neering accuracy to neglect the pressure changes due to the columns of gas. This is because 
YViiquid ? Ygas- Example 3.7 shows how to apply Eq. (3.18) to perform an analysis of a mano- 
meter that uses multiple fluids. 
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EXAMPLE 3.7 MANOMETER ANALYSIS 


Sketch: What is the pressure of the air in the tank if 
€, = 40 cm, €, = 100 cm, and £} = 80 cm? 











Problem Definition 

Situation: A tank is pressurized with air. 

Find: Pressure (kPa gage) in the air. 

Assumptions: Neglect the pressure change in the air column. 





Properties: 
1. Oil: 


Yoit = SY water = 0.8 X 9810 N/m? = 7850 N/m’, 
2. Mercury, Table A.4: y = 133, 000 N/m’. 


Plan 


Apply the manometer equation (3.18) from elevation 1 to 
elevation 2. 


Solution 


Manometer equation 


Pit 5 Yihi- > Yih = [Dy 
up 


down 
ies Ymercury 3 zi Vairt 2 ap Voie = IE 
0 + (133, 000 N/m3)(0.8 m) — 0 + (7850 N/m3)(0.4 m) = p, 


P2 = Pair = 110 kPa gage 


Because the manometer configuration shown in Fig. 3.12 is common, it is useful to de- 
rive an equation specific to this application. To begin, apply the manometer equation (3.18) 


between points | and 2: 


Pit > Yihi— X Yih =P) 
up 


down 


Pi + Yal(Ay + Ah) — ygAh - y4(Ay + 23-21) = P2 


Simplifying gives 


(Pı + ¥421) — (P2 + Y422) = Ah( Yg- Ya) 


Dividing through by y; gives 


Pi 
YA 


+ — 2 +2) = aif — j 
YA YA 


Recognize that the terms on the left side of the equation are piezometric head and rewrite to 


give the final result: 


hy —hy = aif ) 
A 


(3.19) 


Equation (3.19) is valid when a manometer is used as shown in Fig. 3.12. Example 3.8 shows 


how this equation is used. 
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Figure 3.12 








Apparatus for 
determining change in Fluid A 
piezometric head 


corresponding to flow in 
a pipe. 








Fluid B 


EXAMPLE 3.8 CHANGE IN PIEZOMETRIC HEAD 
FOR PIPE FLOW 


A differential mercury manometer is connected to two pressure 
taps in an inclined pipe as shown in Fig. 3.12. Water at 50°F is 
flowing through the pipe. The deflection of mercury in the 

manometer is 1 inch. Find the change in piezometric pressure 


Plan 
1. Find difference in the piezometric head using Eq. (3.19). 


2. Relate piezometric head to piezometric pressure using 
Eq. (3.10). 


Solution 


and piezometric head between points 1 and 2. 

Problem Definition 

Situation: Water is flowing in a pipe. 

Find: 

1. Change in piezometric head (ft) between points 1 and 2. 
2. Change in piezometric pressure (psfg) between 1 and 2. 


Difference in piezeometric head 


3 
h,—h, = Ah Can 3 1) = (4 A)( u 7 1) 
water 12 62.4 lbf/ft 


-E a] 


Piezometric pressure 


Properties: 
1. Water (50 °F), Table A.5, Ywaer = 62.4 Ibf/ft’. 
2. Mercury, Table A.4, Ypg = 847 Ibf/ft. 


Pe hya 


= (1.05 ft) (62.4 lbf/ft) 5 65.5 psf 





Pressure Transducers 


A pressure transducer is a device that converts pressure to an electrical signal. Modern factories 
and systems that involve flow processes are controlled automatically, and much of their oper- 
ation involves sensing of pressure at critical points of the system. Therefore, pressure-sensing 
devices, such as pressure transducers, are designed to produce electronic signals that can be 
transmitted to oscillographs or digital devices for record-keeping or to control other devices for 
process operation. Basically, most transducers are tapped into the system with one side of a 
small diaphragm exposed to the active pressure of the system. When the pressure changes, the 
diaphragm flexes, and a sensing element connected to the other side of the diaphragm produces 
a signal that is usually linear with the change in pressure in the system. There are many types 
of sensing elements; one common type is the resistance-wire strain gage attached to a flexible 
diaphragm as shown in Fig. 3.13. As the diaphragm flexes, the wires of the strain gage change 
length, thereby changing the resistance of the wire. This change in resistance is converted into 
a voltage change that can then be used in various ways. 

Another type of pressure transducer used for measuring rapidly changing high pres- 
sures, such as the pressure in the cylinder head of an internal combustion engine, is the piezo- 
electric transducer (2). These transducers operate with a quartz crystal that generates a charge 
when subjected to a pressure. Sensitive electronic circuitry is required to convert the charge 
to a measurable voltage signal. 
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Strain gage Diaphragm Digital voltage 

Computer data acquisition systems are used widely with pressure transducers. The ana- 
log signal from the transducer is converted (through an A/D converter) to a digital signal that 
can be processed by a computer. This expedites the data acquisition process and facilitates 
storing data. 


Forces on Plane Surfaces (Panels) 


Figure 3.14 





(a) Uniform pressure 
distribution, and (b) 
equivalent force. 


This section explains how to represent hydrostatic pressure distributions on one face of a 
panel with a resultant force that passes through a point called the center of pressure. This 
information is relevant to applications such as dams and water towers. 


Uniform Pressure Distribution 


A plane surface or panel is a flat surface of arbitrary shape. A description of the pressure at all 
points along a surface is called a pressure distribution. When pressure is the same at every point, 
as shown in Fig. 3.14a, the pressure distribution is called a uniform pressure distribution. The 
pressure distribution in Fig. 3.14a can be represented by a resultant force as shown in Fig. 3.14b. 
For a uniform pressure distribution, the magnitude of the resultant force is F where 


F= | pdd = pA 

A 
and p is the average pressure. The resultant force F passes through a point called the center of 
pressure (CP). Notice that the CP is represented using a circle with a “plus” inside. For a uni- 
form pressure distribution, the CP is located at the centroid of area of the panel. 


Hydrostatic Pressure Distribution 


When a pressure distribution is produced by a fluid in hydrostatic equilibrium, as shown in 
Fig. 3.15a, then the pressure distribution is called a hydrostatic pressure distribution. Notice 


Uniform 
pressure 


distribution Line of action 
oye force 


~~ 
xs 
N 


Center of 
pressure 
(CP) 


S 
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Hydrostatic 
pressure distribution 


Figure 3.15 





(a) Hydrostatic pressure z 
distribution, and == 
(b) resultant force F 





acting at the center of 


- Line of action 
ra 
pressure. ES SS "o Resultant force 
ag 
Ss Centroid 


Center of pressure 











~ 


(a) (b) 


that a hydrostatic pressure distribution is linear and that the arrows representing pressure act 
normal to the surface. In Fig. 3.15b, the pressure distribution is represented by a resultant 
force that acts at the CP. Notice that the CP is located below the centroid of area. 


Magnitude of Resultant Hydrostatic Force 


To derive an equation for the resultant force on a panel under hydrostatic loading, sum forces 
using an integral. The situation is shown in Fig. 3.16. Line AB is the edge view of a panel 
submerged in a liquid. The plane of this panel intersects the horizontal liquid surface at axis 
0-0 with an angle a. The distance from the axis 0-0 to the horizontal axis through the centroid 
of the area is given by y. The distance from 0-0 to the differential area dA is y. The pressure 
on the differential area is 


p = yysina 
The differential force is 
dF = p dA = yysinadA 


The total force on the area is 


pa [pda =| yy sina dA (3.20) 
A A 


In Eq. (3.20), y and sina are constants. Thus 


F= ysina | yaa 68.21) 
Now the integral in Eq. (3.21) is the first moment of the area. Consequently, this is replaced 
by its equivalent, y A. Therefore 
F = yy Asina 
which can be rewritten as 
F = (yy sina )A (3.22) 


The product of the variables within the parentheses of Eq. (3.22) is the pressure at the cen- 
troid of the area. Thus 


F=DA (3.23) 
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Figure 3.16 
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Equation (3.23), called the panel equation, shows that the hydrostatic force on a panel of arbitrary 
shape (e.g., rectangular, round, elliptical) is given by the product of panel area and pressure at the 
centroid of area. Example 3.9 shows how to apply the panel force equation. 


Line of Action of the Resultant Force 


A general equation for the vertical location of the CP is derived next. The initial situation is 
shown in Fig. 3.16. The torque due to the resultant force F will balance the torque due to the 
pressure distribution. 


Pyl = | ydF 
The differential force dF is given by dF = p dA; therefore, 


Yg = | yp dA 
A 


EXAMPLE 3.9 HYDROSTATIC FORCE DUE TO 
CONCRETE 


Plan 

Apply the panel equation given in Eq. (3.23). 
Determine the force acting on one side of a concrete form 
2.44 m high and 1.22 m wide (8 ft by 4 ft) that is used for 
pouring a basement wall. The specific weight of concrete is 


Solution 


1. Panel equation 


23.6 KN/ m° (150 Ibf/ ft’). F=pA 
malian maii 2. Term-by-term analysis 
Sean e p = pressure at depth of the centroid 


B = (Yeonerete)(Zeentroid) = (23.6 KN/m’)(2.44/2 m) 
= 28.79 kPa 
e A = area of panel 
A = (2.44 m)(1.22 m) = 2.977 m2 


3. Resultant force 


F = pA = (28.79 kPa)(2.977 m?) =|85.7 kN 


1. Concrete in a liquid state acts on a vertical surface. 

2. Vertical wall is 2.44 m high and 1.22 m wide 

Find: The resultant force (kN) acting on the wall. 
Assumptions: Freshly poured concrete can be represented as 
a liquid. 


Properties: Concrete: y = 23.6 kN/m?. 
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Also, p = yysina, so 
YaF = | yy’sina dA (3.24) 
A 
Since y and sina are constants, 


Yep = ysina i. ydA (3.25) 


The integral on the right-hand side of Eq. (3.25) is the second moment of the area (often 
called the area moment of inertia). This shall be identified as Jọ. However, for engineering ap- 
plications it is convenient to express the second moment with respect to the horizontal cent- 
roidal axis of the area. Hence by the parallel-axis theorem, 


Ibp=It+y A (3.26) 
Substitute Eq. (3.26) into Eq. (3.25) to give 
YaF = y sina(I + yA) 
However, from Eq. (3.22), F = yy sina. Therefore, 
Yop( YY sinaA) = ysina(I + yA) 


SNE (3.27) 
— + — 
Yep y yA 
i, 
-y= 3.28 
Yep VF (3.28) 


In Eq. (3.28), the area moment of inertia I is taken about a horizontal axis that passes 
through the centroid of area. Formulas for J are presented in Fig. A.1. The slant distance y 
measures the length from the surface of the liquid to the centroid of the panel along an axis 
that is aligned with the “slant of the panel” as shown in Fig. 3.16. 

Equation (3.28) shows that the Center of Pressure (CP) will be situated below the cen- 
troid. The distance between the CP and the centroid depends on the depth of submersion, 
which is characterized by y, and on the panel geometry, which is characterized by //A. 

Due to assumptions in the derivations, Eqs. (3.23) and (3.28) have several limitations. 
First, they only apply to a single fluid of constant density. Second, the pressure at the liquid 
surface needs to be p = 0 gage to correctly locate the CP. Third, Eq. (3.28) gives only the 
vertical location of the CP, not the lateral location. 

Example 3.10 shows how to apply the panel equations. Notice that drawing an FBD 
makes the analysis easier. 





EXAMPLE 3.10 FORCE TO OPEN AN Sketch: 
ELLIPTICAL GATE 


An elliptical gate covers the end of a pipe 4 m in diameter. If 
the gate is hinged at the top, what normal force F is required 
to open the gate when water is 8 m deep above the top of the 

pipe and the pipe is open to the atmosphere on the other side? 

Neglect the weight of the gate. 











Problem Definition kai 4 m diameter 





Situation: Water pressure is acting on an elliptical gate. 
Find: Normal force (in newtons) required to open gate. 
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Properties: Water (10°C), Table A.5: y = 9810 N/m’. 2. Center of pressure ' . 
e y= 12.5 m, where yis the slant distance from the 


Assumptions: water surface to the centroid. 
1. Neglect the weight of the gate. e Area moment of inertia / of an elliptical panel using a 
2. Neglect friction between the bottom on the gate and the formula from Fig. A.1 
i Ul. 3 3 
Pe aie DOS mM Om AA ni 
Plan 4 4 


1. Calculate resultant hydrostatic force using F = pA. 

2. Find the location of the center of pressure using Eq. (3.28). 
3. Draw an FBD of the gate. 

4. Apply moment equilibrium about the hinge. 


Solution 
1. Hydrostatic (resultant) force 
e p = pressure at depth of the centroid 


P = (Ywater) Zeentroia) = (9810 N/m*)(10 m) = 98.1 kPa 


e A = area ofelliptical panel (using Fig. A.1 to find formula) 
A= tab 
= (2.5 m)(2 m) = 15.71m? 





e Calculate resultant force 4. Moment equilibrium 


F, = pA = (98.1 kPa)(15.71 m?) =[1.54 MN 5 Maing = 0 


1.541 x 10° Nx 2.625 m-Fx5m=0 





on >: an 


Forces on Curved Surfaces 


This section describes how to calculate forces on surfaces that have curvature. These results 
are important for the design of components such as tanks, pipes, and curved gates. 


Consider the curved surface AB in Fig. 3.17a. The goal is to represent the pressure dis- 
tribution with a resultant force that passes through the center of pressure. One approach is to 
integrate the pressure force along the curved surface and find the equivalent force. How- 
ever, it is easier to sum forces for the free body shown in the upper part of Fig. 3.175. The 
lower sketch in Fig. 3.175 shows how the force acting on the curved surface relates to the 
force F acting on the free body. Using the FBD and summing forces in the horizontal direc- 
tion shows that 


F =F (3.29) 


The line of action for the force Fy, is through the center of pressure for side AC, as discussed 
in the previous section, and designated as y.p- 
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(b) 


The vertical component of the equivalent force is 


Fa Wat oe (3.30) 
where W is the weight of the fluid in the free body and Fp is the force on the side CB. 

The force Fcp acts through the centroid of surface CB, and the weight acts through the 
center of gravity of the free body. The line of action for the vertical force may be found by 
summing the moments about any convenient axis. 

Example 3.11 illustrates how curved surface problems can be solved by applying equi- 
librium concepts together with the panel force equations. 





EXAMPLE 3.11 HYDROSTATIC FORCE ON A Plan 
CURVED SURFACE Apply equilibrium concepts to the body of fluid ABC. 
Sketch: 1. Find the horizontal component of F by applying Eq. 


Surface AB is a circular arc with a radius of 2 m and a width (3.29). 


of 1 m into the paper. The distance EB is 4 m. The fluid above 
surface AB is water, and atmospheric pressure prevails on the 
free surface of the water and on the bottom side of surface 
AB. Find the magnitude and line of action of the hydrostatic 
force acting on surface AB. 




















Problem Definition 

Situation: A body of water is contained by a curved surface. 
Find: 

1. Hydrostatic force (in newtons) on the curved surface AB. 
2. Line of action of the hydrostatic force. 


Properties: Water (10°C), Table A.5: y = 9810 Nim’. 


2. Find the vertical component of F by applying Eq. (3.30). 
3. Find the line of action of F by finding the lines of action of 
components and then using a graphical solution. 


Solution 
1. Equilibrium in the horizontal direction 


F, = Fy = pA = (5 m)(9810 N/m’)(2 x 1 m°) 
= 98.1 kN 


2. Equilibrium in the horizontal direction 
e Vertical force on side CB 


Fy = P.A = 9.81 KN/m x 4 mx 2 mx 1m = 78.5 KN 
e Weight of the water in volume ABC 

G amr )(w) 

= (9.81 KN/m’) x (0.25 x 7x4 m’)(1 m) = 30.8 KN 


LP = We ae = 


¢ Summing forces 
Fo = Wi, = 1093 KN 
3. Line of action (horizontal force) 


Pore ) 


aCe oe ( 
bn ey (5m) + oe 


Vay = SMG cam 
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4. The line of action (x.,) for the vertical force is found by 5. The resultant force that acts on the curved surface is 
summing moments about point C: shown in the following figure. 


Xp = FyXlm+Wwx xy 


The horizontal distance from point C to the centroid of the area 
ABC is found using Fig. A.1: x y = 4r/37 = 0.849 m. Thus, 


„= 78.5 KN x 1 m + 30.8 KN x 0.849 m _ 9 957 m 98.1 kN 
109.3 KN tang = 1093 1.11 


98.1 
0 = 48° 





109.3 kN Fresutt = 146.9 kN 








The central idea of this section is that forces on curved surfaces may be found by apply- 
ing equilibrium concepts to systems comprised of the fluid in contact with the curved sur- 
face. Notice how equilibrium concepts are used in each of the following situations. 

Consider a sphere holding a gas pressurized to a gage pressure p; as shown in Fig. 
3.18. The indicated forces act on the fluid in volume ABC. Applying equilibrium in the ver- 
tical direction gives 

F=piAgotW 


Because the specific weight for a gas is quite small, engineers usually neglect the weight of the gas: 


F= pjAjc (3.31) 





Figure 3.18 Another example is finding the force on a curved surface submerged in a reservoir of liquid 
as shown in Fig. 3.19a. If atmospheric pressure prevails above the free surface and on the outside 
of surface AB, then force caused by atmospheric pressure cancels out and equilibrium gives 





Pressurized spherical 
tank showing forces that 
act on the fluid inside F=7¥yscp = WL (3.32) 
the marked region. 

Hence the force on surface AB equals the weight of liquid above the surface, and the arrow 


indicates that the force acts downward. 
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Buoyancy 


Now consider the situation where the pressure distribution on a thin curved surface comes 
from the liquid underneath, as shown in Fig. 3.195. If the region above the surface, volume 
abcd, were filled with the same liquid, the pressure acting at each point on the upper surface 
of ab would equal the pressure acting at each point on the lower surface. In other words, there 
would be no net force on the surface. Thus, the equivalent force on surface ab is given by 


F= yF shea = WT (3.33) 


where W is the weight of liquid needed to fill a volume that extends from the curved surface 
to the free surface of the liquid. 


This section describes how to calculate the buoyant force on an object. A buoyant force is 
defined as the upward force that is produced on a body that is totally or partially submerged in a 
fluid when the fluid is in a gravity field. Buoyant forces are significant for most problems that 
involve liquids. Examples include surface ships, sediment transport in rivers, and fish 
migration. Buoyant forces are sometimes significant in problems involving gases, for example, 
a weather balloon. 


The Buoyant Force Equation 


The initial situation for the derivation is shown in Fig. 3.20. Consider a body ABCD sub- 
merged in a liquid of specific weight y. The sketch on the left shows the pressure distribution 
acting on the body. As shown by Eq. (3.33), pressures acting on the lower portion of the body 
create an upward force equal to the weight of liquid needed to fill the volume above surface 
ADC. The upward force is 


Fo = WH, +F) 


where ¥, is the volume of the body (1.e., volume ABCD) and ¥, is the volume of liquid above 
the body (i.e., volume ABCFE). As shown by Eq. (3.32), pressures acting on the top surface 
of the body create a downward force equal to the weight of the liquid above the body: 


P iow = yF, 


Subtracting the downward force from the upward force gives the net or buoyant force Fg act- 
ing on the body: 


pee eee ae a (3.34) 


Hence, the net force or buoyant force (Fg) equals the weight of liquid that would be needed 
to occupy the volume of the body. 

Consider a body that is floating as shown in Fig. 3.21. The marked portion of the object 
has a volume ¥,. Pressure acts on curved surface ADC causing an upward force equal to the 
weight of liquid that would be needed to fill volume p. The buoyant force is given by 


Fg z Fip = y Fp (3.35) 























56 FLUID STATICS 
Figure 3.20 E E F Figure 3.21 
ee EE 
Two views of a body aoe baal aie mor A body partially 
immersed in a liquid. ERSA submerged in a 
al | liquid. 
C 
D 



































a 
Graduated 
scale for 
= indication 
of specific 
= gravity 
Lead 
weight 
Figure 3.22 
Hydrometer 


D -o 




















Hence, the buoyant force equals the weight of liquid that would be needed to occupy the vol- 
ume ¥,. This volume is called the displaced volume. Comparison of Eqs. (3.34) and (3.35) 
shows that one can write a single equation for the buoyant force: 


Fp =Y¥p (3.36) 


Although Eq. (3.36) was derived for a liquid, it is equally valid for a gas. If the body is totally 
submerged, the displaced volume is the volume of the body. If a body is partially submerged, 
the displaced volume is the portion of the volume that is submerged. For a fluid of uniform den- 
sity, the line of action of the buoyant force passes through the centroid of the displaced volume. 

The general principle of buoyancy embodied in Eq. (3.36) is called Archimedes’ principle: 
For an object partially or completely submerged in a fluid, there is a net upward force (buoyant 
force) equal to the weight of the displaced fluid. 


The Hydrometer 


A hydrometer (Fig. 3.22) is an instrument for measuring the specific gravity of liquids. It is 
typically made of a glass bulb that is weighted on one end so the hydrometer floats in an 
upright position. A stem of constant diameter is marked with a scale, and the specific weight 
of the liquid is determined by the depth at which the hydrometer floats. The operating 
principle of the hydrometer is buoyancy. In a heavy liquid (i.e., high y ), the hydrometer will 
float shallower because a lesser volume of the liquid must be displaced to balance the weight 
of the hydrometer. In a light liquid, the hydrometer will float deeper. 


Stability of Immersed and Floating Bodies 


This section describes how to determine whether an object will tip over or remain in an upright 
position when placed in a liquid. This topic is important for the design of objects such as ships 
and buoys. 


Immersed Bodies 


When a body is completely immersed in a liquid, its stability depends on the relative posi- 
tions of the center of gravity of the body and the centroid of the displaced volume of fluid, 
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Figure 3.23 





Conditions of stability 
for immersed bodies. 
(a) Stable. (b) Neutral. 
(c) Unstable. 


Figure 3.24 





Ship stability relations. 








Center of 
buoyancy 


Weight 


which is called the center of buoyancy. If the center of buoyancy is above the center of grav- 
ity, such as in Fig. 3.23a, any tipping of the body produces a righting couple, and conse- 
quently, the body is stable. However, if the center of gravity is above the center of buoyancy, 
any tipping produces an increasing overturning moment, thus causing the body to turn 
through 180°. This is the condition shown in Fig. 3.23c. Finally, if the center of buoyancy 
and center of gravity are coincident, the body is neutrally stable—that is, it lacks a tendency 
for righting or for overturning, as shown in Fig. 3.235. 


Floating Bodies 


The question of stability is more involved for floating bodies than for immersed bodies be- 
cause the center of buoyancy may take different positions with respect to the center of grav- 
ity, depending on the shape of the body and the position in which it is floating. For example, 
consider the cross section of a ship shown in Fig. 3.24a. Here the center of gravity G is above 
the center of buoyancy C. Therefore, at first glance it would appear that the ship is unstable 
and could flip over. However, notice the position of C and G after the ship has taken a small 
angle of heel. As shown in Fig. 3.246, the center of gravity is in the same position, but the 
center of buoyancy has moved outward of the center of gravity, thus producing a righting 
moment. A ship having such characteristics is stable. 

The reason for the change in the center of buoyancy for the ship is that part of the orig- 
inal buoyant volume, as shown by the wedge shape AOB, is transferred to a new buoyant vol- 
ume EOD. Because the buoyant center is at the centroid of the displaced volume, it follows 
that for this case the buoyant center must move laterally to the right. The point of intersection 
of the lines of action of the buoyant force before and after heel is called the metacenter M, 
and the distance GM is called the metacentric height. If GM is positive—that is, if M is above 
G—the ship is stable; however, if GM is negative, the ship is unstable. Quantitative relations 
involving these basic principles of stability are presented in the next paragraph. 
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Figure 3.25 





(a) Plan view of ship at 
waterline. (b) Section 
A-A of ship. 


























(b) 


Consider the ship shown in Fig. 3.25, which has taken a small angle of heel a. First 
evaluate the lateral displacement of the center of buoyancy, CC’; then it will be easy by sim- 
ple trigonometry to solve for the metacentric height GM or to evaluate the righting moment. 
Recall that the center of buoyancy is at the centroid of the displaced volume. Therefore, re- 
sort to the fundamentals of centroids to evaluate the displacement CC’. From the definition 
of the centroid of a volume, 


XE = =x, AF, (3.37) 


where x = CC’, which is the distance from the plane about which moments are taken to the 
centroid of ¥ ¥ is the total volume displaced; AF, is the volume increment; and x; is the mo- 
ment arm of the increment of volume. 

Take moments about the plane of symmetry of the ship. Recall from mechanics that vol- 
umes to the left produce negative moments and volumes to the right produce positive moments. 
For the right side of Eq. (3.37) write terms for the moment of the submerged volume about the 
plane of symmetry. A convenient way to do this is to consider the moment of the volume before 
heel, subtract the moment of the volume represented by the wedge AOB, and add the moment 
represented by the wedge EOD. In a general way this is given by the following equation: 


x ¥ = moment of ¥ before heel — moment of jog + moment of Ezop (3.38) 


Because the original buoyant volume is symmetrical with y-y, the moment for the first term 
on the right is zero. Also, the sign of the moment of Kjopg is negative; therefore, when this 
negative moment is subtracted from the right-hand side of Eq. (3.38), the result is 

x¥ = 2x, AF, | + Ux, AF; (3.39) 


‘EOD 
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EXAMPLE 3.12 BUOYANT FORCE ON A 

METAL PART 

A metal part (object 2) is hanging by a thin cord from a 
floating wood block (object 1). The wood block has a specific 
gravity S} = 0.3 and dimensions of 50 x 50 x 10 mm. The 
metal part has a volume of 6600 mm. Find the mass m, of the 
metal part and the tension T in the cord. 


Problem Definition 


Situation: A metal part is suspended from a floating block of 
wood. 


Find: 

1. Mass (in grams) of the metal part. 

2. Tension (in newtons) in the cord. 
Properties: 

1. Water (15°C), Table A.5: y = 9800 N/m’. 
2. Wood: S; = 0.3. 

Sketch: 























H20, 15°C 












































Plan 

1. Draw FBDs of the block and the part. 

2. Apply equilibrium to the block to find the tension. 

3. Apply equilibrium to the part to find the weight of the part. 
4. Calculate the mass of the metal part using W = mg. 





Solution 
1. FBDs 






































2. Force equilibrium (vertical direction) applied to block 
1S Wig = 
e Buoyant force Fg; = Y Épi, where Zp; is the sub- 
merged volume 
IA = A 
= (9800 N/m’)(50 x 50 x 7.5 mm°?)(10° m?/mm’) 
= 0.184 N 
e Weight of the block 
Wi = YSA 
= (9800 N/m’)(0.3)(50 x 50 x 10 mm?) (10° m°’/mm’) 
= 0.0735 N 


e Tension in the cord 


T = (0.184 — 0.0735) =[0.110 N] 


3. Force equilibrium (vertical direction) applied to metal part 
e Buoyant force 


Fpa = Y P = (9800 N/m?) (6600 mm°) (10°) = 0.0647 N 


e Equilibrium equation 
W, = T+ Fp = (0.110 N) + (0.0647 N) 


4. Mass of metal part 


Review 

Notice that tension in the cord (0.11 N) is less than the weight 
of the metal part (0.18 N). This result is consistent with the 
common observation that an object will “weigh less in water 
than in air.” 
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Now, express Eq. (3.39) in integral form: 


z¥= | xd¥+ | xd¥ (3.40) 
AOB EOD 


But it may be seen from Fig. 3.255 that d¥ can be given as the product of the length of the dif- 
ferential volume, x tana, and the differential area, dA. Consequently, Eq. (3.40) can be written as 


x¥= | x tana dA + | x tana dA 
AOB EOD 


Here tana is a constant with respect to the integration. Also, since the two terms on the right- 
hand side are identical except for the area over which integration is to be performed, combine 
them as follows: 


¥¥ = tana | xdi (3.41) 
A 


waterline 


The second moment, or moment of inertia of the area defined by the waterline, is given the 
symbol Jo, and the following is obtained: 


x¥ = Iytana 


Next, replace x by CC’ and solve for CC’: 


CC’ = [og tana 
E£ 
From Fig. 3.25b, CC’ = CMtana 
Thus eliminating CC’ and tana yields 
cu! 
E 
However, GM = CM- CG 
Therefore the metacentric height is 
Too 
GM = ~ CG (3.42) 


Equation (3.42) is used to determine the stability of floating bodies. As already noted, if 
GM is positive, the body is stable; if GM is negative, it is unstable. 

Note that for small angles of heel a, the righting moment or overturning moment is 
given as follows: 


RM = y¥GMa (3.43) 


However, for large angles of heel, direct methods of calculation based on these same princi- 
ples would have to be employed to evaluate the righting or overturning moment. 
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EXAMPLE 3.13 STABILITY OF A FLOATING BLOCK | Because the metacentric height is negative, the block is not 
stable about the longitudinal axis. Thus a slight disturbance 


A block of wood 30 cm square in cross section and 60 cm 2 settee : i 
will make it tip to the orientation shown below. 


long weighs 318 N. Will the block float with sides vertical as 
shown? 

Problem Definition 

Situation: A block of wood is floating in water. 

Find: Is the block of wood stable? 

Sketch: 





Center of gravity Center of buoyancy 











3. Equilibrium (vertical direction—see above figure) 




















—weight + buoyant force = 0 





Side view End view 


- (318 N) + (9810 N/m’)(¥p) = 0 

Plan 

1. Apply force equilibrium to find the depth of submergence. 

2. Determine if block is stable about the long axis by 
applying Eq. (3.42). 

3. If block is not stable, repeat steps 1 and 2. 


Ep = 0.0324 m°? 


4. Find the dimension w. 
(Displaced volume) = (Block volume) — (Volume above 
the waterline). 

Solution Dae oe w dé 

1. Equilibrium (vertical direction) tap = Oat = UE am ~ 4! ony 


DEN 


—weight + buoyant force = 0 


w = 0.379 m 


5. Moment of inertia at the waterline 


3) 3 
Ing = DE = (0-6 m) (0.379 m)? _ 9 99973 m‘ 


—318 N+ 9810 Wm x 0.30 mx 0.60 mxd=0 
d= 0.18 m= 18 cm 


2. Stability (longitudinal axis) 


6. Metacentric height 


0.00273 m“ 
0.0324 m° 


Since the metacentric height is positive] the block will be stable 


in this position. 


I 
GM= ae =CG= — 0.0573 m = 0.027 m 


I 
GM- CT =(15=9) 


18x60x30 
= 4.167 — 6 = -1.833 cm 





Summary 


Hydrostatics, or fluid statics, is a situation in which the weight of each fluid particle is 
balanced by a net force associated with pressure. 


Pressure p expresses the magnitude of normal force per unit area at a point. Pressure is a 
scalar quantity, meaning it has no directional dependence. Absolute pressure P ps 1s measured 
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relative to absolute zero while gage pressure p,,.. is measured relative to atmospheric pressure 
Pam: Gage and absolute pressure are related by 


Pabs — P gage + Patm 


The weight of a fluid causes pressure to increase with increasing depth, giving the hy- 
drostatic differential equation 


dp _ 


T =Y = -PE 


where z is the elevation, y is fluid weight per volume, p is fluid density, and g is gravitational ac- 
celeration. The pressure variation for a uniform-density fluid is given by the hydrostatic equation 


P 
— + Zz = constant 
y 


Hence, a fluid with uniform density has a constant value of piezometric head (p/y +z) or 
piezometric pressure (p + yz ) throughout. 

A fluid in contact with a surface produces a pressure distribution on the surface. This 
pressure distribution can be represented as a statically equivalent force F acting at the center 
of pressure. For a plane surface, the equivalent force is 


F=pA 
where p is pressure at the centroid of the area A. For a horizontal surface, the center of pres- 


sure is at the centroid. Otherwise, the slant distance between the centroid y and the center of 
pressure y,,, is given by 


Ss 
where J is the moment of area with respect to a horizontal axis through the centroid. 

When a surface is curved, one can find the equivalent force by applying force equilib- 
rium to a free body comprised of the fluid in contact with the surface. 

When an object is either partially or totally submerged in a fluid, a buoyant force Fg 
acts. The magnitude is equal to the weight of the displaced volume of fluid: 


Fg = Y¥p 


where ¥, is the volume of displaced fluid. For a fluid with a uniform density, the center of 
buoyancy is the centroid of the displaced volume of fluid. 

When an object is floating, it may be unstable or stable. Stable means that if the object 
is tipped, the buoyant force causes a moment that rotates the object back to its equilibrium po- 
sition. An object is stable if the metacentric height is positive. In this case tipping the object 
causes the center of buoyancy to move such that the buoyant force produces a righting moment. 
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Problems 


*A Preview Question (PQ) can be assigned prior to in-class 
coverage of a topic. 


Pressure and Related Concepts 


*3.1 PQ Apply the grid method (p. 9) to each situation. 

a. If pressure is 8 inches of water (vacuum), what is gage pres- 
sure in kPa? 

b. If the pressure is 120 kPa abs, what is the gage pressure in 
psi? 

c. If gage pressure is 0.5 bar, what is absolute pressure in psi? 

d. If a person’s blood pressure is 120 mm Hg, what is their 
blood pressure in kPa abs? 

*3.2 PQ< A 100 mm diameter sphere contains an ideal gas at 

20°C. Apply the grid method (p. 9) to calculate the density in 

units of kg/ m°. 

a. Gas is helium. Gage pressure is 20 in H,O. 

b. Gas is methane. Vacuum pressure is 3 psi. 

*3.3 PQ< Using Section 3.1 and other resources, answer the 

following questions. Strive for depth, clarity, and accuracy 

while also combining sketches, words, and equations in ways 

that enhance the effectiveness of your communication. 

a. What are five important facts that engineers need to know 
about pressure? 

b. What are five common instances in which people use gage 
pressure? 

c. What are the most common units for pressure? 

d. Why is pressure defined using a derivative? 

e. How is pressure similar to shear stress? How does pressure 
differ from shear stress? 

3.4 The Crosby gage tester shown in the figure is used to cali- 

brate or to test pressure gages. When the weights and the piston 

together weigh 140 N, the gage being tested indicates 200 kPa. 

If the piston diameter is 30 mm, what percentage of error exists 

in the gage? 


Weights 





Piston 


Air 


Oil 


PROBLEM 3.4 


3.5 As shown, a mouse can use the mechanical advantage pro- 

vided by a hydraulic machine to lift up an elephant. 

a. Derive an algebraic equation that gives the mechanical ad- 
vantge of the hydraulic machine shown. Assume the pistons 
are frictionless and massless. 


b. A mouse can have a mass of 25 g and an elephant a mass of 
7500 kg. Determine a value of D, and D, so that the mouse 
can support the elephant. 


Elephant with 
mass mo 


Mouse with 
mass mı 


Piston (2 places) 


Hydraulic fluid 





oI 


PROBLEM 3.5 


3.6 Find a parked automobile for which you have information on 
tire pressure and weight. Measure the area of tire contact with the 
pavement. Next, using the weight information and tire pressure, 
use engineering principles to calculate the contact area. Compare 
your measurement with your calculation and discuss. 


Hydrostatic Equation 


*3.7 PQ< Apply the grid method (p. 9) with the hydrostatic 

equation (Ap = yAz) to each of the following cases. 

a. Predict the pressure change Apin kPa for an elevation 
change Az of 10 ft in a fluid with a density of 90 lbm/ f°. 

b. Predict the pressure change in psf for a fluid with S = 0.8 
and an elevation change of 22 m. 

c. Predict pressure change in inches of water for a fluid with a 
density of 1.2 kg/m? and an elevation change of 1000 ft. 

d. Predict the elevation change in millimeters for a fluid with 
S = 13 that corresponds to a change in pressure of 1/6 atm. 

*3.8 PQ< Using Section 3.2 and other resources, answer the 

following questions. Strive for depth, clarity, and accuracy 

while also combining sketches, words, and equations in ways 

that enhance the effectiveness of your communication. 

a. What does hydrostatic mean? How do engineers identify 
whether a fluid is hydrostatic? 

b. What are the common forms on the hydrostatic equation? 

Are the forms equivalent or are they different? 

What is a datum? How do engineers establish a datum? 

d. What are the main ideas of Eq. (3.5)? That is, what is the 
meaning of this equation? 

e. What assumptions need to be satisfied to apply the hydro- 
static equation? 


O 


3.9 Apply the grid method (p. 11) to each situation. 

a. What is the change in air pressure in pascals between the 
floor and the ceiling of a room with walls that are 8 ft tall. 

b. A diver in the ocean (S = 1.03) records a pressure of 2 atm 
on her depth gage. How deep is she? 
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c. A hiker starts a hike at an elevation where the air pressure is 
940 mbar, and he ascends 1200 ft to a mountain summit. As- 
suming the density of air is constant, what is the pressure in 
mbar at the summit? 

d. Lake Pend Oreille, in northern Idaho, is one of the deepest lakes 
in the world, with a depth of 350 m in some locations. This lake 
is used as a test facility for submarines. What is the maximum 
pressure that a submarine could experience in this lake? 

e. A60m tall standpipe (a standpipe is vertical pipe that is filled with 
water and open to the atmosphere) is used to supply water for fire 
fighting. What is the maximum pressure in the standpipe? 

3.10 As shown, an air space above a long tube is pressurized to 

50 kPa vacuum. Water (15°C) from a reservoir fills the tube to a 

height /. If the pressure in the air space is changed to 25 kPa 

vacuum, will / increase or descrease and by how much? As- 
sume atmospheric pressure is 100 kPa. 


y Air space 














il 


h Water 








PROBLEM 3.10 


3.11 For the closed tank with Bourdon-tube gages tapped into it, 
what is the specific gravity of the oil and the pressure reading on 
gage C? 

















0.5 m p4 = 50.0 kPa 
y 

1.0 m 

a pp = 58.53 kPa 
$ 

1.0 m 
1 =? 

0.5m fo 





PROBLEM 3.11 


3.12 This manometer contains water at room temperature. The 
glass tube on the left has an inside diameter of 1 mm (d = 1.0 
mm). The glass tube on the right is three times as large. For these 
conditions, the water surface level in the left tube will be (a) 
higher than the water surface level in the right tube, (b) equal to 
the water surface level in the right tube, or (c) less than the 
water surface level in the right tube. State your main reason or 
assumption for making your choice. 


3.13 If a 200 N force F} is applied to the piston with the 4 cm di- 
ameter, what is the magnitude of the force F, that can be re- 
sisted by the piston with the 10 cm diameter? Neglect the 
weights of the pistons. 





PROBLEM 3.12 


Fo 





|x— 10 cm diameter 


Vertical 


Fy 


<— 4 cm diameter 
Oil (S = 0.85) 




















|< 2.2m >| 
PROBLEM 3.13 


3.14 Some skin divers go as deep as 50 m. What is the gage 
pressure at this depth in fresh water, and what is the ratio of the 
absolute pressure at this depth to normal atmospheric pressure? 
Assume T = 20°C. 

3.15 Water occupies the bottom 1.0 m of a cylindrical tank. On 
top of the water is 0.75 m of kerosene, which is open to the at- 
mosphere. If the temperature is 20°C, what is the gage pressure 
at the bottom of the tank? 

3.16 An engineer is designing a hydraulic lift with a capacity of 10 
tons. The moving parts of this lift weigh 1000 Ibf. The lift should raise 
the load to a height of 6 ft in 20 seconds. This will be accomplished 
with a hydraulic pump that delivers fluid to a cylinder. Hydraulic cyl- 
inders with a stroke of 72 inches are available with bore sizes from 
2 to 8 inches. Hydraulic piston pumps with an operating pressure 
range from 200 to 3000 psig are available with pumping capacities 
of 5, 10, and 15 gallons per minute. Select a hydraulic pump size and 
a hydraulic cylinder size that can be used for this application. 

3.17 A tank with an attached manometer contains water at 20°C. 
The atmospheric pressure is 100 kPa. There is a stopcock lo- 
cated 1 m from the surface of the water in the manometer. The 
stopcock is closed, trapping the air in the manometer, and water 
is added to the tank to the level of the stopcock. Find the in- 
crease in elevation of the water in the manometer assuming the 
air in the manometer is compressed isothermally. 
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3.18 A tank is fitted with a manometer on the side, as shown. 
The liquid in the bottom of the tank and in the manometer has a 
specific gravity (S) of 3.0. The depth of this bottom liquid is 20 
cm. A 15 cm layer of water lies on top of the bottom liquid. Find 
the position of the liquid surface in the manometer. 








10 tons 























Hydraulic oil 
(return line) 


Piston stop 

Hydraulic oil 
m (from pump) 

a 























PROBLEM 3.16 


T pS È$ Open 























Final 


PROBLEM 3.17 


Initial 





15cm 


20 cm 


| 


3.19 As shown, a load acts on a piston of diameter D,. The pis- 
ton rides on a reservoir of oil of depth h; and specific gravity S. 
The reservoir is connected to a round tube of diameter D, and 
oil rises in the tube to height /. The oil in the tube is open to at- 
mosphere. Derive an equation for the height h, in terms of the 
mass m of the load and other relevant variables. Neglect the 
mass of the piston. 





PROBLEM 3.18 


3.20 As shown, a load of mass 10 kg is situated on a piston of 
diameter D, = 140 mm. The piston rides on a reservoir of oil of 
depth h; = 42 mm and specific gravity S = 0.8. The reservoir 


is connected to a round tube of diameter D, = 5 mm and oil 
rises in the tube to height /,. Find /,. Assume the oil in the tube 
is open to atmosphere and neglect the mass of the piston. 

3.21 What is the maximum gage pressure in the odd tank 
shown in the figure? Where will the maximum pressure occur? 
What is the hydrostatic force acting on the top (CD) of the last 
chamber on the right-hand side of the tank? Assume 
T = 10°C. 





Weight h2 


Piston 
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PROBLEMS 3.19, 3.20 


Open to 
atmosphere 


_ | See aa 
lm 
+ 


Plan view (view E-E) 


Closed top 


Open to atmosphere 


JE 


EJ Pare ual 








Elevation view 


PROBLEM 3.21 


3.22 The steel pipe and steel chamber shown in the figure to- 
gether weigh 600 lbf. What force will have to be exerted on the 
chamber by all the bolts to hold it in place? The dimension € is 
equal to 2.5 ft. Note: There is no bottom on the chamber—only 
a flange bolted to the floor. 

3.23 What force must be exerted through the bolts to hold the 
dome in place? The metal dome and pipe weigh 6 kN. The 
dome has no bottom. Here € = 80 cm. 
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3.24 Find the vertical component of force in the metal at the 
base of the spherical dome shown when gage A reads 5 psig. In- 
dicate whether the metal is in compression or tension. The spe- 
cific gravity of the enclosed fluid is 1.5. The dimension ZL is 2 ft. 
Assume the dome weighs 1000 lbf. 


k— d= 1/4£ 





Steel pipe 


Liquid (S = 1.2) 


Steel chamber 
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ID = 1/4 




















PROBLEM 3.23 
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Liquid (S = 1.5) 








PROBLEM 3.24 


3.25 The piston shown weighs 10 lbf. In its initial position, the 
piston is restrained from moving to the bottom of the cylinder 
by means of the metal stop. Assuming there is neither friction 
nor leakage between piston and cylinder, what volume of oil 
(S = 0.85) would have to be added to the 1 in. tube to cause the 
piston to rise 1 in. from its initial position? 

3.26 Consider an air bubble rising from the bottom of a lake. 
Neglecting surface tension, determine approximately what the 


ratio of the density of the air in the bubble will be at a depth of 
34 ft to its density at a depth of 8 ft. 

3.27 One means of determining the surface level of liquid in a 
tank is by discharging a small amount of air through a small 
tube, the end of which is submerged in the tank, and reading 
the pressure on the gage that is tapped into the tube. Then the 
level of the liquid surface in the tank can be calculated. If the 
pressure on the gage is 15 kPa, what is the depth d of liquid in 
the tank? 





























1 in (ID) tube 
6i ` 
i Piston Oil (S = 0.85) 
4 in 4 in 
; YO. : ' 
Stop 4 in (ID) cylinder 
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PROBLEM 3.27 


Manometers 


*3.28 PQ <4 Using the Internet and other resources, answer the 

following questions: 

a. What are three common types of manometers? For each 
type, make a sketch and give a brief description. 

b. How would you build a manometer from materials that are 
commonly available? Sketch your design concept. 

*3.29 PO As shown, gas at pressure p, raises a column of liquid 

toa height h. The gage pressure in the gas is given by P, = Yjiquia!?- 

Apply the grid method (p. 9) to each situation that follows. 

a. The manometer uses a liquid with S = 1.5. Calculate pres- 
sure in psia for h = 1 ft. 

b. The manometer uses mercury. Calculate the column rise in 
mm for a gage pressure of 1/6 atm. 
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c. The liquid has a density of 50 Ibm/ft*. Calculate pressure in 
psfg for h = 6 inches. 

d. The liquid has a density of 800 kg/m°. Calculate the gage 
pressure in bar for h = 3 m. 


3.30 Is the gage pressure at the center of the pipe (a) negative, 
(b) zero, or (c) positive? Neglect surface tension effects and 
state your rationale. 


Gas at pressure Pg 


| 


PROBLEM 3.29 


Specific gravity = 1.00 





| 


6in 30 in 
12 in 








Specific gravity = 2.00 
PROBLEM 3.30 


3.31 Determine the gage pressure at the center of the pipe (point 
A) in pounds per square inch when the temperature is 70°F with 
h, = 16 in. and h, = 2 in. 


am e (section view) 
| Water 
+ 


Mercury 





PROBLEM 3.31 


3.32 Considering the effects of surface tension, estimate the gage 
pressure at the center of pipe A for h = 100 mm and T = 20°C. 


3.33 What is the pressure at the center of pipe B? 


3.34 The ratio of container diameter to tube diameter is 8. When 
air in the container is at atmospheric pressure, the free surface in 
the tube is at position 1. When the container is pressurized, the 
liquid in the tube moves 40 cm up the tube from position 1 to 
position 2. What is the container pressure that causes this de- 
flection? The liquid density is 1200 kg/m’. 


Glass tube (0.5 mm ID, 4 mm OD) 





Water level in tube 
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PROBLEM 3.32 






y= 10 kN/m3 


y = 20 kN/m3 
50 cm 








Tube 


Air © 














~ Container 


PROBLEMS 3.34, 3.35 


3.35 The ratio of container diameter to tube diameter is 10. 
When air in the container is at atmospheric pressure, the free 
surface in the tube is at position 1. When the container is 
pressurized, the liquid in the tube moves 3 ft up the tube 
from position 1 to position 2. What is the container pressure 
that causes this deflection? The specific weight of the liquid 
is 50 Ibf/ft’. 

3.36 Determine the gage pressure at the center of pipe A in 
pounds per square inch and in kilopascals. 
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3.37 A device for measuring the specific weight of a liquid con- 
sists of a U-tube manometer as shown. The manometer tube has 
an internal diameter of 0.5 cm and originally has water in it. Ex- 
actly 2 cm? of unknown liquid is then poured into one leg of the 
manometer, and a displacement of 5 cm is measured between 
the surfaces as shown. What is the specific weight of the un- 
known liquid? 


Air 




















0.5 cm —| 





TS water 
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PROBLEM 3.37 








3.38 Mercury is poured into the tube in the figure until the mercury 
occupies 375 mm of the tube’s length. An equal volume of water is 
then poured into the left leg. Locate the water and mercury surfaces. 
Also determine the maximum pressure in the tube. 


Uniform 
diameter tube 








\— 





+160 mm—! 
PROBLEM 3.38 


3.39 Find the pressure at the center of pipe A. T = 10°C. 


3.40 Determine (a) the difference in pressure and (b) the differ- 
ence in piezometric head between points A and B. The elevations 
z4 and zp are 10 mand 11 m, respectively, €} = 1 m, and the ma- 
nometer deflection €, is 50 cm. 

3.41 The deflection on the manometer is h meters when the 
pressure in the tank is 150 kPa absolute. If the absolute pressure 
in the tank is doubled, what will the deflection on the manome- 
ter be? 


Oil (S = 0.8) 


Water 


150 cm Water 


Mercury 
(S = 13.6) 














PROBLEM 3.39 


Air 





Elevation = zg 








B 


Oil (S = 0.85) 
Elevation = z4 
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PROBLEM 3.40 
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PROBLEM 3.41 
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3.42 A vertical conduit is carrying oil (S = 0.95). A differential 
mercury manometer is tapped into the conduit at points A and B. 
Determine the difference in pressure between A and B whenh = 3 
in. What is the difference in piezometric head between A and B? 


18 in 














Mercury 


PROBLEM 3.42 


3.43 Two water manometers are connected to a tank of air. One 
leg of the manometer is open to 100 kPa pressure (absolute) 
while the other leg is subjected to 90 kPa. Find the difference in 
deflection between both manometers, Ah, — Ah,. 


0.9P. 


atm 


P. 


atm 


to 





PROBLEM 3.43 


3.44 A manometer is used to measure the pressure difference be- 
tween points A and B in a pipe as shown. Water flows in the pipe, 
and the specific gravity of the manometer fluid is 3.0. The dis- 
tances and manometer deflection are indicated on the figure. Find 
(a) the pressure differences p,—p,,and (b) the difference in 
piezometric pressure, p, 4 — p+ g. Express both answers in kPa. 

3.45 A novelty scale for measuring a person’s weight by having the 
person stand on a piston connected to a water reservoir and stand 
pipe is shown in the diagram. The level of the water in the stand pipe 
is to be calibrated to yield the person’s weight in pounds force. 
When the person stands on the scale, the height of the water in the 
stand pipe should be near eye level so the person can read it. There 
is a seal around the piston that prevents leaks but does not cause a 
significant frictional force. The scale should function for people 
who weigh between 60 and 250 Ibf and are between 4 and 6 feet tall. 


10 cm 









Manometer 
fluid, S=3 


PROBLEM 3.44 
Choose the piston size and standpipe diameter. Clearly state the de- 


sign features you considered. Indicate how you would calibrate the 
scale on the standpipe. Would the scale be linear? 





Water 














pe a 
PROBLEM 3.45 


Piston 














Atmospheric Pressure Variation 


3.46 The boiling point of water decreases with elevation be- 
cause of the pressure change. What is the boiling point of water 
at an elevation of 2000 m and at an elevation of 4000 m for stan- 
dard atmospheric conditions? 

3.47 From a depth of 10 m in a lake to an elevation of 4000 m in 
the atmosphere, plot the variation of absolute pressure. Assume 
that the lake water surface elevation is at mean sea level and as- 
sume standard atmospheric conditions. 

3.48 Assume that a woman must breathe a constant mass rate of 
air to maintain her metabolic processes. If she inhales and 
exhales 16 times per minute at sea level, where the tempera- 
ture is 59°F (15°C) and the pressure is 14.7 psia (101 kPa), 
what would you expect her rate of breathing at 18,000 ft (5486 
m) to be? Use standard atmospheric conditions. 

3.49 A pressure gage in an airplane indicates a pressure of 95 
kPa at takeoff, where the airport elevation is 1 km and the tem- 
perature is 10°C. If the standard lapse rate of 5.87°C/km is as- 
sumed, at what elevation is the plane when a pressure of 75 kPa 
is read? What is the temperature for that condition? 

3.50 Denver, Colorado, is called the “mile-high” city. What are 
the pressure, temperature, and density of the air when standard 
atmospheric conditions prevail? Give your answer in traditional 
and SI units. 
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3.51 An airplane is flying at 10 km altitude in a U.S. standard at- 
mosphere. If the internal pressure of the aircraft interior is 100 
kPa, what is the outward force on a window? The window is flat 
and has an elliptical shape with lengths of 300 mm along the 
major axis and 200 mm along the minor axis. 

3.52 The mean atmospheric pressure on the surface of Mars is 7 
mbar, and the mean surface temperature is -63°C. The atmosphere 
consists primarily of CO, (95.3%) with small amounts of nitrogen 
and argon. The acceleration due to gravity on the surface is 3.72 m/ 
s. Data from probes entering the Martian atmosphere show that 
the temperature variation with altitude can be approximated as 
constant at -63°C from the Martian surface to 14 km, and then a 
linear decrease with a lapse rate of 1.5°C/km up to 34 km. Find 
the pressure at 8 km and 30 km altitude. Assume the atmosphere 
is pure carbon dioxide. Note that the temperature distribution in 
the atmosphere of Mars differs from that of Earth because the re- 
gion of constant temperature is adjacent to the surface and the re- 
gion of decreasing temperature starts at an altitude of 14 km. 
3.53 Design a computer program that calculates the pressure and 
density for the U.S. standard atmosphere from 0 to 30 km altitude. 
Assume the temperature profiles are linear and are approximated 
by the following ranges, where z is the altitude in kilometers: 


0-13.72 km T = 23.1 —5.87z (°C) 
13.7-16.8km T =-57.5°C 
16.8-30 km T =-57.5 + 1.387(z — 16.8)°C 


Panel Force Equations 


*3,54 PQ Using Section 3.4 and other resources, answer the 
questions below. Strive for depth, clarity, and accuracy while 
also combining sketches, words, and equations in ways that en- 
hance the effectiveness of your communication. 

a. For hydrostatic conditions, what do typical pressure distribu- 
tions on a panel look like? Sketch three examples that corre- 
spond to different situations. 

b. What is a center of pressure? What is a centroid of area? 

c. In Eq. (3.23), what does p mean? What factors influence the 
value of p? 

d. What is the relationship between the pressure distribution on 
a panel and the resultant force? 

e. How far is the center of pressure from the centroid of area? 
What factors influence this distance? 

3.55 Consider the two rectangular gates shown in the figure. 

They are both the same size, but gate A is held in place by a hor- 

izontal shaft through its midpoint and gate B is cantilevered to a 

shaft at its top. Now consider the torque T required to hold the 

gates in place as H is increased. Choose the valid statement(s): 

(a) T; increases with H. (b) Tg increases with H. (c) T} does not 

change with H. (d) T; does not change with H. 

3.56 For gate A, choose the statements that are valid: (a) The hy- 

drostatic force acting on the gate increases as H increases. (b) 


The distance between the CP on the gate and the centroid of the 
gate decreases as H increases. (c) The distance between the CP 
on the gate and the centroid of the gate remains constant as H 
increases. (d) The torque applied to the shaft to prevent the gate 
from turning must be increased as H increases. (e) The torque 
applied to the shaft to prevent the gate from turning remains 
constant as H increases. 

















Gate A 
Shaft 
atmospheric 
pressure 


Gate B 


Atmospheric 
pressure 


PROBLEMS 3.55, 3.56 


3.57 As shown, water (15°C) is in contact with a square panel; d = 1 
mand h = 2 m. 

a. Calculate the depth of the centroid 

b. Calculate the resultant force on the panel 

c. Calculate the distance from the centroid to the CP. 


PROBLEM 3.57 


3.58 As shown, a round viewing window of diameter D = 0.8 m 
is situated in a large tank of seawater (S = 1.03). The top of the 
window is 1.2 m below the water surface, and the window is an- 
gled at 60° with respect to the horizontal. Find the hydrostatic 
force acting on the window and locate the corresponding CP. 










Sea water 
D 


ae 


60° 


Window 
A 


PROBLEM 3.58 


3.59 Find the force of the gate on the block. See sketch. 

3.60 Assume that wet concrete (y = 150 Ibf/ft*) behaves as a 
liquid. Determine the force per unit foot of length exerted on the 
forms. If the forms are held in place as shown, with ties between 
vertical braces spaced every 2 ft, what force is exerted on the 
bottom tie? 
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3.61 A rectangular gate is hinged at the water line, as shown. 
The gate is 4 ft high and 10 ft wide. The specific weight of wa- 
ter is 62.4 lbf/ft?. Find the necessary force (in Ibf) applied at the 
bottom of the gate to keep it closed. 









4mx4m gate 


3 m——| 


PROBLEM 3.63 
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o 
s 
atl e 





Top tie 





í Brace Stop 
| PROBLEM 3.64 


Hinge 


Atmospheric 
pressure 


Bottom Stop 
tie 

















PROBLEM 3.60 


È PROBLEM 3.62 


Hinge 
° 3.65 This 10 ft-diameter butterfly valve is used to control the 
flow in a 10 ft-diameter outlet pipe in a dam. In the position 
shown, it is closed. The valve is supported by a horizontal shaft 
through its center. What torque would have to be applied to the 
shaft to hold the valve in the position shown? 





PROBLEM 3.61 


3.62 The gate shown is rectangular and has dimensions 6 m by 
4m. What is the reaction at point A? Neglect the weight of the gate. 
3.63 Determine P necessary to just start opening the 2 m—wide 
gate. 

3.64 The square gate shown is eccentrically pivoted so that it 


i j i 10 ft diameter 
automatically opens at a certain value of h. What is that value in 
terms of €? PROBLEM 3.65 


Air at 
atmospheric pressure 
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3.66 For the gate shown, a = 45°, y; = 1m, andy, = 4m. Will 
the gate fall or stay in position under the action of the hydrostatic 
and gravity forces if the gate itself weighs 150 kN and is 1.0 m 
wide? Assume T = 10°C. Use calculations to justify your answer. 
3.67 For this gate, a = 45°, y, = 3 ft, andy, = 6 ft. Will the gate 
fall or stay in position under the action of the hydrostatic and grav- 
ity forces if the gate itself weighs 18,000 lb and is 3 ft wide? As- 
sume T = 50°F. Use calculations to justify your answer. 






















Water 
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atmospheric 
pressure 
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Gate 2 
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PROBLEMS 3.66, 3.67 


3.68 Determine the hydrostatic force F on the triangular gate, 
which is hinged at the bottom edge and held by the reaction Ry 
at the upper corner. Express F in terms of y, h, and W. Also de- 
termine the ratio R7/ F . Neglect the weight of the gate. 








View A-A 


PROBLEM 3.68 


3.69 In constructing dams, the concrete is poured in lifts of ap- 
proximately 1.5 m (y; = 1.5 m). The forms for the face of the dam 
are reused from one lift to the next. The figure shows one such 
form, which is bolted to the already cured concrete. For the new 
pour, what moment will occur at the base of the form per meter 
of length (normal to the page)? Assume that concrete acts as a liq- 
uid when it is first poured and has a specific weight of 24 kN/m°. 
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PROBLEM 3.69 


3.70 The plane rectangular gate can pivot about the support at B. 
For the conditions given, is it stable or unstable? Neglect the 
weight of the gate. Justify your answer with calculations. 











PROBLEM 3.70 


Forces on Curved Surfaces 


3.71 Two hemispheric shells are perfectly sealed together, and 
the internal pressure is reduced to 25% of atmospheric pressure. 
The inner radius is 10.5 cm, and the outer radius is 10.75 cm. 
The seal is located halfway between the inner and outer radius. 
If the atmospheric pressure is 101.3 kPa, what force is required 
to pull the shells apart? 


3.72 If exactly 20 bolts of 2.5 cm diameter are needed to hold 
the air chamber together at A-A as a result of the high pressure 
within, how many bolts will be needed at B-B? Here D = 40 cm 
and d = 20 cm. 











PROBLEM 3.72 


3.73 For the plane rectangular gate (€ x w in size), figure (a), 
what is the magnitude of the reaction at A in terms of y,, and 
the dimensions € and w? For the cylindrical gate, figure (b), will 
the magnitude of the reaction at A be greater than, less than, or the 
same as that for the plane gate? Neglect the weight of the 
gates. 

3.74 Water is held back by this radial gate. Does the resultant of 

the pressure forces acting on the gate pass above the pin, 

through the pin, or below the pin? 

3.75 For the curved surface AB: 

a. Determine the magnitude, direction, and line of action of the 
vertical component of hydrostatic force acting on the sur- 
face. Here € = 1 m. 

b. Determine the magnitude, direction, and line of action of the 
horizontal component of hydrostatic force acting on the surface. 

c. Determine the resultant hydrostatic force acting on the surface. 
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PROBLEM 3.76 


3.77 A plug in the shape of a hemisphere is inserted in a hole in 
the side of a tank as shown in the figure. The plug is sealed by 
an O-ring with a radius of 0.2 m. The radius of the hemispheri- 
cal plug is 0.25 m. The depth of the center of the plug is 2 m in 
fresh water. Find the horizontal and vertical forces on the plug 
due to hydrostatic pressure. 


Smooth 
boundary 
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PROBLEM 3.73 
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PROBLEM 3.77 





3.78 This dome (hemisphere) is located below the water surface 
as shown. Determine the magnitude and sign of the force compo- 
PROBLEM 3.74 nents needed to hold the dome in place and the line of action of 
the horizontal component of force. Here y, = 1 m and y, = 2 m. 
Assume T = 10°C. 

3.79 Consider the dome of Prob. 3.78. This dome is 10 ft in di- 
ameter, but now the dome is not submerged. The water surface 
is at the level of the center of curvature of the dome. For these 
conditions, determine the magnitude and direction of the result- 
ant hydrostatic force acting on the dome. 








Surface is 1 m 
long (normal to page) 


|} ~ | 






Atmospheric 
pressure 


PROBLEM 3.75 


3.76 Determine the hydrostatic force acting on the radial gate if 
the gate is 40 ft long (normal to the page). Show the line of ac- a e 
tion of the hydrostatic force acting on the gate. PROBLEMS 3.78, 3.79 


74 


FLUID STATICS 





Buoyancy 


*3.80 PO< Apply the grid method (p. 11) to each situation be- 

low. 

a. Determine the buoyant force in newtons on a basketball that 
is floating in a lake (10°C). 

b. Determine the buoyant force in newtons on a 1 mm copper 
sphere that is immersed in kerosene. 

c. Determine the buoyant force in newtons on a 12 inch—diameter 
balloon. The balloon is filled with helium and situated in ambi- 
ent air (20°C). 

*3.81 PQ< Using Section 3.6 and other resources, answer the 

following questions. Strive for depth, clarity, and accuracy 

while also combining sketches, words, and equations in ways 
that enhance the effectiveness of your communication. 

a. Why learn about buoyancy? That is, what are important tech- 
nical problems that involve buoyant forces? 

b. For a buoyant force, where is the CP? Where is the line of 
action? 

c. What is displaced volume? Why is it important? 

d. What is the relationship between pressure distribution and 
buoyant force? 

3.82 As shown, a uniform-diameter rod is weighted at one end 

and is floating in a liquid. The liquid (a) is lighter than water, (b) 

must be water, or (c) is heavier than water. Show your work. 


P = 2Pwater 





PROBLEM 3.82 


3.83 An 800 ft ship has a displacement of 35,000 tons, and the 
area defined by the waterline is 38,000 ft. Will the ship take 
more or less draft when steaming from salt water to fresh water? 
How much will it settle or rise? 

3.84 A submerged spherical steel buoy that is 1.2 m in diameter 
and weighs 1200 N is to be anchored in salt water 20 m below 
the surface. Find the weight of scrap iron that should be sealed 
inside the buoy in order that the force on its anchor chain will 
not exceed 4.5 KN. 

3.85 A buoy is designed with a hemispherical bottom and coni- 
cal top as shown in the figure. The diameter of the hemisphere 
is 1 m, and the half angle of the cone is 30°. The buoy has a 
mass of 460 kg. Find the location of the water line on the buoy 
floating in sea water (p = 1010 kg/m’). 

3.86 A rock weighs 1000 N in air and 609 N in water. Find its 
volume. 








lm 


PROBLEM 3.85 


3.87 As shown, a cube (L = 60 mm) suspended in carbon tetra- 
cloride is exactly balanced by an object of mass m, = 700 g. 
Find the mass m, of the cube. 


Balance beam scale 


mn with 


mass m; 








Cube with mass m, 




















Carbon tetrachloride 


PROBLEM 3.87 


3.88 A block of material ofunknown volume is submerged in water 
and found to weigh 300 N (in water). The same block weighs 700 
N in air. Determine the specific weight and volume of the material. 
3.89 A 1 ft-diameter cylindrical tank is filled with water to a 
depth of 2 ft. A cylinder of wood 6 in. in diameter and 3 in. long 
is set afloat on the water. The weight of the wood cylinder is 2 lbf. 
Determine the change (if any) in the depth of the water in the tank. 
3.90 A 90° inverted cone contains water as shown. The volume 
of the water in the cone is given by ¥ = (11/ 3h. The original 
depth of the water is 10 cm. A block with a volume of 200 cm? 
and a specific gravity of 0.6 is floated in the water. What will be 
the change (in cm) in water surface height in the cone? 
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PROBLEM 3.90 


3.91 The floating platform shown is supported at each corner by 
a hollow sealed cylinder 1 m in diameter. The platform itself 
weighs 30 kN in air, and each cylinder weighs 1.0 kN per meter 
of length. What total cylinder length L is required for the plat- 
form to float 1 m above the water surface? Assume that the spe- 
cific weight of the water (brackish) is 10,000 N/m°. The 
platform is square in plan view. 
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PROBLEM 3.91 


3.92 To what depth d will this rectangular block (with density 
0.8 times that of water) float in the two-liquid reservoir? 


P = 0.8P water 








PROBLEM 3.92 


3.93 Determine the minimum volume of concrete (y = 23.6 
kN/m?) needed to keep the gate (1 m wide) in a closed position, 
with € = 2 m. Note the hinge at the bottom of the gate. 
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PROBLEM 3.93 


3.94 A cylindrical container 4 ft high and 2 ft in diameter holds 
water to a depth of 2 ft. How much does the level of the water in 


the tank change when a 5 lb block of ice is placed in the con- 
tainer? Is there any change in the water level in the tank when 
the block of ice melts? Does it depend on the specific gravity of 
the ice? Explain all the processes. 

3.95 The partially submerged wood pole is attached to the wall 
by a hinge as shown. The pole is in equilibrium under the action 
of the weight and buoyant forces. Determine the density of the 
wood. 











PROBLEM 3.95 


3.96 A gate with a circular cross section is held closed by a lever 
1 m long attached to a buoyant cylinder. The cylinder is 25 cm 
in diameter and weighs 200 N. The gate is attached to a horizon- 
tal shaft so it can pivot about its center. The liquid is water. The 
chain and lever attached to the gate have negligible weight. Find 
the length of the chain such that the gate is just on the verge of 
opening when the water depth above the gate hinge is 10 m. 
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PROBLEM 3.96 


3.97 A balloon is to be used to carry meteorological instruments 
to an elevation of 15,000 ft where the air pressure is 8.3 psia. The 
balloon is to be filled with helium, and the material from which 
it is to be fabricated weighs 0.01 lbf/ft. If the instruments weigh 
10 lbf, what diameter should the spherical balloon have? 

3.98 A weather balloon is constructed of a flexible material such 
that the internal pressure of the balloon is always 10 kPa higher 
than the local atmospheric pressure. At sea level the diameter of 
the balloon is 1 m, and it is filled with helium. The balloon ma- 
terial, structure, and instruments have a mass of 100 g. This 
does not include the mass of the helium. As the balloon rises, it 
will expand. The temperature of the helium is always equal to 
the local atmospheric temperature, so it decreases as the balloon 
gains altitude. Calculate the maximum altitude of the balloon in 
a standard atmosphere. 
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Hydrometers 


3.99 The hydrometer shown sinks 5.3 cm in water (15°C). The 
bulb displaces 1.0 cm*, and the stem area is 0.1 cm’. Find the 
weight of the hydrometer. 








PROBLEMS 3.99, 3.100 


3.100 The hydrometer of Prob. 3.99 weighs 0.015 N. Ifthe stem sinks 
6.3 cm in oil (z = 6.3 cm), what is the specific gravity of the oil? 
3.101 A common commercial hydrometer for measuring the 
amount of antifreeze in the coolant system of an automobile 
engine consists of a chamber with differently colored balls. 
The system is calibrated to give the range of specific gravity 
by distinguishing between the balls that sink and those that 
float. The specific gravity of an ethylene glycol-water mixture 
varies from 1.012 to 1.065 for 10% to 50% by weight of ethyl- 
ene glycol. Assume there are six balls, 1 cm in diameter each, 
in the chamber. What should the weight of each ball be to pro- 
vide a range of specific gravities between 1.01 and 1.06 with 
0.01 intervals? 

3.102 A hydrometer with the configuration shown has a bulb di- 
ameter of 2 cm, a bulb length of 8 cm, a stem diameter of 1 cm, 
a length of 8 cm, and a mass of 35 g. What is the range of spe- 
cific gravities that can be measured with this hydrometer? 
(Hint: Liquid levels range between bottom and top of stem.) 


—>|_|k—- 1 cm diameter 








diameter 


PROBLEM 3.102 


Stability 


3.103 A barge 20 ft wide and 50 ft long is loaded with rocks as 
shown. Assume that the center of gravity of the rocks and barge 
is located along the centerline at the top surface of the barge. If 
the rocks and the barge weigh 400,000 lbf, will the barge float 


upright or tip over? 
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PROBLEM 3.103 


3.104 A floating body has a square cross section with side w as 
shown in the figure. The center of gravity is at the centroid of the 
cross section. Find the location of the water line, €/w, where the 
body would be neutrally stable (GM = 0). Ifthe body is floating in 
water, what would be the specific gravity of the body material? 

















PROBLEM 3.104 


3.105 A cylindrical block of wood 1 m in diameter and 1 m long 
has a specific weight of 7500 N/m’. Will it float in water with 
its axis vertical? 

3.106 A cylindrical block of wood | m in diameter and | m long 
has a specific weight of 5000 N/m? Will it float in water with 
the ends horizontal? 

3.107 Is the block in this figure stable floating in the position 
shown? Show your calculations. 











PROBLEM 3.107 


C 


H A P T E R 


Flowing Fluids and 
Pressure Variation 





This photograph shows the eye of 
a hurricane. The motion is the 
result of pressure variations. 


SCIENTIFIC LEARNING OUTCOMES 


Conceptual Knowledge 

e Distinguish between steady, unsteady, uniform, and nonuniform 
flows. 

e Distinguish between convective and local acceleration. 

e Describe the steps to derive the Bernoulli equation from Euler’s 
equation. 

e Explain what is meant by rotation and vorticity of a fluid element. 

e Describe flow separation. 


Procedural Knowledge 
e Apply Euler’s equation to predict pressure. 
e Predict pressure distributions in rotating flows. 
e Apply the Bernoulli equation to pressure and velocity variations. 
e Evaluate the rotation and vorticity of a fluid element. 


Applications (Typical) 
e In variable area ducts, relate pressure and velocity distributions. 
e Measurement of velocity with stagnation tube or a Pitot-static tube. 
e Cyclonic storm pressure distribution. 


Many phenomena that affect us in our daily lives are related to pressure in flowing fluids. For ex- 
ample, one indicator of our health, blood pressure, is related to the flow of blood through veins 
and arteries. The atmospheric pressure readings reported in weather forecasts control atmospheric 
flow patterns related to local weather conditions. Even the rotary motion generated when we stir 
a cup of coffee gives rise to pressure variations and flow patterns that enhance mixing. 

The relationship between pressure and flow velocity is also important in many engi- 
neering applications. In the design of tall structures, the pressure forces from the wind may 
dictate the design of individual elements, such as windows, as well as the basic structure to 
withstand wind loads. In aircraft design, the pressure distribution is primarily responsible for 
lift and contributes to the drag of the aircraft. In the design of flow systems, such as heating 
and air conditioning, the pressure distribution is responsible for flow in the ducts. 

The force balance between pressure and weight in a static fluid was presented in Chap- 
ter 3, which lead to an equation for pressure variation with depth. In this chapter the pressure 
variation in flowing fluids will be addressed. The concepts of pathlines and streamlines help 
visualize and understand fluid motion. The definition of fluid velocity and acceleration leads 
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to an application of Newton’s second law relating forces on a fluid element to the product of 
mass and acceleration. These relationships lead to the Bernoulli equation, which relates local 
pressure and elevation to fluid velocity and is fundamental to many fluid mechanic applica- 
tions. This chapter also introduces the idea of fluid rotation and the concept of irrotationality. 


Descriptions of Fluid Motion 


Figure 4.1 


Flow through an 
opening in a tank and 
over an airfoil section. 





Engineers have developed ways to describe fluid flow patterns and to identify important 
characteristics of the flow field. This terminology allows engineers to communicate ideas es- 
sential to the design of systems such as bridge piers, air-conditioning ducts, airfoils, and 
structures subjected to wind loads. 


Streamlines and Flow Patterns 


To visualize the flow field it is desirable to construct lines that show the flow direction. Such 
a construction is called a flow pattern, and the lines are called streamlines. The streamline is 
defined as a line drawn through the flow field in such a manner that the local velocity vector 
is tangent to the streamline at every point along the line at that instant. Thus the tangent of the 
streamline at a given time gives the direction of the velocity vector. A streamline, however, 
does not indicate the magnitude of the velocity. The flow pattern provided by the streamlines 
is an instantaneous visualization of the flow field. 

An example of streamlines and a flow pattern is shown in Fig. 4.la for water flowing 
through a slot in the side of a tank. The velocity vectors have been sketched at three different 
locations: a, b, and c. The streamlines, according to their definition, are tangent to the veloc- 
ity vectors at these points. Also, the velocities are parallel to the wall in the wall region, so 
the streamlines adjacent to the wall follow the contour of the wall. The generation of a flow 
pattern is a very effective way of illustrating the geometric features of the flow field. 

Whenever flow occurs around a body, part of it will go to one side and part to the other 
as shown in Fig. 4.15 for flow over an airfoil section. The streamline that follows the flow di- 
vision (that divides on the upstream side and joins again on the downstream side) is called 
the dividing streamline. At the location where the dividing streamline intersects the body, the 
velocity will be zero with respect to the body. This is the stagnation point. 





Dividing streamline 
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Figure 4.2 





Predicted streamline 
pattern over the Volvo 
ECC prototype. 
(Courtesy J. Michael 
Summa, Analytic 
Methods, Inc.) 


Figure 4.3 





Fluid particle moving along 
a pathline. 





Another example of streamlines is shown in Fig. 4.2. These are the streamlines pre- 
dicted for the flow over an Volvo ECC prototype. Flow patterns of this nature allow the engi- 
neer to assess various aerodynamic features of the flow and possibly change the shape to 
achieve better performance, such as reduced drag. 

Having introduced the general concepts of flow patterns, it is convenient to make distinc- 
tions between different types of flows. These concepts can be best introduced by expressing the 
velocity of the fluid in the form 


V= Ms, ft) 


where s is the distance traveled by a fluid particle along a path, and ¢ is the time, as shown in 
Fig. 4.3. Flows can be either uniform or nonuniform. In a uniform flow, the velocity does not 
change along a fluid path; that is, 


oV = 

ds 
It follows that in uniform flow the fluid paths are straight and parallel as shown in Fig. 4.4 for 
flow in a pipe. In nonuniform flow, the velocity changes along a fluid path, so 

oV 


a7 


For the converging duct in Fig. 4.5a, the magnitude of the velocity increases as the duct 
converges, so the flow is nonuniform. For the vortex flow shown in Fig. 4.55, the magnitude 
of the velocity does not change along the fluid path, but the direction does, so the flow is 
nonuniform. 


Figure 4.4 


Uniform flow in a pipe. 
\ Fluid particle = = st 
p 
Particle path 


Lo 
/ 
Initial point 


{sg =0, t= 0) 
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Figure 4.5 





Flow patterns for 
nonuniform flow. 
(a) Converging flow. 
(b) Vortex flow. 


— Q 


(a) (b) 


Flows can be either steady or unsteady. In a steady flow the velocity at a given point on 
a fluid path does not change with time: 


Q 


OV = 0 
t 
The flow in a pipe, shown in Fig. 4.4, would be an example of steady flow if there 


was no change in velocity with time. An unsteady flow exists if 


oV 

dt as 
If the flow in the pipe changed with time due to a valve opening or closing, the flow would be 
unsteady; that is, the velocity at any point selected on a fluid path would be increasing or de- 
creasing with time. Although unsteady, the flow would still be uniform. 

By studying the flow pattern, one can generally decide whether the flow is uniform or 
nonuniform. The flow pattern, as represented by streamlines, gives no indication of the steadi- 
ness or unsteadiness of the flow because the streamlines are only an instantaneous represen- 
tation of the flow field. 


Pathlines and Streaklines 


Besides the streamline described earlier, there are two other approaches commonly used to vi- 
sualize flow fields; namely, the pathline and streakline. 

The pathline simply is the path ofa fluid particle as it moves through the flow field. In other 
words, if a light were attached to a fluid particle, a time exposure photograph taken of the moving 
light would be the pathline. For an example of a pathline, consider a two-dimensional flow that 
initially has horizontal streamlines as shown in Fig. 4.6. At a given time, tọ, the flow instantly 
changes direction, and the flow moves upward to the right at 45° with no further change. The flow 
is unsteady because the velocity at a point changes with time. A fluid particle is tracked from the 
starting point, and up to time tọ, the pathline is the horizontal line segment shown on Fig. 4.6a. 
After time tọ, the particle continues to follow the streamline and moves up the right as shown in 
Fig. 4.65. Both line segments constitute the pathline. 

The streakline is the line generated by a tracer fluid, such as a dye, continuously injected 
into the flow field at the starting point. Up to time tọ, the dye will form a line segment as shown 
in Fig. 4.6c. Up to this time, there is no difference between the pathline and the streakline. 
Now the flow changes directions, and the initial horizontal dye line is transported, in whole, 
in the upward 45° direction. After tọ the dye continues to be injected and forms a new line segment 
along the new streamline, resulting in the streakline shown in Fig. 4.6d. Obviously, the pathline 
and streakline are very different. In general, neither pathlines nor streaklines represent streamlines 
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Figure 4.6 





Streamlines, pathlines, 
and streakline for an 
unsteady flow field. 


Figure 4.7 





Laminar and turbulent 
flow in a straight pipe. 
(a) Laminar flow. 

(b) Turbulent flow. 


i Streamlines for t < to 


Starting point 











































N Strearilines for t> to 
Pathline of t = to Pathline of t > to 
(a) (b) 
/ Streamlines for t < to 
. . > 
Starting point =~ ae, 




















SoStreathilings for t > to 


Streakline of t = to Streakline of t > to 
(c) (d) 


in an unsteady flow. Both the pathline and streakline provide a history of the flow field, and the 
streamlines indicate the current flow pattern. 

In steady flow the pathline, streakline, and streamline are coincident if they pass 
through the same point. 


Laminar and Turbulent Flow 


Laminar flow is a well-ordered state of flow in which adjacent fluid layers move smoothly 
with respect to each other. A typical laminar flow would be the flow of honey or thick syrup 
from a pitcher. Laminar flow in a pipe has a smooth, parabolic velocity distribution as shown 
in Fig. 4.7a. 

Turbulent flow is an unsteady flow characterized by intense cross-stream mixing. For 
example, the flow in the wake of a ship is turbulent. The eddies observed in the wake cause 
intense mixing. The transport of smoke from a smoke stack on a windy day also exemplifies 
a turbulent flow. The mixing is apparent as the plume widens and disperses. 

An instantaneous velocity profile for turbulent flow in a pipe is shown in Fig. 4.75. A 
near uniform velocity distribution occurs across the pipe because the high-velocity fluid at 
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Acceleration 


the pipe center is transported by turbulent eddies across the pipe to the low-velocity region 
near the wall. Because the flow is unsteady, the velocity at any point in the pipe fluctuates 
with time. The standard approach to treating turbulent flow is to represent the velocity as a 
time-averaged average value plus a fluctuating quantity, u = u + u'. The time-averaged value 
is designated by @ in Fig. 4.7b. The fluctuation velocity is the difference between the local 
velocity and the averaged velocity. A turbulent flow is often designated as “steady” if the 
time-averaged velocity is unchanging with time. 

In general, laminar pipe flows are associated with low velocities and turbulent flows 
with high velocities. Laminar flows can occur in small tubes, highly viscous flows, or flows 
with low velocities, but turbulent flows are, by far, the most common. 


One-Dimensional and Multi-Dimensional Flows 


The dimensionality of a flow field is characterized by the number of spatial dimensions 
needed to describe the velocity field. The definition is best illustrated by example. Fig. 4.8a 
shows the velocity distribution for an axisymmetric flow in a circular duct. The flow is uni- 
form, or fully developed, so the velocity does not change in the flow direction (z). The veloc- 
ity depends on only one dimension, namely the radius r, so the flow is one-dimensional. Fig. 
4.8b shows the velocity distribution for uniform flow in a square duct. In this case the veloc- 
ity depends on two dimensions, namely x and y, so the flow is two-dimensional. Figure 4.8c 
also shows the velocity distribution for the flow in a square duct but the duct cross-sectional 
area is expanding in the flow direction so the velocity will be dependent on z as well as x and 
y. This flow is three-dimensional. 

Another good example of three-dimensional flow is turbulence, because the velocity 
components at any one time depend on the three coordinate directions. For example, the ve- 
locity component u at a given time depends on x, y, and z; that is, u(x,y,z). Turbulent flow is 
unsteady, so the velocity components also depend on time. 

Another definition frequently used in fluid mechanics is quasi-one—dimensional flow. 
By this definition it is assumed that there is only one component of velocity in the flow direc- 
tion and that the velocity profiles are uniformly distributed; that is, constant velocity across 
the duct cross section. 


Acceleration of a fluid particle as it moves along a pathline, as shown in Fig. 4.9, is the rate 
of change of the particle’s velocity with time. The local velocity of the fluid particle depends 
on the distance traveled, s, and time, t. The local radius of curvature of the pathline is r. The 
components of the acceleration vector are shown in Fig. 4.95. The normal component of 
acceleration a„ will be present anytime a fluid particle is moving on a curved path (i.e., 
centripetal acceleration). The tangential component of acceleration a, will be present if the 
particle is changing speed. 


Using normal and tangential components, the velocity of a fluid particle on a pathline 
(Fig. 4.9a) may be written as 


V = V(s, te, 
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Figure 4.8 





Flow dimensionality, 

(a) one-dimensional flow, 
(b) two-dimensional flow, 
and (c) three-dimensional 


flow. 


Figure 4.9 


Particle moving on a 
pathline. (a) Velocity. 
(b) Acceleration. 
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V(s, te, 





where V(s, f) is the speed of the particle, which can vary with distance along the pathline, s, 
and time, ¢. The direction of the velocity vector is given by a unit vector e,. 
Using the definition of acceleration, 


= (Me 7 (#2) 
a7 aH) ®t +V P7 (4.1) 
To evaluate the derivative of speed in Eq. (4.1), the chain rule for a function of two variables 
can be used. 
neo UG i2 
dt as a * OF ie 


In a time df, the fluid particle moves a distance ds, so the derivative ds/dt corresponds to the 
speed V of the particle, and Eq. (4.2) becomes 


a) 


oV 


dY _ ov 
ot 


n (4.3) 
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Figure 4.10 





Measuring convective 
acceleration by two 
different approaches. 


In Eq. (4.1), the derivative of the unit vector de,/dt is nonzero because the direction of the unit 
vector changes with time as the particle moves along the pathline. The derivative is 
de, V 
Tee | 
dt r 
where e, is the unit vector perpendicular to the pathline and pointing inward toward the cen- 
ter of curvature (1). 
Substituting Eqs. (4.3) and (4.4) into Eq. (4.1) gives the acceleration of the fluid 
particle: 


(4.4) 


a= (vt X e+ (£ e, (4.5) 


The interpretation of this equation is as follows. The acceleration on the left side is the value 
recorded at a point in the flow field if one were moving with the fluid particle past that point. 
The terms on the right side represent another way to evaluate the fluid particle acceleration at 
the same point by measuring the velocity, the velocity gradient, and the velocity change with 
time at that point and reducing the acceleration according the terms in Eq. (4.5). 


Convective, Local, and Centripetal Acceleration 


Inspection of Eq. (4.5) reveals that the acceleration component along a pathline depends on 
two terms. The variation of velocity with time at a point on the pathline, namely dV / ðt, is 
called the /ocal acceleration. In steady flow the local acceleration is zero. The other term, 
VoV / ds, depends on the variation of velocity along the pathline and is called the convective 
acceleration. In a uniform flow, the convective acceleration is zero. The acceleration with 
magnitude V?/ r, which is normal to the pathline and directed toward the center of rotation, 
is the centripetal acceleration.* 

The concept of convective acceleration can be illustrated by use of the cartoon in Fig. 
4.10. The carriage represents the fluid particle, and the track, the pathline. It is assumed that 
the track is stationary. One way to measure the acceleration is to ride on the carriage and read 


eal -/ an Mowe 
< eae A) & 
> ; Q 




















* The centripetal acceleration is also a convective acceleration because the acceleration is due to a change in 
velocity direction as the fluid particle moves along the pathline. Here it will be identified simply as the cen- 
tripetal acceleration. 
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the acceleration off an accelerometer. This gives a direct measurement of dV / dt. The other 
way is to measure the carriage velocity at two locations separated by a distance As and calcu- 
late the convective acceleration using 


UA 


Os As 


Both methods will give the same answer. The centripetal acceleration could also be 
measured with an accelerometer attached to the carriage or by calculating V*/r if the local 
radius of curvature of the track is known. 

Example 4.1 illustrates how to find the fluid acceleration by evaluating the local and 
convective acceleration. 


EXAMPLE 4.1 EVALUATING ACCELERATION IN 
A NOZZLE 


1. Evaluation of terms: 
e Convective acceleration 


A nozzle is designed such that the velocity in the nozzle ay Ug 7 Ee 22) 
varies as ax (d OSAL. L 
u(x) = Zo il 0.5 Ug 
1.0-0.5x/L 


eae. 


2) 


ot = poih 3 
dx L (1 -0.5x/L) 


Evaluation atx/L = 0.5: 


where the velocity up is the entrance velocity and L is the nozzle 
length. The entrance velocity is 10 m/s, and the length is 0.5 m. 
The velocity is uniform across each section. Find the acceleration 
at the station halfway through the nozzle (x/L = 0.5). 





Problem Definition 
Situation: Given velocity distribution in a nozzle. uot =0.5x Us x l 
Find: Acceleration at nozzle midpoint. OF wo 
Sketch: = 237 m/s” 








Assumptions: Flow field is quasi—one-dimensional 
(negligible velocity normal to nozzle centerline). 


Plan 


1. Select the pathline along the centerline of the nozzle. 


2. Evaluate the convective, local, and centripetal 
accelerations in Eq. (4.5). 


3. Calculate the acceleration. 


Solution 


The distance along the pathline is x, so s in Eq. 4.5 becomes x 
and V becomes u. The pathline is straight, so r —> co. 





e Local acceleration 


au = 9 
ot 
e Centripetal acceleration 
we 
uo 
z 


2. Acceleration 


a, = 237 m/s” +0 


ran 


a,, (normal to pathline) =(0] 


Review 


Since a, is positive, the direction of the acceleration is 
positive; that is, the velocity increases in the x-direction, as 
expected. Even though the flow is steady, the fluid particles 
still accelerate. 
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Euler’s Equation 


Figure 4.11 


Free-body diagram for fluid 
element accelerating the 
€-direction.(a) Fluid 
element. (b) Orientation of 
element in coordinate 





system. 


In Chapter 3 the hydrostatic equations were derived by equating the sum of the forces on a 
fluid element equal to zero. The same ideas are applied in this section to a moving fluid by 
equating the sum of the forces acting on a fluid element to the element’s acceleration, 
according to Newton’s second law. The resulting equation is Euler’s equation, which can be 
used to predict pressure variation in moving fluids. 


Consider the cylindrical element in Fig. 4.11a oriented in an arbitrary direction € with cross- 
sectional area AA ina flowing fluid. The element is oriented at an angle a with respect to the hor- 
izontal plane (the x-y plane) as shown in Fig. 4.115. The element has been isolated from the flow 
field and can be treated as a “free body” where the presence of the surrounding fluid is replaced 
by pressure forces acting on the element. Assume that the viscous forces are zero. 

Here the element is being accelerated in the €-direction. Note that the coordinate axis z 
is vertically upward and that the pressure varies along the length of the element. Applying 
Newton’s second law in the f-direction results in 


F, = ma 
ar i (4.6) 
2 pressure +F gravity = Mae 
The mass of the fluid element is 
m = pAA4A£ 


The net force due to pressure in the -direction is 


F = pAA-(p+Ap)AA = -Ap^4A 


pressure 


Any pressure forces acting on the side of the cylindrical element will not contribute to a force in 
the €-direction. The force due to gravity is the component of weight in the €-direction 


F gravity — -AWe = AW sine 





(a) (b) 
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where the minus sign occurs because the component of weight is in the negative ¢-direc- 
tion. From the diagram in Fig. 4.115 showing the relationship for angle a with respect to 
A£, and Az, one notes that sina = Az/Af,so the force due to gravity can be expressed 
as 
Az 

P; gravity =A Woo 
The weight of the element is AW = yAfA4A. Substituting the mass of the element and the 
forces on the element into Eq. (4.6) yields 


Az _ 


—ApAA—yAfAA 
P Y Ae 


pAtAdAay 


Dividing through by AAA results in 


Ap Az _ 


ae ‘ae P% 


Taking the limit as Af approaches zero (element shrinks to a point) leads to the differential 
equation for acceleration in the €-direction, 


Op əz 
-3e YJE = pag (4.7) 
For an incompressible flow, y is constant and Eq. (4.7) reduces to 
-2 (p + y2) = pay (4.8) 


Equation (4.8) is Euler s equation for motion of a fluid. It shows that the acceleration 
, is equal to the change in piezometric pressure with distance, and the minus sign means that 
epee the acceleration is in the direction of decreasing piezometric pressure. 

E In a static body of fluid, Euler’s equation reduces to the hydrostatic differential equa- 
tion, Eq. (3.5). In a static fluid, there are no viscous stresses, which is a condition required 
in the derivation of Euler’s equation. Also there is no motion, so the acceleration is zero 
in all directions. Thus, Euler’s equation reduces to 0/d€(p + yz) = 0, which yields Eq. 





(3.4). 
Figure 4.12 Euler’s equation can be applied to find the pressure distribution across streamlines in 
Normal direction to rectilinear flow. Consider the flow with parallel streamlines adjacent a wall shown in Fig. 
parallel stream 4.12. In the direction normal to the wall, the n direction, the acceleration is zero. Applying 
surfaces. Euler’s equation in the n direction gives 0/dn(p + yz) = 0, so the piezometric pressure is 


constant in the normal direction.* 
The application of Euler’s equation to find the pressure required to accelerate a column 
of liquid is illustrated in Example 4.2. 


* Euler’s equation in this case is applicable in the normal direction because the component of shear stress in 
this direction is zero for Newtonian fluids. 
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EXAMPLE 4.2 APPLICATION OF EULER’S 
EQUATION TO ACCELERATION OF A FLUID 


A column water in a vertical tube is being accelerated by a 
piston in the vertical direction at 100 m/s”. The depth of the 
water column is 10 cm. Find the gage pressure on the piston. 
The water density is 10° kg/m’. 


Problem Definition 

Situation: A column of water is being accelerated by a piston. 
Find: The gage pressure on the piston. 

Sketch: 





Assumptions: 


1. Acceleration is constant. 
2. Viscous effects are unimportant. 
3. Water is incompressible. 
Properties: p = 10° kg/m? 





Plan 


. Apply Euler’s equation, Eq. (4.8), in the z-direction. 
. Integrate equation and apply limits at sections 1 and 2. 
. Set pressure equal to zero (gage pressure) at cross-section 


2 (atmosphere). 


. Calculate the pressure on piston (cross-section 1). 


Solution 


1. 


Because the acceleration is constant there is no 
dependence on time so the partial derivative in Euler’s 
equation can be replaced by an ordinary derivative. 
Euler’s equation in z-direction: 


Le 2) = et, 


. Integration between sections | and 2: 


| ip +42) =| (papd: 


(P2 + ¥Z9) — (P1 + YZ) = -pa (23-71) 


. Substitution of limits: 


Pi = GYD) Nee = (optic) Az 


. Evaluation of pressure: 


pı = 10° kg/m? x (9.81 + 100) m/s” x 0.1 m 


pı =|10.9 x 10° Pa=10.9 kPa, gage 





Example 4.3 shows how to apply Euler’s equation for predicting pressures in a deceler- 


ating tank of liquid. 


EXAMPLE 4.3 PRESSURE IN A DECELERATING 
TANK OF LIQUID 


The tank on a trailer truck is filled completely with gasoline, 
which has a specific weight of 42 lbf/ ft? (6.60 KN/m°). The 
truck is decelerating at a rate of 10 ft/s? (3.05 m/s”). 

a. If the tank on the trailer is 20 ft (6.1 m) long and if the 
pressure at the top rear end of the tank is atmospheric, what is 
the pressure at the top front? 

b. Ifthe tank is 6 ft (1.83 m) high, what is the maximum 
pressure in the tank? 





Sketch: 
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Problem Definition 

Situation: Decelerating tank of gasoline with pressure equal to 
zero gage at top rear end. 

Find: 


1. Pressure (psfg and kPa, gage) at top front of tank. 
2. Maximum pressure (psfg and kPa, gage) in tank. 
Assumptions: 


1. Deceleration is constant. 
2. Gasoline is incompressible. 
Properties: y = 42 lbf/ f? (6.60 kN/m?) 


Plan 

1. Apply Euler’s equation, Eq. (4.8), along top of tank. 
Elevation, z, is constant. 

2. Evaluate pressure at top front. 


3. Maximum pressure will be at front bottom. Apply Euler’s 
equation from top to bottom at front of tank. 


4. Using result from step 2, evaluate pressure at front bottom. 


Solution 
1. Euler’s equation along the top of the tank 


d 
a = -pag 


Integration from back (1) to front (2) 





y 
+ a,Al 
ge 


y= Py = —parA€ = 


2. Evaluation of p, with p, = 0 


3 
= oe x (-10 ft/s?) x 20 ft 
32.2 ft/s 


2 
- Porm 


In SI units 


3 
= Se x (3.05 m/s”) x 6.1 m 
9.81 m/s 


=|12.5 kPa, gage 


3. Euler’s equation in vertical direction 
~ 1ye) = =e, 
4. For vertical direction, a, = 0. Integration from top of tank 
(2) to bottom (3): 
P2 t ¥22 = P3 t ¥23 

P3 = Poty z3) 

ps = 261 Ibfift’ + 42 Ibf/ft x 6 ft =[513 psfe] 
In SI units 


P3 = 12.5 kN/m’ + 6.6 kN/m? x 1.83 m 


p, =|24.6 kPa, gage 





— 


Pressure Distribution in Rotating Flows 


Situations in which a fluid rotates as a solid body are found in many engineering 
applications. One common application is the centrifugal separator. The centripetal 
accelerations resulting from rotating a fluid separate the heavier elements from the lighter 
elements as the heavier elements move toward the outside and the lighter elements are 
displaced toward the center. A milk separator operates in this fashion, as does a cyclone 
separator for removing particulates from an air stream. 


To learn how pressure varies in a rotating, incompressible flow, apply Euler’s equation 
in the direction normal to the streamlines and outward from the center of rotation. In this case 
the fluid elements rotate as the spokes of a wheel, so the direction € in Euler’s equation, Eq. 


(4.8), is replaced by r giving 


Li + yz) = pa 
pP pa, 


(4.9) 
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where the partial derivative has been replaced by an ordinary derivative since the flow is 
steady and a function only of the radius 7. From Eq. (4.5), the acceleration in the radial direc- 
tion (away from the center of curvature) is 


a V 
a, = -— 
p 
and Euler’s equation becomes 
d y 
r r 
For a liquid rotating as a rigid body, 
V=or 


Substituting this velocity distribution into Euler’s equation results in, 
Lop +z) = pro” (4.11) 


Integrating Eq. (4.11) with respect to r gives 


2 2 
p+yz= =- + const (4.12) 
or 
2 2 
Paz aC (4.13a) 
Yy 2g 
This equation can also be written as 
o?r? 
ptyz-p= =C (4.13b) 


These equivalent equations describe the pressure variation in rotating flow. 
The equation for pressure variation in a rotating flow is used in Example 4.4 to predict 
the surface profile of a liquid in a rotating tank. 





EXAMPLE 4.4 SURFACE PROFILE OF Sketch: 
ROTATING LIQUID 


A cylindrical tank of liquid shown in the figure is rotating as a < L5 o= 4 rad/s 
solid body at a rate of 4 rad/s. The tank diameter is 0.5 m. i 
The line AA depicts the liquid surface before rotation, and the 
line A’A’ shows the surface profile after rotation has been 
established. Find the elevation difference between the liquid 
at the center and the wall during rotation. 


z (vertical) 
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Problem Definition 
Situation: Liquid rotating in a cylindrical tank. 


Find: Elevation difference (in meters) between liquid at 
center and at the wall. 


Assumptions: Fluid is incompressible. 


Plan 
Pressure at liquid surface is constant (atmospheric). 


1. Apply equation for pressure variation in rotating flow, Eq. 
(4.13a), between points 1 and 2. 


2. Evaluate elevation difference. 


Solution 
1. Equation (4.13a) applied between points 1 and 2. 


or 
Bin i — 2 





Zi 
Yy Ye 2g 


The pressure at both points is atmospheric, so p) = p, and the 
pressure terms cancel out. At point 1, r; = 0, and at point 2, 
r = r,. The equation reduces to 








ae 
Z 2s 
2 il 
2g 
2 2 
w ry 
AE me 
2 1 2 
g 


2. Evaluation of elevation difference: 


ea: rad/s)” x (0.25 m)” 
-a = Ges AO m 
2x 9.81 m/s? 


=10.051 m or 5.1 cm 


z) 


Review 
Notice that the surface profile is parabolic. 





Example 4.5 illustrates the application of the equation for pressure variation in rotating 


flows to a rotating manometer. 


EXAMPLE 4.5 ROTATING MANOMETER TUBE 


When the U-tube is not rotated, the water stands in the tube as 
shown. If the tube is rotated about the eccentric axis at a rate 
of 8 rad/s, what are the new levels of water in the tube? 


Problem Definition 


Situation: Manometer tube is rotated around an eccentric axis. 


Find: Levels of water in each leg. 
Assumptions: Liquid is incompressible. 
Sketch: 


|S 8 rad/s 




















18 cm—> 








Plan 


The total length of the liquid in the manometer must be the 
same before and after rotation, namely 90 cm. Assume, to 
start with, that liquid remains in the bottom leg. The pressure 
at the top of the liquid in each leg is atmospheric. 





1. Apply the equation for pressure variation in rotating flows, 
Eq. (4.13a), to evaluate difference in elevation in each leg. 

2. Using constraint of total liquid length, find the level in 
each leg. 








Solution 
1. Application of Eq. (4.13a) between top of leg on left (1) 
and on right (2): 
2 2 2 2 
ro _ rjw 
eee eee 
g 2g 


GD 2p 
29-21, = e 


_ É rad/s)” 


=(0.36° m° — 0.18" m°) = 0.317 m 
2x9.81 m/s 


2. The sum of the heights in each leg is 36 cm. 
aza = UG in 
Solution for the leg heights: 
Z, = 0.338 m 


zı = 0.022 m 


Review 


If the result was a negative height in one leg, it would mean 
that one end of the liquid column would be in the horizontal 
leg, and the problem would have to be reworked to reflect this 
configuration. 
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The Bernoulli Equation Along a Streamline 


Derivation 


From the dynamics of particles in solid-body mechanics, one knows that integrating Newton’s 
second law for particle motion along a path provides a relationship between the change in 
kinetic energy and the work done on the particle. Integrating Euler’s equation along a pathline 
in the steady flow of an incompressible fluid yields an equivalent relationship called the 
Bernoulli equation. 


The Bernoulli equation is developed by applying Euler’s equation along a pathline with 
the direction € replaced by s, the distance along the pathline, and the acceleration a, replaced 
by a,, the direction tangent to the pathline. Euler’s equation becomes 


d 
-5E +2) = pa; (4.14) 
The tangential component of acceleration is given by Eq. (4.15), namely 
ƏV ƏV 
=V SE 4.1 
aar ta 4.15) 


For a steady flow, the local acceleration is zero and the pathline becomes a streamline. Also, 
the properties along a streamline depend only on the distance s, so the partial derivatives be- 
come ordinary derivatives. Euler’s equation now becomes 


2 


d -py = 45) 
fee a Or (4.16) 
Moving all the terms to one side yields 
2 
1 £) = 
zette 0 (4.17) 
or 
y? 
ptyzt pz ae (4.18a) 


where C is a constant. This is known as the Bernoulli equation, which states that the sum of 
the piezometric pressure (p + yz) and kinetic pressure (p V? 2) * is constant along a stream- 
line for the steady flow of an incompressible, inviscid fluid. Dividing Eq. (4.18a) by the spe- 
cific weight yields the equivalent form of the Bernoulli equation along a streamline, namely 
2 2 
Pees eae = (4.18b) 
y 2g 2g 


* Another term, dynamic pressure, which is closely associated with kinetic pressure, is equal to the differ- 
ence between the total pressure (pressure at a point of stagnation) and the static pressure. Under conditions 
where the Bernoulli equation applies, kinetic and dynamic pressure are equal. However, in high-speed gas 
flow, where compressibility effects are important, the two may have significantly different values. 
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Figure 4.13 













Piezometric and velocity 2 1 
or Vy"l2g 
head variation for flow 





through a venturi 





section. 























Centerline Wee Datum (z = 0) 


(streamline) 


where A is the piezometric head and ( a g) is the velocity head. In words, 


aw m Gig $ ia z pan is 
head head head streamline 


The concept underlying the Bernoulli equation can be illustrated by considering the 
flow through the inclined venturi (contraction-expansion) section as shown in Fig. 4.13. This 
configuration is often used as a flow metering device. The reduced area of the throat section 
leads to an increased velocity and attendant pressure change. The streamline is the centerline 
of the venturi. Piezometers are tapped into the wall at three locations, and the height of the 
liquid in the tube above the centerline is p/y. The elevation of the centerline (streamline) 
above a datum is z. The location of the datum line is arbitrary. The constant in the Bernoulli 
equation is the same at all three locations, so 


2 2 2 

V V 
Pitz pt a Pas 2 -Byz 
y 2g y 2g y 2g 


Even though the elevation, pressure head, and velocity head vary through the venturi section, 
the sum of the three heads is the same. The higher velocity at the throat leads to a higher ve- 
locity head at this location and a corresponding decrease in pressure head. The elevations of 
the liquid in the piezometers above the datum are the piezometric heads. So as the velocity 
increases, the piezometric head decreases as the velocity head increases, maintaining a con- 
stant sum through the venturi. 

The fact that the Bernoulli equation has been derived for an inviscid fluid does not limit 
its application here. Even though the real fluid is viscous, the effects of viscosity are small for 
short distances. Also, the effects of viscosity on pressure change are negligible compared to 
the pressure change due to velocity variation. 


Application of the Bernoulli Equation 


The Bernoulli equation is often used to calculate the velocity in venturi configurations given 
the pressure difference between the upstream section and the throat section, as shown in 
Example 4.6. 

Example 4.7 shows the application of the Bernoulli equation to the efflux of a liquid 
from a tank. This analysis is important to the engineer in calculating the draining time. 
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EXAMPLE 4.6 VELOCITY IN A VENTURI SECTION 


Piezometric tubes are tapped into a venturi section as shown 
in the figure. The liquid is incompressible. The upstream 
piezometric head is 1 m, and the piezometric head at the 
throat is 0.5 m. The velocity in the throat section is twice 
large as in the approach section. Find the velocity in the throat 
section. 


Sketch: 























Problem Definition 


Situation: Incompressible flow in venturi section. Piezometric 
heads and velocity ratio given. 


Find: Velocity (in m/s) in venturi section. 


Assumptions: Viscosity effects are negligible, and the 
Bernoulli equation is applicable. 


EXAMPLE 4.7 OUTLET VELOCITY FROM 
DRAINING TANK 


A open tank filled with water and drains through a port at the 
bottom of the tank. The elevation of the water in the tank is 
10 m above the drain. The drain port is at atmospheric 
pressure. Find the velocity of the liquid in the drain port. 


Problem Definition 
Situation: Tank draining through port at bottom. 
Find: Velocity (in m/s) in drain port. 





Plan 


1. Write out the Bernoulli equation, Eq. (4.18b), 
incorporating velocity ratio and solve for throat velocity. 


2. Substitute in piezometric heads to calculate throat 
velocity. 


Solution 
1. The Bernoulli equation with V, = 2V, gives 


Voi 3r 
2g 2g 


vi = Ech- hy) 


V,=2 [Ech —hy) 


2. Substitution of values and velocity calculation: 





li =i = 





y,= T x9.81 au ~0.5) m 


=|3.62 m/s 


Review 


A piezometric tube could not be used to measure the 
piezometric head if the pressure anywhere in the line were 
subatmospheric. In this case, pressure gages or manometers 
would have to be used. 





Sketch: 
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Assumptions: 


1. Flow is steady. 
2. Viscous effects are unimportant. 


3. Velocity at liquid surface is much less than velocity in 
drain port. 


Plan 


Since the flow is steady and viscous effects are unimportant, 
the Bernoulli equation is applicable along a streamline. The 
streamline chosen is shown in the sketch with point 1 at the 
liquid surface and point 2 at the drain port. 


1. Apply the Bernoulli equation, Eq. (4.18b), between points 
1 and 2. 

2. Reduce the equation to yield velocity in drain port. 

3. Calculate velocity. 


Solution 


1. The Bernoulli equation between points 1 and 2 on 
streamline: 


2. The pressure at the outlet and the tank surface are the same 
(atmospheric), so p; = py. The velocity at the tank surface is 
much less than in the drain port so V, » V;. Solution for V3: 


Vy = J2g(Z —29) 


3. Velocity calculation: 





V, = J2x9.81 m/s? x 10 m 
=|14 m/s 


Review 


1. Notice that the answer is independent of liquid properties. 
This would be true for all liquids so long as viscous effects 
are unimportant. Also note that the same velocity would 
be calculated for an object dropped from the same 
elevation as the liquid in the tank. 

2. Selection of point 1 is not critical; it can be taken at any 
point on liquid surface. 

3. The assumption of the small velocity at the liquid surface 
is generally valid. It will be shown in Chapter 5 that the 
ratio of the velocity at the liquid surface to the drain port 
velocity is 


Vn A 
Vo Ay 


where A, is the cross-sectional area of the drain port and 
A, is the cross-sectional area of the tank. For example 
with 4,/A, = 0.1, Vi = 0.0173. 





Application of the Bernoulli Equation to Velocity 


Measurement Devices 


The Bernoulli equation can be used to reduce data for flow velocity measurements from a 
stagnation tube and a Pitot-static tube. 


Stagnation Tube 


A stagnation tube (sometimes call a total head tube) is an open-ended tube directed upstream 
in a flow and connected to a pressure sensor. Because the velocity is zero at the tube opening, 
the pressure measured corresponds to stagnation conditions. 

Consider the stagnation tube shown in Fig. 4.14. In this case the pressure sensor is a pi- 
ezometer. The rise of the liquid in the vertical leg is a measure of the pressure. When the Ber- 
noulli equation is written between points 0 and 1 on the streamline, one notes that 
Zo =2,. Therefore, the Bernoulli equation reduces to 
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Figure 4.14 





Stagnation tube. 


yo 
Stagnation 
point 


















Streamline 


= 


2 2 
V y 
pit es Lp + es (4.19) 


The velocity at point 1 is zero (stagnation point). Hence, Eq. (4.19) simplifies to 
D2 
Vi = Pi -= Po) (4.20) 


By the equations of hydrostatics (there is no acceleration normal to the streamlines where the 
streamlines are straight and parallel), pọ = ydand p; = y(/+d). Therefore, Eq. (4.20) can 
be written as 


Vo= +d) -yd) 


which reduces to 
Vo = V2gl (4.21) 


This equation will be referred to as the stagnation tube equation. Thus it is seen that a very 
simple device such as this curved tube can be used to measure the velocity of flow. 


Pitot-Static Tube 


The Pitot-static tube, named after the eighteenth-century French hydraulic engineer who 
invented it, is based on the same principle as the stagnation tube, but it is much more 
versatile than the stagnation tube. The Pitot-static tube, shown in Fig. 4.15, has a pressure tap 
at the upstream end of the tube for sensing the stagnation pressure. There are also ports 
located several tube diameters downstream of the front end of the tube for sensing the static 
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Figure 4.15 





Pitot-static tube. 


| Yo Static pressure tap 
Va 
= S 
Stagnation pressure tap 























o] 


Streamline 


pressure in the fluid where the velocity is essentially the same as the approach velocity. 
When the Bernoulli equation, Eq. (4.18a), is applied between points 1 and 2 along the 
streamline shown in Fig. 4.15, the result is 


2 


2 
pV. pV. 
Pitz +> = Pat Yat 


But V, = 0, so solving that equation for V, gives the Pitot-static tube equation 


1/2 


v, = Bo. -pad (4.22) 


Here V, = V, where V is the velocity of the stream and p, , and p, are the piezometric pres- 
sures at points 1 and 2, respectively. 

By connecting a pressure gage or manometer between the pressure taps shown in Fig. 
4.15 that lead to points 1 and 2, one can easily measure the flow velocity with the Pitot- 
static tube. A major advantage of the Pitot-static tube is that it can be used to measure ve- 
locity in a pressurized pipe; a simple stagnation tube is not convenient to use in such a 
situation. 

If a differential pressure gage is connected across the taps, the gage measures the differ- 
ence in piezometric pressure directly. Therefore Eq. (4.22) simplifies to 


V = J2Ap/p 


where Ap is the pressure difference measured by the gage. 

More information on Pitot-static tubes and flow measurement is available in the Flow 
Measurement Engineering Handbook (2). 

Example 4.8 illustrates the application of the Pitot-static tube to measuring liquid ve- 
locity in a pipe using a manometer. 

Example 4.9 shows the Pitot-static tube application with a pressure gage. 
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EXAMPLE 4.8 APPLICATION OF PITOT EQUATION 
WITH MANOMETER 


A mercury manometer is connected to the Pitot-static tube in 
a pipe transporting kerosene as shown. If the deflection on the 
manometer is 7 in., what is the kerosene velocity in the pipe? 
Assume that the specific gravity of the kerosene is 0.81. 


Sketch: 









































Problem Definition 


Situation: Pitot-static tube is mounted in a pipe and connected 
to a manometer. 


Find: Flow velocity (in m/s). 
Assumptions: Pitot-static tube equation is applicable. 
Properties: S,,,. = 0.81, from Table A.4, Sy. = 13.55. 


Plan 


1. Find difference in piezometric pressure using the 
manometer equation, Eq. (3.18). 





2. Substitute in Pitot-static tube equation. 
3. Evaluate velocity. 


Solution 


1. Manometer equation between points | and 2 on Pitot-static 
tube: 


mi (2) = 25) Vero * ~ Vier —) Vite C =) Veer = 2 
or 
[Di a? Mien = On > Mea) = VO ieo) 
Pz ~Pz2 = Y(Yug ~ Ykero) 
2. Substitution into the Pitot-static tube equation: 


1/2 
2 
= Wists J VE) 
Pkero 
W2 
Ykero 
3. Velocity evaluation: 
7 13 yee) 
2 55 
= | 2 x 32.2 ft => itl (2251) 
V | x3 Is’ X P Ia | 
1/2 


= 2 x 32.2 x 567 = yess] 


Review 

The —1 in the quantity (16.7 — 1) reflects the effect of the 
column of kerosene in the right leg of the manometer, which 
tends to counterbalance the mercury in the left leg. Thus with 
a gas-liquid manometer, the counterbalancing effect is 
negligible. 





EXAMPLE 4.9 PITOT TUBE APPLICATION WITH 
PRESSURE GAGE 


A differential pressure gage is connected across the taps of a 
Pitot-static tube. When this Pitot-static tube is used in a wind 
tunnel test, the gage indicates a Ap of 730 Pa. What is the air 
velocity in the tunnel? The pressure and temperature in the 
tunnel are 98 kPa absolute and 20°C, respectively. 


Problem Definition 


Situation: Differential pressure gage attached to Pitot-static 
tube for velocity measurement in wind tunnel. 


Find: Air velocity (in m/s). 
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Sketch: 





Assumptions: 


1. Airflow is steady. 


2. Pitot-tube equation applicable. 
Properties: Table A.2, R,,,. = 287 J/kg K. 


Plan 


1. Using the ideal gas law, calculate air density. 
2. Using the Pitot-static tube equation, calculate the velocity. 


Solution 
1. Density calculation: 


— Ë 98 x 10° N/m? 


2. Pitot-static tube equation with differential pressure gage: 


V = J2Ap/p 
V = (2x 730 N/m?)/(1.17 kg/m’) =[35.3 m/s| 








Application of the Bernoulli Equation to Flow of Gases 

In the flow of gases, the contribution of pressure change due to elevation difference is 
generally very small compared with the change in kinetic pressure. Thus it is reasonable 
when applying the Bernoulli equation to gas flow (such as air) to use the simpler formulation 


T ior? =C (4.23) 


This is the form used by aerodynamicists in studying the flow over airfoils and aircraft 
components. 


Applicability of the Bernoulli Equation to Rotating Flows 

The Bernoulli equation (4.18a) relates pressure, elevation, and kinetic pressure along 
streamlines in steady, incompressible flows where viscous effects are negligible. The 
question arises as to whether it can be used across streamlines; that is, could it be applied 
between two points on adjacent streamlines? The answer is provided by the form of the 
equation for pressure variation in a rotating flow, Eq. (4.13b), which can be written as 


2 


p+yz-żpV =C 


NI= 


where wr has been replaced by the velocity, V. Obviously the sign on the kinetic pressure 
term is different than the Bernoulli equation, so the Bernoulli equation does not apply across 
streamlines in a rotating flow. 

In the next section the concept of flow rotation is introduced. There is a situation in 
which flows have concentric, circular streamlines and yet the fluid elements do not rotate. In 
this “irrotational” flow, the Bernoulli equation is applicable across streamlines as well a 
along streamlines. 
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 @g@- 


Rotation and Vorticity 


Figure 4.16 


Rotation of a fluid 
element in flow 





between a moving and 
stationary parallel 
plate. 


Figure 4.17 





Orientation of rotated 
fluid element. 


Concept of Rotation 


In many applications of fluid mechanics it is important to establish the rotationality of a 
flow field. There are many closed-form solutions for fluid flow fields based on 
irrotational flow. To make use of these solutions, the engineer must be able to determine 
the degree of flow rotation in his or her application. The purpose of this section is to 
introduce the concept of rotation. 


The idea of fluid rotation is clear when a fluid rotates as a solid body. However, in other 
flow configurations it may not be so obvious. Consider fluid flow between two horizontal 
plates, Fig. 4.16, where the bottom plate is stationary and the top is moving to the right with a 
velocity V The velocity distribution is linear; therefore, an element of fluid will deform as 
shown. Here it is seen that the element face that was initially vertical rotates clockwise, 
whereas the horizontal face does not. It is not clear whether this is a case of rotational motion 
or not. 

Rotation is defined as the average rotation of two initially mutually perpendicular faces 
of a fluid element. The test is to look at the rotation of the line that bisects both faces (a-a and 
b-b in Fig. 4.16). The angle between this line and the horizontal axis is the rotation, 0. 

The general relationship between 0 and the angles defining the sides is shown in Fig. 
4.17, where @, is the angle of one side with the x-axis and the angle 0, is the angle of the 








Element at time ¢, Element at time to 
V 
— 
ae 
a ra 
8 0 
a Fi a a a 
b b 








Bisector 











Fluid element 
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Figure 4.18 





Translation and 
deformation of a fluid 


element. 


other side with the y-axis. The angle between the sides is B = = + 0 g— 94, SO the orientation 
of the element with respect to the x-axis is 2 


1 1 
6=5B+0,= Tt 7004+ Op) 
The rotational rate of the element is 
§= O +63) (4.24) 


If 6 = 0, the flow is irrotational. 

An expression will now be derived that will give the rate of rotation of the bisector in 
terms of the velocity gradients in the flow. Consider the element shown in Fig. 4.18. The 
sides of the element are initially perpendicular with lengths Ax and Ay. Then the element 
moves with time and deforms as shown with point 0 going to 0', point 1 to 1', and point 2 to 2'. 
The lengths of the sides are unchanged. After time Aż the horizontal side has rotated counter- 
clockwise by A@, and the vertical side clockwise (negative direction) by — A0}. 

The y velocity component of point 1 is v + (dv/dx)Ax, and the x component of point 2 
is u + (du/dy)Ay. The net displacements of points 1 and 2 are* 


Ay, ~ (v + ax) At- var] S A 


ox ox 
4 à (4.25) 
u u 
Ax ~ [( i a) At- ude] = Saver 
Referring to Fig. 4.18, the angles A0; and A@, are given by 
__. (A ) Ay, av 
AO, = asin( = A ae 
(4.26) 
: A Ax, ou 
—A0, = asin( 2) = ay = Ta 


y 





Fluid Element 


Fluid Element at time ¢ + At 


at time ¢ 





Ay, 






|e + av Ax)At 
X 





d. 


' 
h 
f 
2 7 
Få Pi í vAt 
o X 
u 1 


* The symbol ~ means that the quantities are approximately equal but become exactly equal as the quantities 
approach zero. 


102 


FLOWING FLUIDS AND PRESSURE VARIATION 





Dividing the angles by Aż and taking the limit as At —> 0, 


A9 
04 = lim a = 
XxX 

At—>0 (4.27) 


at—>o At oy 


Substituting these results into Eq. (4.24) gives the rotational rate of the element about the z-axis 
(normal to the page), 
g = ljdv_ dw 
2\dx ody 


This component of rotational velocity is defined as Q, so 


lidv ou 
Q =L Lu 4.28 
Z Ẹ a) laa 
Likewise, the rotation rates about the other axes are 
lidw dv 
Ors =) 2 gr 4.28b 
% E | ( ) 
liðu ðw 
Q, = =| = -=> 4.2 
y E ay ae 
The rate-of-rotation vector is 
Q =Q i +Q, 5+ 0k (4.29) 
An irrotational flow (Q = 0) requires that 
ðv _ ðu 
== 4.30 
ox oy ey) 
dw _ ðv 
oW — 4.30b 
Oy Oz ( ) 
du _ ðw 
= = 4.30 
oz Ox 00) 


The most extensive application of these equations is in ideal flow theory. An ideal flow 
is the flow of an irrotational, incompressible fluid. Flow fields in which viscous effects are 
small can often be regarded as irrotational. In fact, if a flow of an incompressible, inviscid 
fluid is initially irrotational, it will remain irrotational. 


Vorticity 

Another property used frequently in fluid mechanics is vorticity, which is a vector equal to 
twice the rate-of-rotation vector. The magnitude of the vorticity indicates the rotationality of 
a flow and is very important in flows where viscous effects dominate, such as boundary layer, 
separated, and wake flows. The vorticity equation is 
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@ = 20, 


_(aw_av),,(au_aw), ,(av_aw 
-( De DPE ou), 


=VxvVv 


where V x V, from vector calculus means the curl of the vector V. 
An irrotational flow signifies that the vorticity vector is everywhere zero. 
Example 4.10 illustrates how to evaluate the rotationality of a flowfield. 


EXAMPLE 4.10 EVALUATION OF ROTATION OF 


VELOCITY FIELD 


The vector V = 10xi-— 10yj represents a two-dimensional 


velocity field. Is the flow irrotational? 


Problem Definition 
Situation: Velocity field given. 
Find: If flow is irrotational. 





Plan 
Flow is two-dimensional, so w = 0 and 2 = 0. Use 
Eq. (4.30a) to evaluate rotationality. a 
Solution 
Velocity components and derivatives 
u = 10x = =0 
av 
=-10 = =0 
i : ox 


Thus flow is irrotational. 


(4.31) 


The calculation to determine the amount of rotation of a fluid element in a given time is 


shown in Example 4. 


EXAMPLE 4.11 ROTATION OF A FLUID ELEMENT 


A fluid exists between stationary and moving parallel flat plates, 
and the velocity is linear as shown. The distance between the 
plates is 1 cm, and the upper plate moves at 2 cm/s. Find the 
amount of rotation that the fluid element located at 0.5 cm will 


undergo after it has traveled a distance of 1 cm. 
Sketch: 





Problem Definition 


Situation: Flow between moving, parallel, flat plates. 
Find: Rotation of fluid element at midpoint after traveling 1 cm. 


Assumptions: Planar flow (w = 0 and — = 0). 


Oz 
Plan 


1. Use Eq. (4.28a) to evaluate rotational rate with v = 0. 


Ti. 





2. Find time for element to travel 1 cm. 
3. Calculate amount of rotation. 
Solution 

1. Velocity distribution 


2 
0.01 m 





u = 0.02 m/s x = 2y (1/s) 


Rotational rate 


Q, = (2 J = —] rad/s 





2. Time to travel 1 cm: 
u = 2 (1/s) x 0.005 m = 0.01 m/s 


3. Amount of rotation 
A90 = Q x At = -1 x1 = -1 rad 


Review 


Note that the rotation is negative (in clockwise direction). 
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Rotation in Flows with Concentric Streamlines 
It is interesting to realize that a flow field rotating with circular streamlines can be irrota- 
tional; that is, the fluid elements do not rotate. Consider the two-dimensional flow field 
shown in Fig. 4.19. The circumferential velocity on the circular streamline is V and its radius 
is r. The z-axis is perpendicular to the page. As before, the rotation of the element is quanti- 
fied by the rotation of the bisector, Eq. (4.24), which is 
0 = z(®4 + 0z) 
From geometry, the angle A0; is equal to the angle A œ. The rotational rate of angle dis V/r, so 
ea 
r 
Using the same analysis as for 64, Eq. (4.27), with x replaced by r yields 
; dV 
6 => — 
4 Jr 
Since V is a function of r only, the partial derivative can be replaced by the ordinary deriva- 
tive. Therefore, the rotational rate about the z-axis is 
lldV V 
QO, = =) — +- 4.32 
° g 4 (4.32) 
As a check on this equation, apply it to a flow rotating as a solid body. The velocity dis- 
tribution is V = wr, so the rate of rotation is 
_l|d 
Q, = zor + ol 
=o 
as expected. This type of circular motion is called a “forced” vortex. 
If the flow is irrotational, then 
dV V 
— =- 4.33 
dr r Gaal 
Figure 4.19 Vir + Ar) 





Deformation of element 
in flow with concentric, 
circular streamlines. 
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Figure 4.20 





Element deformation 
and rotation in flow with 
circular streamlines. 

(a) Rotational flow. 

(b) Irrotational flow. 


S o © 











Irrotational flow 
Element deformation 


Rotational flow 
No element deformation 


or 


Integrating this equation leads to 


(4.34) 


where C is a constant. In this case, the circumferential velocity varies inversely with r, so the 
velocity decreases with increasing radius. This flow field is known as a “free” vortex. The 
fluid elements go around in circles, but do not rotate. 

Although the condition for irrotationality given by Eq. (4.33) was derived using con- 
centric circular streamlines, it is valid for any point along any streamline in an irrotational 
flow where r is the local radius of curvature of the streamline (or stream surface generated by 
the streamlines). 

The difference between element rotation and deformation for flows with circular 
streamlines is shown in Fig. 4.20. For the rotational flow shown in Fig. 4.20a the fluid ele- 
ments rotate but they do not deform. In the irrotational flow shown in Fig. 4.208, the ele- 
ments continuously deform but do not rotate. In other words, the elements deform to 
maintain a constant orientation (no rotation). 

In a general flow there is both deformation and rotation. An ideal fluid is one that has 
no viscosity and is incompressible. If the flow of an ideal fluid is initially irrotational. it will 
remain irrotational. This is the foundation for many classical studies of flow fields in fluid 
mechanics. 


The Bernoulli Equation in Irrotational Flow 


In Section 4.5 the Bernoulli equation was developed for pressure variation between any two 
points along a streamline in steady flow with no viscous effects. In an irrotational flow, the 
Bernoulli equation is not limited to flow along streamlines but can be applied between any two 
points in the flow field. This feature of the Bernoulli equation is used extensively in classical 
hydrodynamics, the aerodynamics of lifting surfaces (wings), and atmospheric winds. 
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Streamlines 





Figure 4.21 





Two adjacent stream- 
lines showing direction n 
between lines. 


The Euler equation, Eq. (4.8), applied in the n direction (normal to the streamline) is 
d 
-—(P + yz) = pa, (4.35) 
dn 


where the partial derivative ofn is replaced by the ordinary derivative because the flow is as- 
sumed steady (no time dependence). Two adjacent streamlines and the direction n is shown 
in Fig. 4.21. The local fluid speed is V and the local radius of curvature of the streamline is 7: 
The acceleration normal to the streamline is the centripetal acceleration, so 


a,=—-— (4.36) 


where the negative sign occurs because the direction n is outward from the center of curva- 
ture and the centripetal acceleration is toward the center of curvature. Using the irrotational- 
ity condition, the acceleration can be written as 


2 2 
-Bo o(Y) -rZ -a (E) 
an 7 V m aes wo (4.37) 





Also the derivative with respect to r can be expressed as a derivative with respect to n by 
2 2 


(5) = 25 )#- 25) 
dr\2/ dn\2/dr dn\2 
because the direction of n is the same as r so dn/dr = 1. Equation (4.37) can be rewritten as 


aie 


=A ) (4.38) 


Substituting the expression for acceleration into Euler’s equation, Eq. (4.35), and assuming 
constant density results in 


2 


nette 0 (4.39) 


or 


y? 
ptyzt py =C (4.40) 


which is the Bernoulli equation, and C is constant in the n direction (across streamlines). 
Thus for an irrotational flow, the constant C in the Bernoulli equation is the same across 
streamlines as well as along streamlines, so it is the same everywhere in the flow field. 
Equivalently, the sum of the piezometric head and velocity head 

p y? 

-+z+—=C (4.41) 

y 2g 
is constant everywhere in the flow field if the flow is steady, incompressible, inviscid, and ir- 
rotational. Thus for any two points 1 and 2 in the flow field, 


2 2 
y y. 
== =+ + (4.42) 
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EXAMPLE 4.12 VELOCITY AND PRESSURE 
DISTRIBUTION IN A FREE VORTEX 


A free vortex in air rotates in a horizontal plane and has a 
velocity of 40 m/s at a radius of 4 km from the vortex center. 
Find the velocity at 10 km from the center and the pressure 
difference between the two locations. The air density is 1.2 kg/m’. 


Problem Definition 

Situation: Free vortex in horizontal plane. 

Find: 

1. Velocity (in m/s) 10 km from center. 

2. Pressure difference (Pa) between two radii. 
Assumptions: Flow is incompressible and steady. 
Properties: p = 1.2 kg/m’. 


Plan 


1. Apply Eq. (4.34) to calculate velocity. 


2. Since flow is irrotational, use the Bernoulli equation, Eq. 
(4.40), for pressure difference. 





Solution 
1. Velocity distribution 


pee 
T 
y 
1okm _ a A 
Pam Viim 
Viokm = 0.4 x 40 


A 


2. The Bernoulli equation for a horizontal plane 
2 2 


y 
4km 10km 
Paxm + P—> = Piokm + D 


D 2 
P10km ~ P4km a Pepsin Vio) 


3 
— 12 tet (40? e 16?) a 


Note that the V in the Bernoulli equation is the speed of the fluid and not a velocity 


component. 


The calculation of pressure and velocity in a free vortex is illustrated in Example 4.12. 


Pressure Variation in a Cyclonic Storm 


A cyclonic storm is characterized by rotating winds with a low-pressure region in the center. 
Tornadoes and hurricanes are examples of cyclonic storms. A simple model for the flow field 
in a cyclonic storm is a forced vortex at the center surrounded by a free vortex, as shown in 
Fig. 4.22. This model is used in several applications of vortex flows. In practice, however, 
there will be no discontinuity in the slope of the velocity distribution as shown in Fig. 4.22, 
but rather a smooth transition between the inner forced vortex and the outer free vortex. Still, 
the model can be used to make reasonable predictions of the pressure field. 

The model for the cyclonic storm is an illustration of where the Bernoulli equation can 
and cannot be used across streamlines. The Bernoulli equation cannot be used across stream- 
lines in the vortex at the center because the flow is rotational. The pressure distribution in the 
forced vortex is given by Eq. (4.13b). The Bernoulli equation can be used across streamlines 
in the free vortex since the flow is irrotational. 

Take point 1 as the center of the forced vortex and point 2 at the junction of the forced and 
free vortices, where the velocity is maximum. Let point 3 be at the extremity of the free vortex, 
where the velocity is essentially zero and the pressure is atmospheric pressure pọ. Applying the Ber- 
noulli equation, Eq. (4.42), between any arbitrary point in the free vortex and point 3, one can write 

2 v? 


y 
p+yz+ PF = p} + YZ}; + P7 (4.43) 
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Figure 4.22 


Combination of forced and 
free vortex to model a 





cyclonic storm. 
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Figure 4.23 Tornado 





The “secondary” flow 
produced by the pressure 
difference in a tornado. 





Secondary flow 
High 
pressure 


High 
pressure 






Low 
pressure 










Neglecting any elevation change, setting pọ = p3, and taking V} as zero gives 
2 


7 
P- =P (4.44) 


which shows that the pressure decreases toward the center of the vortex. This decreasing 
pressure provides the centripetal force to keep the flow moving along circular streamlines. 
The pressure at point 2 is 


y? 


EI (4.45) 





Applying the equation for pressure variation in rotating flow, Eq. (4.13b), across the 
center, forced vortex region yields 
2 2 
wr o T3 


Pp+yz-p77 = Pot Y2- = (4.46) 
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EXAMPLE 4.13 PRESSURE DIFFERENCE 


IN TORNADO 


Assume that a tornado is modeled as the combination of a 
forced and a free vortex. The maximum wind speed in the 
tornado is 150 mph. What is the pressure difference, in inches 
of mercury, between the center and the outer edge of the 
tornado? The density of the air is 0.075 lbm/ft°. 


Problem Definition 


Situation: Tornado with 150 mph winds. 
Find: Pressure difference (inches Hg) between center and 


edge. 


Assumptions: Tornado modeled as forced and free vortex. 
Properties: p = 0.075 Ibm/ft’. 


Plan 


1. Use Eq. (4.49) to calculate pressure difference. 
2. Convert result to inches Hg. 


Once again there is no elevation change, so z = z,. At point 2, wr, is the maximum speed 


Vinax» and wr is the speed of the fluid in the forced vortex. Solving for the pressure, one finds 
= Vee, E ve 
Substituting in the expression for p, from Eq. (4.45) gives 
2 
2 V 
P = Py- PV mat P5 (4.48) 


The pressure difference between the center of the cyclonic storm where the speed is zero and 
the outer edge of the storm is 


2 
Pi—Po— =P Fame (4.49) 


The minimum pressure at the vortex center can give rise to a “secondary” flow as 
shown in Fig. 4.23. In this case the secondary flow is produced by the pressure gradient in the 
primary (vortex) flow. In the region near the ground, the wind velocity is decreased due to the 
friction provided by the ground. However, the pressure difference in the radial direction 
causes a radially inward flow adjacent to the ground and an upward flow at the vortex center. 

More information on cyclonic storms is available in Moran and Morgan. (3). 

The pressure change across a tornado is shown in Example (4.13). 


The Pressure Coefficient 


Describing the pressure distribution is important because pressure gradients influence flow 
patterns and pressure distributions acting on bodies create resultant forces. A common 
dimensionless group for describing the pressure distribution is called the pressure coefficient: 
-p, h-h 
gsn Px = 5 oO (4.50) 
pV{/2 “Vi /(28) 





Solution 
1. Convert velocity to ft/s: 


5280 ft 7 hr 
mi 3600 s 








mi ft 
— = 220— 
150 x 0 3 


Convert density to slug/ft*: 


ee = 0m E 
ge 322 Ibm Ra 


Pressure difference 
2 
Pim 2Lo = —p( Vaad 


2 
pı -po = -0.00233 SUES x 220? Ê = -112.8 psf 
ft s 


2. Convert to inches Hg: 


— 29.92 inHg __ : 
Pı -Po = -112.8 psf x Die peT 1.59 in Hg 
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Figure 4.24 





Irrotational flow past a 
cylinder. 

(a) Streamline pattern. 
(b) Pressure distribution. 


In the next section, the pressure coefficient is used to describe the pressure distribution 
around a circular cylinder. 


Pressure Distribution Around a Circular Cylinder—Ideal Fluid 

If a fluid is nonviscous and incompressible (an ideal fluid) and if the flow is initially irrota- 
tional, then the flow will be irrotational throughout the entire flow field.* Then, if the flow is 
also steady, the Bernoulli equation will apply everywhere because all the restrictions for the 
Bernoulli equation will have been satisfied. The flow pattern about a circular cylinder with 
such restrictions is shown in Fig. 4.24a. 

Because the flow pattern is symmetrical with either the vertical or the horizontal axis 
through the center of the cylinder, the pressure distribution on the surface of the cylinder, ob- 
tained by application of the Bernoulli equation, is also symmetrical as shown in Fig. 4.245. The 
pressure coefficient reduces to 





= P—Po (4.51) 

Ly 

ee 
where p is the local pressure and py and Vp are the free-stream pressure and velocity. The pressure 
coefficient is plotted outward (negative) or inward (positive) from the surface of the cylinder, 
depending on the sign of the relative pressure and on a line normal to the surface of the cylin- 
der. The points at the front and rear of the cylinder, points B and D, are points of stagnation 
(C, = +1.0),and the minimum pressure (C B —3.0) occurs at the midsection, point C, 
where the velocity is highest. 

A useful concept in understanding the flow around a cylinder is the definition of the fa- 

vorable and adverse pressure gradient. From Euler’s equation for pressure gradient and accel- 
eration along a pathline, Eq. (4.14), neglecting gravitational effects, one has 


op 
pa, = ET 


Note: Positive C, 

plotted inward from /\ A 
cylinder surface; Negative © 
negative C, plotted 


outward. 
P -Po 


C= 
P prèi A 

= A 

C,=+1 








b) 


* This can be seen in a qualitative sense if one visualizes a small spherical element of fluid within a nonvis- 
cous flow field. Since pressure forces act normal to the surface of the spherical element, the element deforms 
if the pressure is not of equal intensity over the entire surface. However, the element cannot rotate (irrota- 
tional situation) because there is no shear stress (viscosity is zero) on the surface of the sphere to possibly 
cause rotation. 
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Separation 


Figure 4.25 





Flow of a real fluid past 
a circular cylinder. 

(a) Flow pattern. 

(b) Pressure distribution 


One notes that a, > Oif dp/ds < 0; that is, the fluid particle accelerates if the pressure 
decreases with distance along a pathline. This is a favorable pressure gradient. On the other 
hand, a, < Oif dp/dp > 0, so the fluid particle decelerates if the pressure increases along a 
pathline. This is an adverse pressure gradient. The definitions of pressure gradient are 
summarized in the table. 


Favorable pressure gradient dp/ds < 0 a, > 0 (acceleration) 


Adverse pressure gradient dp/ds > 0 a, < 0 (deceleration) 


Visualize the motion of a fluid particle in Fig. 4.24a as it travels around the cylinder 
from A to B to C to D and finally to E. Notice that it first decelerates from the free-stream ve- 
locity to zero velocity at the forward stagnation point as it travels in an adverse pressure gra- 
dient. Then as it passes from B to C, it is in a favorable pressure gradient, and it accelerated to 
its highest speed. From C to D the pressure increases again toward the rearward stagnation 
point, and the particle decelerates but has enough momentum to reach D. Finally, the pressure 
decreases from D to E, and this favorable pressure gradient accelerates the particle back to 
the free-stream velocity. Understanding this qualitative description of how the fluid particle 
travels from one point to another will be helpful when the phenomenon of separation is ex- 
plained in the next section. 


Flow separation occurs when the fluid pathlines adjacent to body deviate from the contour of 
the body and produce a wake. This flow condition is very common. It tends to increase drag, 
reduce lift, and produce unsteady forces that can lead to structural failure. 


Consider the flow of a real (viscous) fluid past a cylinder as shown in Fig. 4.25. The 
flow pattern upstream of the midsection is very similar to the pattern for an ideal fluid. 
However, in a viscous fluid the velocity at the surface is zero (no-slip condition), whereas 


Irrotational flow Separation point 





c _ 2 Po 
P? pvgl2 
dg Də Je. Cy = -1.2 
oo 
oe C,=+1 


(Stagnation point) 


Boundary layer Wake 
(a) (b) 
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Figure 4.26 





Smoke traces showing 
separation on an airfoil 
section at a large angle 
of attack. (Courtesy of 
Education Development 
Center, Inc. Newton, MA) 


Figure 4.27 





Flow pattern past a 
square rod illustrating 
separation at the edges. 





oe oo 
Sas ee 
9D 2 2 


a a 


with the flow of an inviscid fluid the surface velocity need not be zero. Because of viscous 
effects, a thin layer, called a boundary layer, forms next to the surface. The velocity 
changes from zero at the surface to the free-stream velocity across the boundary layer. 
Over the forward section of the cylinder, where the pressure gradient is favorable, the 
boundary layer is quite thin. 

Downstream of the midsection, the pressure gradient is adverse and the fluid parti- 
cles in the boundary layer, slowed by viscous effects, can only go so far and then are 
forced to detour away from the surface. This is called the separation point. A recirculatory 
flow called a wake develops behind the cylinder. The flow in the wake region is called 
separated flow. The pressure distribution on the cylinder surface in the wake region is 
nearly constant, as shown in Fig. 4.25b. The reduced pressure in the wake leads to in- 
creased drag. 

A photograph of an airfoil section with flow separation near the leading edge is shown 
in Fig. 4.26. This flow is visualized by introducing smoke upstream of the airfoil section. 
Separation on an airfoil surface leads to stall and loss of lift. 

Separation and the development of a wake region also occurs on blunt objects and 
cross sections with sharp edges, as shown in Fig. 4.27. In these situations, the flow cannot 
negotiate the turn at the sharp edges and separates from the body, generating eddies, a 
separated region, and wake flow. The vortices shed from the body can produce lateral os- 
cillatory forces than can induce vibrations and ultimately lead to structural failure, as evi- 
denced by the collapse of the Tacoma Narrows Bridge in 1940. The prediction and control 
of separation is a continuing challenge for engineers involved with the design of fluid 
systems. 
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Summary 


The streamline is a curve everywhere tangent to the local velocity vector. The configuration 
of streamlines in a flow field is called the flow pattern. The pathline is the line traced out by a 
particle. A streakline is the line produced by a dye introduced at a point in the field. 
Pathlines, streaklines, and streamlines are coincident in steady flow if they share a common 
point but differ in unsteady flows. 


In a uniform flow, the velocity does not change along a streamline. In a steady flow, the 
velocity does not change with time at any location. 
The tangential acceleration of a fluid element along a pathline is 


oV y? V 
a — a + =x 
‘Ot Os 
where the first term is the local acceleration and the second term is the convective accelera- 


tion. The acceleration normal to the pathline and toward the center of rotation is 


y? 
r 


a, = 


where r is the local radius of curvature of the pathline. 
Applying Newton’s second law to a fluid element in the flow of an incompressible, 
inviscid fluid results in Euler 5 equation, 


d 
ap? + yz) = pay 


where is an arbitrary direction. Integrating Euler’s equation in the radial direction for a ro- 
tating flow results in 


or 
pt+yz—p-> = 





Integrating Euler’s equation along a streamline in steady flow results in the Bernoulli equation, 


2 
p+yzt py =C 


in terms of pressure or 


2 
Pgz L= 


y 2g 
in terms of head where V is the speed of the fluid and C is a constant along a streamline. The 
value of C may vary from streamline to streamline. 

The rotation of a fluid element is defined as the average rotation of two initially perpen- 
dicular lines defining the sides of the element. If every fluid element in a flow does not ro- 
tate, the flow is irrotational and the value for C in the Bernoulli equation is the same for every 
streamline. 
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The vorticity vector is defined as 


w= (2h (229) (2 2H) 


and is equal to twice the fluid rotation vector. In an irrotational flow, the vorticity is zero. 

Separation occurs when streamlines move away from the surface of the body and create 
a local recirculation zone or wake. Typically the pressure in the recirculation zone assumes 
the value at the point of separation. 
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Problems 


Flow Descriptions 


4.1 PQ< Identify five examples of an unsteady flow and ex- 
plain what features classify them as an unsteady flow? 

4.2 PO You are pouring a heavy syrup on your pancakes. As 
the syrup spreads over the pancake, would the thin film of syrup 
be a laminar or turbulent flow? Explain. 





4.3 PQ< Breathe in and out of your mouth. Try to sense the air 
flow patterns near your face while doing this. Discuss the type 
of flow associated with these flow processes. If you were to 
blow out a candle, you would do it while exhaling (at least 
most people do). Why is it easier to do this by exhaling than by 
inhaling? 

4.4 Inthe system in the figure, the valve at C is gradually opened 
in such a way that a constant rate of increase in discharge is pro- 
duced. How would you classify the flow at B while the valve is be- 
ing opened? How would you classify the flow at A? 














PROBLEM 4.4 


4.5 Water flows in the passage shown. If the flow rate is de- 
creasing with time, the flow is classified as (a) steady, (b) un- 
steady, (c) uniform, or (d) nonuniform. 


aa 


ll 
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PROBLEM 4.5 


4.6 If a flow pattern has converging streamlines, how would 
you classify the flow? 

4.7 Consider flow in a straight conduit. The conduit is circular 
in cross section. Part of the conduit has a constant diameter, and 
part has a diameter that changes with distance. Then, relative to 
flow in that conduit, correctly match the items in column A with 
those in column B. 





A B 
Steady flow ƏV /ðs = 0 
Unsteady flow ƏV /ðs #0 
Uniform flow ƏV /ðt=0 
Nonuniform flow 9V /oðt #0 


4.8 Classify each of the following as a one-dimensional, two- 

dimensional, or three-dimensional flow. 

a. Water flow over the crest of a long spillway of a dam. 

b. Flow in a straight horizontal pipe. 

c. Flow in a constant-diameter pipeline that follows the contour 

of the ground in hilly country. 

Airflow from a slit in a plate at the end ofa large rectangular duct. 

Airflow past an automobile. 

Air flow past a house. 

. Water flow past a pipe that is laid normal to the flow across 
the bottom of a wide rectangular channel. 


mo ef 
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Pathlines, Streamlines and Streaklines 


4.9 PQ If somehow you could attach a light to a fluid particle 
and take a time exposure, would the image you photographed be 
a pathline or streakline? Explain from definition of each. 

4.10 PQ The pattern produced by smoke rising from a chim- 
ney on a windy day is analogous to a pathline or streakline? Ex- 
plain from the definition of each. 

4.11 At time ¢ = 0, dye was injected at point A in a flow field of 
a liquid. When the dye had been injected for 4 s, a pathline for a 
particle of dye that was emitted at the 4 s instant was started. 
The streakline at the end of 10 s is shown below. Assume that 
the speed (but not the velocity) of flow is the same throughout 
the 10 s period. Draw the pathline of the particle that was emit- 
ted at t= 4 s. Make your own assumptions for any missing 
information. 


Streakline 


A 
PROBLEM 4.11 


4.12 For a given hypothetical flow, the velocity from time ¢ = 0 
tot=5s was u=2 m/s, v= 0. Then, from time t=5s to 
t = 10s,the velocity was u=+3 m/s, v=-4m/s.A dye 
streak was started at a point in the flow field at time ¢ = 0, and 
the path of a particle in the fluid was also traced from that same 
point starting at the same time. Draw to scale the streakline, path- 
line of the particle, and streamlines at time ¢ = 10 s. 
4.13 At time ¢ = 0, a dye streak was started at point A in a flow 
field of liquid. The speed of the flow is constant over a 10 s pe- 
riod, but the flow direction is not necessarily constant. At any 
particular instant the velocity in the entire field of flow is the 
same. The streakline produced by the dye is shown above. Draw 
(and label) a streamline for the flow field at ¢ = 8 s. 

Draw (and label) a pathline that one would see at ¢ = 10 s fora 
particle of dye that was emitted from point A at t = 2 s. 


PROBLEM 4.13 
Acceleration 


4.14 PQ< Acceleration is the rate of change of velocity with 
time. Is the acceleration vector always aligned with the velocity 
vector? Explain. 


4.15 PO For a rotating body, is the acceleration toward the 
center of rotation a centripetal or centrifugal acceleration? Look 
up word meanings and word roots. 


4.16 Figure 4.24 on p. 110 shows the flow pattern for flow past a 
circular cylinder. Assume that the approach velocity at A is con- 
stant (does not vary with time). 

a. Is the flow past the cylinder steady or unsteady? 

b. Is this a case of one-dimensional, two-dimensional, or three- 
dimensional flow? 

c. Are there any regions of the flow where local acceleration is 
present? If so, show where they are and show vectors repre- 
senting the local acceleration in the regions where it occurs. 

d. Are there any regions of flow where convective acceleration 
is present? If so, show vectors representing the convective 
acceleration in the regions where it occurs. 

4.17 The velocity along a pathline is given by V (m/s) = st’? 
where s is in meters and ¢ is in seconds. The radius of curvature 
is 0.5 m. Evaluate the acceleration along and normal to the path 
ats = 2 mand ż = 0.5 seconds. 
4.18 Tests on a sphere are conducted in a wind tunnel at an air 
speed of Up. The velocity of flow toward the sphere along the 
longitudinal axis is found to be u = -Up (1 — ret x°), where ry 
is the radius of the sphere and x the distance from its center. De- 
termine the acceleration of an air particle on the x-axis upstream 
of the sphere in terms of x, rg, and Up. 





PROBLEM 4.18 


4.19 In this flow passage the velocity is varying with time. The 
velocity varies with time at section A-A as 


V= 5 m/s -2.55% m/s 
to 

At time ¢ = 0.50 s, it is known that at section 4-A the velocity 
gradient in the s direction is +2 m/s per meter. Given that tọ is 
0.5s and assuming quasi—one-dimensional flow, answer the fol- 
lowing questions for time ¢ = 0.5 s. 
a. What is the local acceleration at A-A? 
b. What is the convective acceleration at A-A? 
4.20 The nozzle in the figure is shaped such that the velocity of 
flow varies linearly from the base of the nozzle to its tip. As- 
suming quasi—one-dimensional flow, what is the convective ac- 
celeration midway between the base and the tip if the velocity is 
1 ft/s at the base and 4 ft/s at the tip? Nozzle length is 18 
inches. 
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A Diameter = 50 cm 


— sS 


-_ 


A 
PROBLEM 4.19 


| 


E 


PROBLEMS 4.20, 4.21 


4.21 In Prob. 4.20 the velocity varies linearly with time through- 
out the nozzle. The velocity at the base is 1z (ft/s) and at the tip 
is 4t (ft/s). What is the local acceleration midway along the 
nozzle when ¢ = 2 s? 

4.22 Liquid flows through this two-dimensional slot with a ve- 
locity of V = 2(q/ b)(t/ tọ), where qo and fp are reference val- 
ues. What will be the local acceleration at x = 2B and y = 0 in 
terms of B, t, tọ, and qq? 


sy pe a 
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PROBLEMS 4.22, 4.23 
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4.23 What will be the convective acceleration for the conditions 
of Prob. 4.22? 


4.24 The velocity of water flow in the nozzle shown is given by 
the following expression: 
V = 2t/(1 -0.5x/ L), 

where V = velocity in feet per second, f = time inseconds,x = dis- 
tance along the nozzle, and L = length of nozzle = 4 ft. When 
x = 0.5L and t = 3 s, what is the local acceleration along the cen- 
terline? What is the convective acceleration? Assume quasi— 
one-dimensional flow prevails. 


O o 


r 


1 ft diameter 


Water 


PROBLEM 4.24 


Euler’s Equation 


4.25 PQ< State Newton’s second law of motion as used in dy- 
namics. Are there any limitations on the use of Newton’s second 
law? Explain. 


4.26 PQ< What is the difference between a force due to weight 
and a force due to pressure? Explain. 

4.27 A pipe slopes upward in the direction of liquid flow at an 
angle of 30° with the horizontal. What is the pressure gradient 
in the flow direction along the pipe in terms of the specific 
weight of the liquid if the liquid is decelerating (accelerating op- 
posite to flow direction) at a rate of 0.3g? 

4.28 What pressure gradient is required to accelerate kerosene 
(S = 0.81) vertically upward in a vertical pipe at a rate of 0.3 g? 
4.29 The hypothetical liquid in the tube shown in the figure has 
zero viscosity and a specific weight of 10 kN/m’. If Pp-Pais 
equal to 12 kPa, one can conclude that the liquid in the tube 
is being accelerated (a) upward, (b) downward, or (c) neither: 
acceleration = 0. 


[Vertical 
A i 
lm 
A | 4 
PROBLEM 4.29 


4.30 If the piston and water (p = 62.4 lbm/ fi) are accelerated 
upward at a rate of 0.5g, what will be the pressure at a depth of 
2 ft in the water column? 


1 ft 


T 


3 ft 


1 
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PROBLEM 4.30 


4.31 Water (p = 62.4 Ibm/ ft’) stands at a depth of 10 ft in a ver- 
tical pipe that is open at the top and closed at the bottom by a 
piston. What upward acceleration of the piston is necessary to 
create a pressure of 8 psig immediately above the piston? 

4.32 What pressure gradient is required to accelerate water 
(p = 1000 kg/m’) in a horizontal pipe at a rate of 6 m/s”? 
4.33 Water (p = 1000 kg/m’) is accelerated from rest in a 
horizontal pipe that is 100 m long and 30 cm in diameter. If the 
acceleration rate (toward the downstream end) is 5 m/ s?, what 
is the pressure at the upstream end if the pressure at the down- 
stream end is 90 kPa gage? 

4.34 Water (p = 62.4 lbm/ ft’) stands at a depth of 10 ft in a ver- 
tical pipe that is closed at the bottom by a piston. Assuming that 
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the vapor pressure is zero (abs), determine the maximum down- 
ward acceleration that can be given to the piston without causing 
the water immediately above it to vaporize. 

4.35 A liquid with a specific weight of 100 Ibf/ ft’ is in the con- 
duit. This is a special kind of liquid that has zero viscosity. The 
pressures at points A and B are 170 psf and 100 psf, respec- 
tively. Which one (or more) of the following conclusions can 
one draw with certainty? (a) The velocity is in the positive € di- 
rection. (b) The velocity is in the negative € direction. (c) The 
acceleration is in the positive € direction. (d) The acceleration is 
in the negative € direction. 


Vertical] 


Horizontal 





PROBLEM 4.35 
4.36 If the velocity varies linearly with distance through this wa- 
ter nozzle, what is the pressure gradient, dp / dx, halfway through 
the nozzle? (p = 62.4 lbm/ft°). 


30 ft/s 


|< 1ft -| 


PROBLEM 4.36 





4.37 The closed tank shown, which is full of liquid, is acceler- 
ated downward at 1.5g and to the right at 0.9g. Here L = 3 ft, 
H = 4 ft, and the specific gravity of the liquid is 1.2. Determine 
Pc-paand pg-p4- 

4.38 The closed tank shown, which is full of liquid, is acceler- 
ated downward at z g and to the right at lg. Here L = 2.5 m, 
H = 3 m,and the liquid has a specific gravity of 1.3. Determine 


Po~Paand pg-p4. 








E.. 


PROBLEMS 4.37, 4.38 


Pressure Distribution in Rotating Flows 


4.39 PQ< Take a spoon and stir a cup of liquid. Report on the 
contour of the surface. Provide an explanation for the observed 
shape. 

4.40 PQ< A cyclonic separator is a device for separating solid 
particles from a gas stream by inducing a spin in the gas stream. 
Explain the mechanism by which the particles are separated 
from the gas. 

4.41 This closed tank, which is 4 ft in diameter, is filled with 
water (p = 62.4 lbm/ ft’) and is spun around its vertical cent- 
roidal axis at a rate of 10 rad/s. An open piezometer is con- 
nected to the tank as shown so that it is also rotating with the 
tank. For these conditions, what is the pressure at the center of 
the bottom of the tank? 















6 in 
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PROBLEM 4.41 


4.42 A tank of liquid (S = 0.80) that is 1 ft in diameter and 1.0 ft 
high (h = 1.0 ft) is rigidly fixed (as shown) to a rotating arm hav- 
ing a 2 ft radius. The arm rotates such that the speed at point A is 
20 ft/s. If the pressure at A is 25 psf, what is the pressure at B? 
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PROBLEM 4.42 


4.43 Separators are used to separate liquids of different densi- 
ties, such as cream from skim milk, by rotating the mixture at 
high speeds. In a cream separator the skim milk goes to the out- 
side while the cream migrates toward the middle. A factor of 
merit for the centrifuge is the centrifugal acceleration force 
(RCF), which is the radial acceleration divided by the accelera- 
tion due to gravity. A cream separator can operate at 9000 rpm 
(rev/min). If the bowl of the separator is 20 cm in diameter, 
what is the centripetal acceleration if the liquid rotates as a solid 
body and what is the RCF? 
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4.44 A closed tank of liquid (S = 1.2) is rotated about a vertical 
axis (see the figure), and at the same time the entire tank is ac- 
celerated upward at 4 m/ s*. If the rate of rotation is 10 rad/ S, 
what is the difference in pressure between points Æ and B 
(Pg — p4)? Point B is at the bottom of the tank at a radius of 0.5 m 
from the axis of rotation, and point A is at the top on the axis of 
rotation. 





B 
PROBLEM 4.44 


4.45 A U-tube is rotated about one leg, as shown. Before being 
rotated the liquid in the tube fills 0.25 m of each leg. The length 
of the base of the U-tube is 0.5 m, and each leg is 0.5 m long. 
What would be the maximum rotation rate (in rad/s) to ensure 
that no liquid is expelled from the outer leg? 


; 


0.5m | 
































0.5 m——> 


PROBLEM 4.45 


4.46 An arm with a stagnation tube on the end is rotated at 100 
rad/s in a horizontal plane 10 cm below a liquid surface as 
shown. The arm is 20 cm long, and the tube at the center of rota- 
tion extends above the liquid surface. The liquid in the tube is 
the same as that in the tank and has a specific weight of 10,000 
N/m’. Find the location of the liquid surface in the central 
tube. 


Open to ai 
y pen to air 


Open to air 








@ = 100 rad/s 





Elevation view 


PROBLEM 4.46 


Plan view 


4.47 A U-tube is rotated at 50 rev/min about one leg. The fluid at 
the bottom of the U-tube has a specific gravity of 3.0. The distance 
between the two legs of the U-tube is 1 ft. A 6 in. height of another 
fluid is in the outer leg of the U-tube. Both legs are open to the at- 
mosphere. Calculate the specific gravity of the other fluid. 


<1 ft — 


Vertical 





> 50 rpm 


PROBLEM 4.47 





4.48 A manometer is rotated around one leg, as shown. The differ- 
ence in elevation between the liquid surfaces in the legs is 20 cm. 
The radius of the rotating arm is 10 cm. The liquid in the ma- 
nometer is oil with a specific gravity of 0.8. Find the number of 
g’s of acceleration in the leg with greatest amount of oil. 


ct 1S 


20 cm 











— 10 cm —| 
PROBLEM 4.48 


4.49 A fuel tank for a rocket in space under a zero-g environ- 
ment is rotated to keep the fuel in one end of the tank. The sys- 
tem is rotated at 3 rev/min. The end of the tank (point A) is 1.5 m 
from the axis of rotation, and the fuel level is 1 m from the rota- 
tion axis. The pressure in the nonliquid end of the tank is 0.1 kPa, 
and the density of the fuel is 800 kg /m?. What is the pressure at 
the exit (point 4)? 
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PROBLEM 4.49 
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4.50 Water stands in these tubes as shown when no rotation oc- 
curs. Derive a formula for the angular speed at which water will 
just begin to spill out of the small tube when the entire system is 
rotated about axis A-A. 
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PROBLEM 4.50 


4.51 Water (p = 1000 kg/m’) fills a slender tube 1 cm in di- 
ameter, 40 cm long, and closed at one end. When the tube is ro- 
tated in the horizontal plane about its open end at a constant 
speed of 50 rad/s, what force is exerted on the closed end? 
4.52 Water (p = 1000 kg/ m°) stands in the closed-end U-tube 
as shown when there is no rotation. If € = 10 cm and if the en- 
tire system is rotated about axis A-A, at what angular speed will 
water just begin to spill out of the open tube? Assume that the 
temperature for the system is the same before and after rotation 
and that the pressure in the closed end is initially atmospheric. 
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PROBLEM 4.52 


4.53 A simple centrifugal pump consists of a 10 cm disk with 
radial ports as shown. Water is pumped from a reservoir through 
a central tube on the axis. The wheel spins at 3000 rev/min, 
and the liquid discharges to atmospheric pressure. To establish 
the maximum height for operation of the pump, assume that the 
flow rate is zero and the pressure at the pump intake is atmo- 
spheric pressure. Calculate the maximum operational height z 
for the pump. 

4.54 A closed cylindrical tank of water (p = 1000 kg/m’) is 
rotated about its horizontal axis as shown. The water inside the 
tank rotates with the tank (V = rœ). Derive an equation for 


dp/ dz along a vertical-radial line through the center of rotation. 
What is dp/dz along this line for z = -1 m, z = 0,and z= 
+1 m when w = 5 rad/s? Here z = 0 at the axis. 
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PROBLEM 4.53 
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PROBLEMS 4.54, 4.55, 4.56 


4.55 For the conditions of Prob. 4.54, derive an equation for the 
maximum pressure difference in the tank as a function of the 
significant variables. 

4.56 The tank shown is 4 ft in diameter and 12 ft long and is closed 
and filled with water (p = 62.4 Ilbm/ ft’). It is rotated about its 
horizontal-centroidal axis, and the water in the tank rotates with 
the tank (V = rw). The maximum velocity is 25 ft/s. What is the 
maximum difference in pressure in the tank? Where is the point 
of minimum pressure? 


The Bernoulli Equation Along a Streamline 


4.57 PQ Often, in high winds, a roof will be lifted from a house. 
Applying the Bernoulli equation, explain how this might happen. 
4.58 PQ Describe in your own words how an aspirator works. 
4.59 A water jet issues vertically from a nozzle, as shown. The 
water velocity as it exits the nozzle is 20 ft/s. Calculate how 
high A the jet will rise. (Hint: Apply the Bernoulli equation 
along the centerline.) 








PROBLEM 4.59 
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4.60 A pressure of 10 kPa, gage, is applied to the surface of wa- 
ter in an enclosed tank. The distance from the water surface to 
the outlet is 0.5 m. The temperature of the water is 20°C. Find 
the velocity (m/s) of water at the outlet. The speed of the water 
surface is much less than the water speed at the outlet. 





10 kPa gage 





0.5m 











PROBLEM 4.60 


4.61 Water flows through a vertical contraction (venturi) sec- 
tion. Piezometers are attached to the upstream pipe and mini- 
mum area section as shown. The velocity in the pipe is 10 ft/s. 
The difference in elevation between the two water levels in the 
piezometers is 6 inches. The water temperature is 68°F. What is 
the velocity (ft/s) at the minimum area? 


A: 











10 ft/s 
PROBLEM 4.61 


4.62 Kerosene at 20°C flows through a contraction section as 
shown. A pressure gage connected between the upstream pipe 
and throat section shows a pressure difference of 20 kPa. The 
gasoline velocity in the throat section is 10 m/s. What is the ve- 
locity (m/s) in the upstream pipe? 





—— 10 ms 






Kerosene at 20° C 


PROBLEM 4.62 


4.63 A Pitot-static tube is mounted on an airplane to measure 
airspeed. At an altitude of 10,000 ft, where the temperature is 
23°F and the pressure is 10 psia, a pressure difference corre- 
sponding to 10 in of water is measured. What is the airspeed? 
4.64 A glass tube is inserted into a flowing stream of water with 
one opening directed upstream and the other end vertical. If the 
water velocity is 4 m/s, how high will the water rise in the ver- 
tical leg relative to the level of the water surface of the stream? 





Water 


PROBLEM 4.64 


4.65 A Bourdon-tube gage is tapped into the center of a disk as 
shown. Then for a disk that is about 1 ft in diameter and for an 
approach velocity of air (Vp) of 40 ft/s, the gage would read a 
pressure intensity that is (a), less than p Vi/ 2,(b) equal to 
p Vi/ 2, or (c) greater than p eo 2. 


a ee: 
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PROBLEM 4.65 


4.66 An air-water manometer is connected to a Pitot-static tube 
used to measure air velocity. If the manometer deflects 2 in., 
what is the velocity? Assume T = 60°F and p = 15 psia. 

4.67 The flow-metering device shown consists of a stagnation 
probe at station 2 and a static pressure tap at station 1. The velocity 
at station 2 is twice that at station 1. Air with a density of 1.2 
kg/m’ flows through the duct. A water manometer is connected be- 
tween the stagnation probe and the pressure tap, and a deflection of 
10 cm is measured. What is the velocity at station 2? 


4.68 The “spherical” Pitot probe shown is used to measure the 
flow velocity in water (p = 1000 kg/m’). Pressure taps are lo- 
cated at the forward stagnation point and at 90° from the for- 
ward stagnation point. The speed of fluid next to the surface of the 
sphere varies as 1.5) sin®, where Vj is the free-stream velocity 
and ð is measured from the forward stagnation point. The pres- 
sure taps are at the same level; that is, they are in the same hori- 
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zontal plane. The piezometric pressure difference between the 
two taps is 2 kPa. What is the free-stream velocity Vy? 


| Vertical 
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PROBLEM 4.67 
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PROBLEM 4.68 


4.69 A device used to measure the velocity of fluid in a pipe con- 
sists of a cylinder, with a diameter much smaller than the pipe di- 
ameter, mounted in the pipe with pressure taps at the forward 
stagnation point and at the rearward side of the cylinder. Data 
show that the pressure coefficient at the rearward pressure tap is 
~0.3. Water with a density of 1000 kg/m? flows in the pipe. A 
pressure gage connected by lines to the pressure taps shows a 
pressure difference of 500 Pa. What is the velocity in the pipe? 


Pressure taps 





Vo 
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PROBLEM 4.69 





4.70 Explain how you might design a spherical Pitot-static 
probe to provide the direction and velocity of a flowing stream. 
The Pitot-static probe will be mounted on a sting that can be ori- 
ented in any direction. 

4.71 Two Pitot-static tubes are shown. The one on the top is used 
to measure the velocity of air, and it is connected to an air-water 
manometer as shown. The one on the bottom is used to measure 
the velocity of water, and it too is connected to an air-water ma- 
nometer as shown. If the deflection A is the same for both ma- 
nometers, then one can conclude that (a) V, = Vp, (b) Vz > Vp 
or (c) Vy < Vy 
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PROBLEM 4.71 


4.72 A Pitot-static tube is used to measure the velocity at the 
center of a 12 in. pipe. If kerosene at 68°F is flowing and the de- 
flection on a mercury-kerosene manometer connected to the Pitot 
tube is 4 in., what is the velocity? 

4.73 A Pitot-static tube used to measure air velocity is con- 
nected to a differential pressure gage. If the air temperature is 
20°C at standard atmospheric pressure at sea level, and if the dif- 
ferential gage reads a pressure difference of 3 kPa, what is the 
air velocity? 

4.74A Pitot-static tube used to measure air velocity is con- 
nected to a differential pressure gage. If the air temperature is 
60°F at standard atmospheric pressure at sea level, and if the 
differential gage reads a pressure difference of 11 psf, what is 
the air velocity? 

4.75 A Pitot-static tube is used to measure the gas velocity in a 
duct. A pressure transducer connected to the Pitot tube registers 
a pressure difference of 1.0 psi. The density of the gas in the 
duct is 0.12 Ibm/ ft. What is the gas velocity in the duct? 
4.76 A sphere moves horizontally through still water at a speed 
of 11 ft/s. A short distance directly ahead of the sphere (call it 
point A), the velocity, with respect to the earth, induced by the 
sphere is 1 ft/s in the same direction as the motion of the 
sphere. If pọ is the pressure in the undisturbed water at the same 
depth as the center of the sphere, then the value of the ratio 
P4/Po Will be (a) less than unity, (b) equal to unity, or (c) 
greater than unity. 

4.77 Body A travels through water at a constant speed of 13 m/s 
as shown. Velocities at points B and C are induced by the 
moving body and are observed to have magnitudes of 5 m/s 
and 3 m/s, respectively. What is pg- pc? 

4.78 Water in a flume is shown for two conditions. If the depth d 
is the same for each case, will gage A read greater or less than 
gage B? Explain. 
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PROBLEM 4.77 
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Pressure gage B 


(b) 
PROBLEM 4.78 


4.79 The apparatus shown in the figure is used to measure the 
velocity of air at the center of a duct having a 10 cm diameter. A 
tube mounted at the center of the duct has a 2 mm diameter and 
is attached to one leg of a slant-tube manometer. A pressure tap 
in the wall of the duct is connected to the other end of the slant- 
tube manometer. The well of the slant-tube manometer is suffi- 
ciently large that the elevation of the fluid in it does not change 
significantly when fluid moves up the leg of the manometer. 
The air in the duct is at a temperature of 20°C, and the pressure 
is 150 kPa. The manometer liquid has a specific gravity of 0.7, and 
the slope of the leg is 30°. When there is no flow in the duct, the liq- 
uid surface in the manometer lies at 2.3 cm on the slanted scale. 
When there is flow in the duct, the liquid moves up to 6.7 cm on 
the slanted scale. Find the velocity of the air in the duct. Assum- 
ing a uniform velocity profile in the duct, calculate the rate of 
flow of the air. 

4.80 A rugged instrument used frequently for monitoring gas 
velocity in smoke stacks consists of two open tubes oriented to 
the flow direction as shown and connected to a manometer. The 
pressure coefficient is 1.0 at A and —0.3 at B. Assume that water, 
at 20°C, is used in the manometer and that a 5 mm deflection 
is noted. The pressure and temperature of the stack gases are 


101 kPa and 250°C. The gas constant of the stack gases is 
200 J/kg K. Determine the velocity of the stack gases. 











PROBLEM 4.79 
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PROBLEM 4.80 


4.81 The pressure in the wake of a bluff body is approximately 
equal to the pressure at the point of separation. The velocity dis- 
tribution for flow over a sphere is V = 1.5 Vp sin 0, where Vo is 
the free-stream velocity and @ is the angle measured from the 
forward stagnation point. The flow separates at @ = 120°. If the 
free-stream velocity is 100 m/s and the fluid is air (p = 1.2 
kg/m*), find the pressure coefficient in the separated region 
next to the sphere. Also, what is the gage pressure in this region 
if the free-stream pressure is atmospheric? 

4.82 A Pitot-static tube is used to measure the airspeed of an air- 
plane. The Pitot tube is connected to a pressure-sensing device 
calibrated to indicate the correct airspeed when the temperature 
is 17°C and the pressure is 101 kPa. The airplane flies at an alti- 
tude of 3000 m, where the pressure and temperature are 70 kPa 
and — 6.3°C. The indicated airspeed is 70 m/s. What is the true 
airspeed? 

4.83 An aircraft flying at 10,000 feet uses a Pitot-static tube to 
measure speed. The instrumentation on the aircraft provides the 
differential pressure as well as the local static pressure and the lo- 
cal temperature. The local static pressure is 9.8 psig, and the air 
temperature is 25°F. The differential pressure is 0.5 psid. Find the 
speed of the aircraft in mph. 

4.84 You need to measure air flow velocity. You order a com- 
mercially available Pitot-static tube, and the accompanying in- 
structions state that the airflow velocity is given by 


h 
V (ft/min) = 1096.7 |” 


where h, is the “velocity pressure” in inches of water and d is 
the density in pounds per cubic foot. The velocity pressure is the 
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deflection measured on a water manometer attached to the static 
and total pressure ports. The instructions also state the density d 
can be calculated using 


P 
d (Ibm/ft’) = 1325-4 


where P, is the barometric pressure in inches of mercury and T 
is the absolute temperature in degrees Rankine. Before you use 
the Pitot tube you want to confirm that the equations are correct. 
Determine if they are correct. 


4.85 Consider the flow of water over the surfaces shown. For 
each case the depth of water at section D-D is the same (1 ft), 
and the mean velocity is the same and equal to 10 ft/s. Which 
of the following statements are valid? 


a Po > Pp > Pa 
b. Pg > Pc > Pa 
c. P4a=-PaR-Pc 

d. Pg < Pc < Pa 


e. Py < Pg < Pc 





PROBLEM 4.85 


Rotation of Fluid Elements 


4.86 PQ< What is meant by rotation of a fluid element? Use a 
sketch to explain. 





4.87 PQ< Consider a spherical fluid element in an inviscid 
fluid (no shear stresses). If pressure and gravitational forces are 
the only forces acting on the element, can they cause the ele- 
ment to rotate? Explain. 


4.88 The vector V = 10xi- 10yj represents a two-dimensional 
velocity field. Is the flow irrotational? 


4.89 The u and v velocity components of a flow field are given 
by u = —wy and v = wx. Determine the vorticity and the rate of 
rotation of flow field. 


4.90 The velocity components for a two-dimensional flow are 
ee See 
(y+x) 


Toa 
(x +y) 
where C is a constant. Is the flow irrotational? 


u= 


4.91 A two-dimensional flow field is defined by u = x? — y and 
v = —2xy. Is the flow rotational or irrotational? 


4.92 Fluid flows between two parallel stationary plates. The dis- 
tance between the plates is 1 cm. The velocity profile between 
the two plates is a parabola with a maximum velocity at the cen- 
terline of 2 cm/s. The velocity is given by 


u=2(1- 4y’) 
where y is measured from the centerline. The cross-flow compo- 
nent of velocity, v, is zero. There is a reference line located 1 cm 
downstream. Find an expression, as a function of y, for the 
amount of rotation (in radian) a fluid element will undergo 
when it travels a distance of 1 cm downstream. 


4.93 A combination of a forced and a free vortex is represented 
by the velocity distribution 


Vg = Hi - exp(-r’)] 


For r —> 0 the velocity approaches a rigid body rotation, and 
as r becomes large, a free-vortex velocity distribution is ap- 
proached. Find the amount of rotation (in radians) that a fluid 
element will experience in completing one circuit around the 
center as a function of r. Hint: The rotation rate in a flow with 


concentric streamlines is given by 
» dw v ld 

20 = e + 2 ia 

dr r -rdr 


Evaluate the rotation for r = 0.5, 1.0, and 1.5. 


(Ver) 


The Bernoulli Equation in Irrotational Flow 


4.94 Liquid flows with a free surface around a bend. The liquid 
is inviscid and incompressible, and the flow is steady and irrota- 
tional. The velocity varies with the radius across the flow as 
V = 1/r m/s, where r is in meters. Find the difference in depth 
of the liquid from the inside to the outside radius. The inside ra- 
dius of the bend is 1 m and the outside radius is 3 m. 

4.95 The velocity in the outlet pipe from this reservoir is 16 ft/s 
and h = 15 ft. Because of the rounded entrance to the pipe, the 
flow is assumed to be irrotational. Under these conditions, what 
is the pressure at A? 


Water | 
h 














PROBLEMS 4.95. 4.96 


4.96 The velocity in the outlet pipe from this reservoir is 6 m/s 
and h = 15 m. Because of the rounded entrance to the pipe, the 
flow is assumed to be irrotational. Under these conditions, what 
is the pressure at A? 
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4.97 The maximum velocity of the flow past a circular cylinder, 
as shown, is twice the approach velocity. What is Ap between 
the point of highest pressure and the point of lowest pressure in 
a 40 m/s wind? Assume irrotational flow and standard atmo- 
spheric conditions. 


Vo 
= 
Vo = 40 m/s 
— 
PROBLEM 4.97 


4.98 The velocity and pressure are given at two points in the 
flow field. Assume that the two points lie in a horizontal plane 
and that the fluid density is uniform in the flow field and is 
equal to 1000 kg/m. Assume steady flow. Then, given these 
data, determine which of the following statements is true. (a) The 
flow in the contraction is nonuniform and irrotational. (b) The 
flow in the contraction is uniform and irrotational. (c) The flow 
in the contraction is nonuniform and rotational. (d) The flow in 
the contraction is uniform and rotational. 





PROBLEM 4.98 


4.99 Water (p = 62.4 lbm/ f°) flows from the large orifice at the 
bottom of the tank as shown. Assume that the flow is irrotational. 
Point B is at zero elevation, and point A is at 1 ft elevation. If 
V, = 8ft/s at an angle of 45° with the horizontal and if Vz = 
20 ft/s vertically downward, what is the value of p4 — pg? 





| Vertical 














PROBLEM 4.99 


4.100 Ideal flow theory will yield a flow pattern past an airfoil 
similar to that shown. If the approach air velocity Vp is 80 m/s, 
what is the pressure difference between the bottom and the top 


of this airfoil at points where the velocities are V} = 85m/s and 
V, = 75m/s? Assume p,;, is uniform at 1.2 kg/m’, 


Vi 


Vo 








\ 


Vo 
PROBLEM 4.100 


4.101 Consider the flow of water between two parallel plates in 
which one plate is fixed as shown. The distance between the 
plates is A, and the speed of the moving plate is V. A person 
wishes to calculate the pressure difference between the plates 
and applies the Bernoulli equation between points | and 2, 


2 2 
V y: 
atA szt 
y 2g y 2g 
and concludes that 

V5 
P\~P2 = Y(42-21) + P> 

y 

= h — 

Y PS 


Is this correct? Provide the reason for your answer. 








PROBLEM 4.101 


Cyclonic Storms 


4.102 During the fall of 2005, Hurricane Wilma passed through 
the Gulf of Mexico. When the storm was classified as a cate- 
gory 5 hurricane, the pressure at the center of the hurricane was 
measured at 902 mbars. The highest wind velocity was 175 
mph. Assuming the pressure far from the center of the hurricane 
was 1 bar and the air density was 1.2 kg/m’, estimate the pres- 
sure at the center of the hurricane. Comment on the difference in 
your prediction and the measured value and provide some ratio- 
nale for the discrepancy. 

4.103On June 24, 2003, a violent tornado occurred near 
Manchester, ND. A pressure drop of 100 mbar was recorded in 
the tornado. Assume an air density of 1.2 kg/m? and estimate 
the maximum velocity. 

4.104 A whirlpool is modeled as the combination of a free and a 
forced vortex. The maximum velocity in the whirlpool is 10 m/s, 
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and the radius at the juncture of the free and the forced vortex is 
10 m. The pressure is atmospheric (gage pressure = 0) at the free 
surface. Plot the shape of the water surface from the center to a ra- 
dius of 50 m. The elevation is zero for the vortex center, where the 
velocity is zero. 

4.105 The intensity of a tornado is measured by the Fujita Tor- 
nado Intensity Scale (F-scale). An intense tornado with an F- 
scale reading of 4 has a maximum wind velocity of 350 km/hr. 
The tornado is modeled as a combination of a free and a forced 
vortex, and the radius of the forced vortex is 50 m. The atmo- 
spheric pressure is 100 kPa. Plot the variation of pressure with 
radius from the center. There is no elevation change. 

4.106 A weather balloon is caught in a tornado modeled as a 
combination free-forced vortex. Will it move toward the center 
or away from the center? Think carefully about pressure gradi- 
ents and buoyancy. Provide a rationale for your answer. 

4.107 The pressure distribution in a tornado is predicted using 
the Bernoulli equation, which is based on a constant density. 
However, the density will decrease as the pressure decreases in 
the tornado. Does the Bernoulli equation overpredict or under- 
predict the pressure drop in the tornado? Explain. 


Separation 


4.108 The velocity distribution over the surface of a sphere up- 
stream of the separation point is ua = 1.5Usin®@, where U is the 
free stream velocity and @ is the angle measured from the for- 
ward stagnation point. A pressure of —2.5 in H,O gage is mea- 
sured at the point of separation on a sphere in a 100 ft/s airflow 
with a density of 0.07 Ibm/ ft. The pressure far upstream of the 
sphere in atmospheric. Estimate the location of the stagnation 
point (0). Separation occurs on the windward side of the sphere. 
4.109 Knowing the speed at point 1 of a fluid upstream of a 
sphere and the average speed at point 2 in the wake of in the 
sphere, can one use the Bernoulli equation to find the pressure 
difference between the two points? Provide the rationale for 
your decision. 


PROBLEM 4.109 


General 


4.110 Euler’s equations for a planar (two-dimensional) flow in 
the xy-plane are 


u du OH 30h x = direction 
d oy ox 
u ov +v By ag Oh = direction 
a oy Egy * 
a. The slope of a streamline is given by 
dy -y 
dx u 


Using this relation in Euler’s equation, show that 

2 2 

(ee + n) =0 

2g 

or 
2 
(£ + n) =0 
2g 


which means that V7/ 2g + his constant along a streamline. 
b. For an irrotational flow, 


ou _ ov 


dy ox 


Substituting this equation into Euler’s equation, show that 


(Ea) =0 


which means that V7/ 2g + his constant in all directions. 
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H A P T E R 


Control Volume Approach 
and Continuity Equation 


SIGNIFICANT LEARNING OUTCOMES 
Conceptual Knowledge 


Explain the key difference between the Lagrangian and Eulerian descriptions of a flow field. 
Explain the meaning of volume flow rate and mass flow rate. 

Explain what is meant by a system, control volume and control surface. 

State the purpose of the Reynolds transport theorem. 

Outline the steps in the derivation of the continuity equation. 


e Describe the idea underlying cavitation. 


Procedural Knowledge 
e Calculate the volume flow rate (discharge) and the mass flow rate. 
e Apply the continuity equation to draining tanks and reservoirs. 
e Apply continuity equation to velocity changes in variable-area ducts. 


Applications (Typical) 
e For flow through a venturimeter, relate pressure, velocity, and flow rate. 
e For a tank or reservoir, estimate draining time. 
e Fora small leak in a pressurized chamber, estimate depressurization time. 
e Predict the onset of cavitation. 


The engineer can find flow properties (pressure and velocity) in a flow field in one of two 
ways. One approach is to generate a series of pathlines or streamlines through the field and 
determine flow properties at any point along the lines by applying Euler’s equation or the 
Bernoulli equation developed in Chapter 4. This is called the Lagrangian approach. The other 
way is to solve a set of equations for flow properties at any point in the flow field. This is 
called the Eulerian approach. Both approaches are discussed in this chapter. The foundational 
concepts for the Eulerian approach, or control volume approach, are developed and applied 
to the conservation of mass. This leads to the continuity equation, a fundamental and widely 
used equation in fluid mechanics. 


Lagrangian and Eulerian Approach 

Engineers are often concerned about evaluating the pressure and velocities at arbitrary loca- 
tions in a flow field. They may need to find the local velocity around a bridge pier to assess 
the possibility of erosion. Or they may need to evaluate the lowest pressure points in a flow 
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Figure 5.1 





The Lagrangian and 
Eulerian approaches for 
quantifying the flow field 
in sudden contraction. 





Lagrangian approach Eulerian approach 

field to determine whether local boiling (cavitation) may occur. In the design of lifting sur- 
faces, such as airfoils or hydrofoils, they may be interested in the pressure gradient to predict 
the onset of separation. It is essential to have some scheme to find flow properties at a point 
in a flow field. The Lagrangian and Eulerian descriptions of the flow field represent two dif- 
ferent ways to obtain this information. 

The flow into a sudden contraction, shown in Fig. 5.1, can be used to illustrate the dif- 
ference between the Lagrangian and Eulerian approach to quantify flow properties in a flow 
field. It is desired to evaluate the pressure at point B. The pressure and velocity are known at 
the inlet. One approach is to locate the pathline that starts at the inlet, point A, and passes 
through point B as shown in Fig. 5.1. As the fluid particle moves along this pathline, the pres- 
sure changes with velocity according to Euler’s equation.* Integrating Euler’s equation from 
A to B would yield the pressure at point B. If the flow is steady, the Bernoulli equation could 
be used between the two points. This is called the Lagrangian approach. Obviously, it is an 
enormous task to keep track of all the pathlines required to evaluate the flow properties at a 
given point in the flow field. The problem is further compounded for unsteady flows where 
different pathlines will pass through the same point at different times. 

The other way to describe the flow is to develop a solution to the flow field that pro- 
vides the flow properties at any point. Thus if the pressure were available as a function of lo- 
cation, p(x,y), then the pressure at point B in Fig. 5.1 would simply be obtained by 
substituting in the values of the coordinates at that point. Solving the fluid flow equations to 
yield the flow properties at any point in the field is known as the Eulerian approach. 

In order to use the Eulerian approach, the basic equations must be recast in Eulerian 
form. In solid body mechanics, the fundamental equations are developed using the “free 
body” concept in which an element in the field is isolated and the effect of the surroundings 
is replaced by forces acting on the surface of element. An analogous approach is used in fluid 
mechanics as shown in Fig. 5.2. The volume enclosing a point is identified as a “control vol- 
ume.” The effects of the surroundings are replaced by forces due to pressure and shear stress 
acting on the surface of the control volume. In addition to the forces like those applied to the 
“free body,” there is a flow through the control volume that has to be taken into account. Be- 
cause of the use of a control volume, the Eulerian approach is often called the control volume 
approach. 

The basic equations, such as Newton’s second law and the energy equation, are applica- 
ble for a body of given mass, or a fluid particle, moving in the field; in other words, they are 
in Lagrangian form. This chapter introduces a procedure for converting the Lagrangian form 
to the Eulerian form so they can be applied to a control volume. In the limit as the control 
volume approaches zero volume, the Eulerian forms of the differential equations are derived. 
The solution of these equations provides the Eulerian description of the flow field. 


* If viscous effects were important, Euler’s equation would have to be extended to include such effects. 
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Figure 5.2 





A control volume in a 


flow field. 


—Q— 


Rate of Flow 








The Eulerian form of the equations also provides the basic equations for numerical so- 
lutions of the flow field, commonly known as CFD (computational fluid dynamics). The 
equations are written as a set of algebraic equations that are solved by various numerical 
schemes and provide flow properties at discrete points in the field. CFD is used extensively 
for industrial design. 


In order to develop the Eulerian, or control volume approach, there is a need to be able to 
calculate the flow rates through a control volume. Also, the capability to calculate flow rates 
is important in analyzing water supply systems, natural gas distribution networks, and river 
flows. The equations for calculating flow rates are developed in this section. 


Discharge 

The discharge, Q, often called the volume flow rate, is the volume of fluid that passes 
through an area per unit time. For example, when filling the gas tank of an automobile, the 
discharge or volume flow rate would be the gallons per minute flowing through the nozzle. 
Typical units for discharge are ft?/s (cfs), ft/min (cfm), gpm, m?/s, and L/s. 

The discharge or volume flow rate in a pipe is related to the flow velocity and cross- 
sectional area. Consider the idealized flow of fluid in a pipe as shown in Fig. 5.3 in which the 
velocity is constant across the pipe section. Suppose a marker is injected over the cross sec- 
tion at section A-A for a period of time Aż. The fluid that passes A-A in time Aż is represented 
by the marked volume. The length of the marked volume is VAt so the volume is 
A¥ = AVAt, where A is the cross-sectional area of the pipe. The volume flow per unit time 
past A-A is 


— = VA 
At 
Taking the limit as At —> 0 gives 
Q= lim 4F=74 (5.1) 
At—>0 


which will be referred to as the discharge or volume flow rate equation. It is important to re- 
alize that discharge refers to a volume flow rate. 

The discharge given by Eq. (5.1) is based on a constant flow velocity over the cross- 
sectional area. In general, the velocity varies across the section such as shown in Fig. 5.4. 
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Figure 5.3 Figure 5.4 
Volume of fluid in flow Volume of fluid that passes 


with uniform velocity 
distribution that passes 
section A-A in time At. 


Figure 5.5 


Velocity vector oriented 
at angle 9 with respect to 
normal. 


section A-A in time At. 





Cross-sectional 
area A 











The volume flow rate through a differential area of the section is V dA, and the total vol- 
ume flow rate is obtained by integration over the entire cross-section: 


Q =| V dA (5.2) 
A 


In many problems—for example, those involving flow in pipes—one may know the 
discharge and need to find the mean (average) velocity without knowing the actual velocity 
distribution across the pipe section. By definition, the mean velocity is the discharge divided 
by the cross-sectional area, 

y8 
p= (5.3) 

For laminar flows in circular pipes, the velocity profile is parabolic like the case 
shown in Fig. 5.4. In this case, the mean velocity is half the centerline velocity. However, 
for turbulent pipe flow as shown in Fig. 4.7b, the time-averaged velocity profile is nearly 
uniformly distributed across the pipe, so the mean velocity is fairly close to the velocity 
at the pipe center. It is customary to leave the bar off the velocity symbol and simply in- 
dicate the mean velocity with V. 

The volume flow rate equation can be generalized by using the concept of the dot prod- 
uct. In Fig. 5.5 the flow velocity vector is not normal to the surface but is oriented at an angle 
0 with respect to the direction that is normal to the surface. The only component of velocity 
that contributes to the flow through the differential area dA is the component normal to the 
area, V,,. The differential discharge through area dA is 


dQ =V,dA 










Velocity component 

normal to surface \ 
Differential area N 

vector Fluid velocity 


vector 


Differential 
area, dA 
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If the vector, dA, is defined with magnitude equal to the differential area, d4, and direction 
normal to the surface, then V,dA = |V| cos 0 dA = V - dA where V- dA is the dot product 
of the two vectors. Thus a more general equation for the discharge or volume flow rate 
through a surface A is 


g= V- dA (5.4) 
A 


If the velocity is constant over the area and the area is a planar surface, then the discharge is 
given as 


Q=V-A 
If, in addition, the velocity and area vectors are aligned, then 
O=VA 


which reverts to the original equation developed for discharge, Eq. (5.1). 


Mass Flow Rate 

The mass flow rate, m,is the mass of fluid passing through a cross-sectional area per unit 
time. The common units for mass flow rate are kg/ s, lbm/s, and slugs/s. Using the same ap- 
proach as for volume flow rate, the mass of the fluid in the marked volume in Fig. 5.3 is 
Am = pA¥, where p is the average density. The mass flow rate equation is 


m= lim Am Z p lim AÝ- pO 


At—>oAt At—>oAt (5.5) 
= pAV 
The generalized form of the mass flow equation corresponding to Eq. (5.4) is 
mn= | ov dA (5.6) 
A 


where both the velocity and fluid density can vary over the cross-sectional area. If the density 
is constant, then Eq. (5.5) is recovered. Also if the velocity vector is aligned with the area 
vector, such as integrating over the cross-sectional area of a pipe, the mass flow equation re- 
duces to 


m= [ovaa (5.7) 
A 


In summary, Eqs. (5.1) to (5.7) can be combined to create several useful formulas for 
volume flow rate (discharge): 


Q=V4=" = [yda = [Vda (5.8) 
p A A 


Useful formulas for mass flow rate are: 


m= pAV = p0 = [pvas = [pV dA (5.9) 
A A 


The equations for discharge and mass flow rate are summarized in Table F.2. 
Example 5.1 shows how to calculate the discharge and mean velocity using the mass 
flow rate, fluid density, and pipe diameter. 
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EXAMPLE 5.1 VOLUME FLOW RATE AND 
MEAN VELOCITY 


Air that has a mass density of 1.24 kg/m} (0.00241 slugs/ ft’) 
flows in a pipe with a diameter of 30 cm (0.984 ft) at a mass rate 
of flow of 3 kg/s (0.206 slugs/s). What are the mean velocity 
and discharge in this pipe for both systems of units? 


Problem Definition 

Situation: Airflow in pipe with 30 cm diameter at 3 kg/s. 
Find: 

1. Discharge (m*/s and ft/s). 

2. Mean velocity (m/s and ft/s). 


Assumptions: Properties are uniformly distributed across 
section. 


Properties: p = 1.24 kg/m? (0.00241slugs/ ft). 
Plan 


1. Find the volume flow rate using the volume flow rate 
equation, Eq. (5.5). 





2. Calculate the mean velocity using Eq. (5.3). 


Solution 


1. Discharge: 


o=% = She [2.42 mi] 


P 1.24 kg/m 


3 
Q = 2.42 m/s X SE =[85.5 cfs 


lm 


2. Mean velocity 


7 lft ie 
V = 342 misx( — ) =[112 fis 


Example 5.2 shows how to evaluate the discharge when the velocity vector is not nor- 
mal to the cross section area by using the dot product. 
Example 5.3 illustrates how to evaluate the volume flow rate for a nonuniform velocity 


distribution by integration. 


EXAMPLE 5.2 FLOW IN SLOPING CHANNEL 


Water flows in a channel that has a slope of 30°. If the 
velocity is assumed to be constant, 12 m/s, and if a depth of 
60 cm is measured along a vertical line, what is the discharge 
per meter of width of the channel? 


Sketch: 





Problem Definition 


Situation: Channel slope of 30°. Velocity is 12 m/s and 
vertical depth is 60 cm. 





Find: Discharge per meter width (m?/ s). 


Assumptions: Velocity is uniformly distributed across 
channel. 


Plan 
Use Eq. (5.7) with area based on 1 meter width. 


Solution 
Q = V.A = Vcos30 xA 
= 12 m/s x cos30° x 0.6 m 
=| 6.24 m?/s per meter 
Review 


The discharge per unit width is usually designated as q. 
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EXAMPLE 5.3 DISCHARGE IN CHANNEL WITH 
NON-UNIFORM VELOCITY DISTRIBUTION 

The water velocity in the channel shown in the accompanying 
figure has a distribution across the vertical section equal to 
U/ Umax = (v/a) "2 What is the discharge in the channel if 
the water is 2 m deep (d = 2 m), the channel is 5 m wide, and 
the maximum velocity is 3 m/s? 


Problem Definition 


Situation: Water flows in a 2 m by 5 m channel with a given 
velocity distribution. 


Find: Discharge (in m?/ s). 
Sketch: 














Control Volume Approach 





Plan 
Find the discharge by using Eq. (5.2). 


Solution 


Discharge equation 


o=| uas 


Channel is 5 m wide, so differential area is dA = Sdy. Using 
given velocity distribution, 


2 1/2 

O= | tnan(¥/ A) 5 dy 
= SU max 2 12 
T fi? | 


2 
= Umax 2 372) 


qi’? 3 





The control volume (or Eulerian) approach is the method whereby a volume in the flow field 
is identified and the governing equations are solved for the flow properties associated with 
this volume. A scheme is needed that allows one to rewrite the equations for a moving fluid 
particle in terms of flow through a control volume. Such a scheme is the Reynolds transport 
theorem introduced in this section. This is a very important theorem because it is used to 
derive many of the basic equations used in fluid mechanics. 


System and Control Volume 


A system is a continuous mass of fluid that always contains the same matter. A system mov- 
ing through a flow field is shown in Fig. 5.6. The shape of the system may change with time, 
but the mass is constant since it always consists of the same matter. The fundamental equa- 
tions, such as Newton’s second law and the first law of thermodynamics, apply to a system. 

A control volume is volume located in space and through which matter can pass, as 
shown in Fig. 5.6. The system can pass through the control volume. The selection of the con- 
trol volume position and shape is problem-dependent. The control volume is enclosed by the 
control surface as shown in Fig. 5.6. Fluid mass enters and leaves the control volume through 
the control surface. The control volume can deform with time as well as move and rotate in 
space and the mass in the control volume can change with time. 
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Figure 5.6 





System, control surface, 
and control volume in a 


flow field. 






Control 
surface 


System 


Control 
volume 


Intensive and Extensive Properties 


An extensive property is any property that depends on the amount of matter present. The ex- 
tensive properties of a system include mass, m, momentum, mv (where v is velocity), and en- 
ergy, E. Another example of an extensive property is weight because the weight is mg. 

An intensive property is any property that is independent of the amount of matter 
present. Examples of intensive properties include pressure and temperature. Many intensive 
properties are obtained by dividing the extensive property by the mass present. The intensive 
property for momentum is velocity v, and for energy is e, the energy per unit mass. The inten- 
sive property for weight is g. 

In this section an equation for a general extensive property, B, will be developed. The 
corresponding intensive property will be b. The amount of extensive property B contained in 
a control volume at a given instant is 


Ba =| bdm =| bp d¥ (5.10) 


where dm and d¥ are the differential mass and differential volume, respectively, and the inte- 
gral is carried out over the control volume. 


Property Transport Across the Control Surface 
When fluid flows across a control surface, properties such as mass, momentum, and energy 
are transported with the fluid either into or out of the control volume. Consider the flow 
through the control volume in the duct in Fig. 5.7. If the velocity is uniformly distributed 
across the control surface, the mass flow rate through each cross section is given by 

mı = p14 V; m = P413 
The net mass flow rate out* of the control volume, that is, the outflow rate minus the inflow 
rate, is 

net mass outflow rate = m, — m = p,A,V,-p,4,V, 


The same control volume is shown in Fig. 5.8 with each control surface area represented 
by a vector, A, oriented outward from the control volume and with magnitude equal to the 


* Another term used often for net flow rate out is net efflux. 
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Figure 5.7 





Flow through control 
volume in a duct. 


Figure 5.8 


Control surfaces 
represented by area 
vectors and velocities by 
velocity vectors. 





cross-sectional area. The velocity is represented by a vector, V. Taking the dot product of 
the velocity and area vectors at both stations gives 


V, +A, 5-4; V:A = VA, 


because at station 1 the velocity and area have the opposite directions while at station 2 the 
velocity and area vectors are in the same direction. Now the net mass outflow rate can be 
written as 


net mass outflow rate = p, V243 — pı V141 


= P2 V2 * A2 +P: V1 ° Ay 
=) pV-A 
cs 


Equation (5.11) states that if the dot product pV + Ais summed for all flows into and out of 
the control volume, the result is the net mass flow rate out of the control volume, or the net 
mass efflux. If the summation is positive, the net mass flow rate is out of the control volume. 
If it is negative, the net mass flow rate is into the control volume. If the inflow and outflow 
rates are equal, then 


(5.11) 


SipV-A=0 


cs 
In a similar manner, to obtain the net rate of flow of an extensive property B out of the 
control volume, the mass flow rate is multiplied by the intensive property b: 
m 
pam 


Bret = D apr A (5.12) 


cs 


To reinforce the validity of Eq. (5.12) one may consider the dimensions involved. Equation 
(5.12) states that the flow rate of B is given by 


b m 


m amaA 


— — B 
B mass B 
mass }\| time time 
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Equation (5.12) is applicable for all flows where the properties are uniformly distrib- 
uted across the area. If the properties vary across a flow section, then it becomes necessary to 
integrate across the section to obtain the rate of flow. A more general expression for the net 
rate of flow of the extensive property from the control volume is thus 
Bu =| bpV -dA (5.13) 
cs 
Equation (5.13) will be used in the most general form of the Reynolds transport theorem. 
Reynolds Transport Theorem 
The Reynolds transport theorem, fundamental to the control volume approach, is developed 
in this section. It relates the Eulerian and Lagrangian approaches. The Reynolds transport 
theorem is derived by considering the rate of change of an extensive property of a system as 
it passes through a control volume. 

A control volume with a system moving through it is shown in Fig. 5.9. The control 
volume is enclosed by the control surface identified by the dashed line. The system is identi- 
fied by the darker shaded region. At time ¢ the system consists of the material inside the con- 
trol volume and the material going in, so the property B of the system at this time is 

Baht) BAN + ABin (5.14) 
At time ¢+ Aż the system has moved and now consists of the material in the control volume 
and the material passing out, so B of the system is 
B ys(t + At) = B (t+ At) + AB out (5.15) 
The rate of change of the property B is 
dB i B (t+ At) — B y(t) 
sys = sys sys 
dt an At oe 
Substituting in Eqs. (5.14) and (5.15) results in 
aBy, lim B (t+ At) — B (t) + AB ut — AB in (5.17) 
dt At—>0 At f 
Rearranging terms yields 
dB B (t+ At) -— By (t AB AB; 
— = lim n lim —“- lim — (5.18) 
dt At—>0 At At—>0 At Ai—>0 At 
Figure 5.9 Control surface Bou 
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The first term on the right side of Eq. (5.18) is the rate of change of the property B inside the 
control volume, or 








a 619) 
The remaining terms are 
ao Ti = Bout ae faa a =e 
These two terms can be combined to give 
Bnet = Bout — Bin (5.20) 


or the net efflux, or net outflow rate, of the property B through the control surface. Equation 
(5.18) can now be written as 


dB d . 
-r = 72o + Bret 


Substituting in Eq. (5.13) for Bnet and Eq. (5.10) for B,, results in the most general form of 
the Reynolds transport theorem: 





dB d 
—€ = —| bpd¥ bpV-dA 
dt ile P +] P (5.21) 
Ue 
Lagrangian Eulerian 


This equation may be expressed in words as 


Rate of change Rate of change Net outflow 
of property B p = of property B p+ of property B 
of system in control volume through control surface 


The left side of the equation is the Lagrangian form; that is, the rate of change of property B 
evaluated moving with the system. The right side is the Eulerian form; that is, the change of 
property B evaluated in the control volume and the flux measured at the control surface. This 
equation applies at the instant the system occupies the control volume and provides the con- 
nection between the Lagrangian and Eulerian descriptions of fluid flow. The application of 
this equation is called the control volume approach. The velocity V is always measured with 
respect to the control surface because it relates to the mass flux across the surface. 

A simplified form of the Reynolds transport theorem can be written if the mass cross- 
ing the control surface occurs through a number of inlet and outlet ports, and the velocity, 
density and intensive property b are uniformly distributed (constant) across each port. Then 


dB 
— ss = | bo dk+ SN pbV- A 5.22 
a | b ae (5.22) 


where the summation is carried out for each port crossing the control surface. 
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—@— 


An alternative form can be written in terms of the mass flow rates: 


dB 
—Sys — j — n.h. 
> | pb dks S nobo Dh (5.23) 


where the subscripts i and o refer to the inlet and outlet ports, respectively, located on the 
control surface. This form of the equation does not require that the velocity and density be 
uniformly distributed across each inlet and outlet port, but the property b must be. 


Continuity Equation 


The continuity equation derives from the conservation of mass, which, in Lagrangian form, 
simply states that the mass of the system is constant. 
Ms 


ys — constant 


The Eulerian form is derived by applying the Reynolds transport theorem. In this case the ex- 
tensive property of the system is its mass, B,, = m,,,. The corresponding value for b is the 
mass per unit mass, or simply, unity. 


m 


sys 
General Form of the Continuity Equation 


The general form of the continuity equation is obtained by substituting the properties for 
mass into the Reynolds transport theorem, Eq. (5.21), resulting in 


dm d 
a) ao š 
i Si 0+ |_ pv dA 


However, dm,,,/dt = 0, so the general, or integral, form of the continuity equation is 


sys 


a paka | pV -dA =0 (5.24) 
dt cv cs 
This equation can be expressed in words as 
The accumulation rate The net outflow rate 
of mass in the +s ofmass through ; =0 
control volume the control surface 


If the mass crosses the control surface through a number of inlet and exit ports, the con- 
tinuity equation simplifies to 


Sing + > tity > ti = 0 (5.25) 


cs cs 


where m, is the mass of fluid in the control volume. Note that the two summation terms rep- 
resent the net mass outflow through the control surface. 

Example 5.4 shows an application of the continuity equation to calculating the mass ac- 
cumulation rate in a tank. 
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EXAMPLE 5.4 MASS ACCUMULATION IN A TANK 


A jet of water discharges into an open tank, and water leaves 
the tank through an orifice in the bottom at a rate of 0.003 
m?/s. If the cross-sectional area of the jet is 0.0025 m° where 
the velocity of water is 7 m/s, at what rate is water 
accumulating in (or evacuating from) the tank? 


Problem Definition 


Situation: Jet of water (7 m/s at 0.0025 m?) entering tank 
and water leaving at 0.003 m?/s through orifice. 

Find: Rate of accumulation (or evacuation) in tank (kg/s). 
Sketch: 


A = 0.0025 m? 





| Control 
l< surface 














4 


Q = 0.003 m/s 








Assumptions: Water density is 1000 kg/ m°. 
Plan 


A control volume is drawn around the tank as shown. There is 
one inlet and one outlet. 


1. Develop equation for accumulation rate by applying the 
continuity equation, Eq. (5.25). 





2. Analyze equation term by term. 
3. Calculate the accumulation rate. 
Solution 


1. Continuity equation 
d m m; 
<m + o= i= 
cH N > 2 


Because there is only one inlet and outlet, the equation 
reduces to 


2. Term-by-term analysis 
e The inlet mass flow rate is calculated using Eq. (5.5) 


m; = pVA 
= 1000 kg/m’ x 7 m/s x 0.0025 m? 
= 17.5 kg/s 
e Outlet flow rate is 
m, = pO = 1000 kg/m’? x 0.003 m/s = 3 kg/s 


3. Accumulation rate: 


d 
e = 17.5 kg/s —3 kg/s 


TE 


Review 


Note that the result is positive so water is accumulating in the 
tank. 


The rate of water level rise in a reservoir is an often-used application of the continuity 
equation. Example 5.5 illustrates this application. 





EXAMPLE 5.5 RATE OF WATER RISE 

IN RESERVOIR 

A river discharges into a reservoir at a rate of 400,000 wrs 
(cfs), and the outflow rate from the reservoir through the flow 
passages in the dam is 250,000 cfs. If the reservoir surface 
area is 40 mi?, what is the rate of rise of water in the 
reservoir? 


Problem Definition 


Situation: Reservoir with 400,000 cfs entering and 250,000 
cfs leaving. Area is 40 mi’. 
Find: Rate of water rise (ft/hr) in reservoir. 





Sketch: 


Water surface (4 = 40 mi?) 


i Outlet 
: (250,000 cfs) 


River (400,000 cfs) 








Control volume 


Assumptions: Water density is constant. 
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Plan 

The control volume selected is shown in the sketch. There is 
an inlet from the river at location 1 and an outlet at location 2. 
The control surface 3 is just below the water surface and is 
stationary. Mass passes through control surface 3 as the water 
level in the reservoir rises (or falls). The mass in the control 
volume is constant. 

1. Apply the continuity equation, Eq. (5.25). 

2. Analyze term by term. 

3. Evaluate rise rate using Eq. (5.1). 


Solution 
Continuity equation: 


Si, + È iho- > th; =0 


cs 


2. Term-by-term analysis: 
e Mass in the control volume is constant, so 
dm,,/dt = 0. 


e Inlet port 1 is river flow rate, Sm; = pQ}. 
cs 
e Outlets are reservoir surface and dam outlet, 
Dat > pO: pa PORE 
Substitution of terms back into continuity equation: 


pQ> a PORE = pQ, 








Dries = Q, = Q, 
3. Rise rate calculation using Eq. (5.1): 
= Ones = Qı E Q» 
se = B 
A, A, 
ale 400, 000 cfs — 250, 000 cfs 


rise 


40 mi? x (5280 ft/mi)? 


= 1.34 x 10" ft/s [0.482 fi/hr 





Example 5.6 illustrates how to predict the emptying rate of a tank. In this example, a 
control volume of varying size is chosen. 


EXAMPLE 5.6 WATER LEVEL DROP RATE IN 
DRAINING TANK 

A 10 cm jet of water issues from a 1 m diameter tank. 
Assume that the velocity in the jet is /2gh m/s where h is 
the elevation of the water surface above the outlet jet. How 


long will it take for the water surface in the tank to drop from 
hy = 2 m to hy = 0.50 m? 


Problem Definition 
Situation: Water draining by a 10 cm jet from 1 m diameter tank. 


Find: Time (in seconds) to drain from depth of 2 m to 0.5 m. 
Sketch: 


























volume 





Plan 


The control selected is shown in the sketch. The control 
surface is located at and moves with the water surface. Water 
crosses control surface at location 1. 

1. Apply the continuity equation, Eq. (5.25). 

2. Analyze term by term. 

3. Solve the equation for elapsed time. 

4. Calculate time to change levels. 


Solution 

1. Continuity equation 
A f l 
lea ie X m,- > m; =0 
dt cs cs 


2. Term-by-term analysis 
e Accumulation rate term 





dm,, = pArdh 
dm dh 
ov = 9 A e 

ye ene, 


where 4, is cross-sectional area of tank. 
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e Inlet mass flow rate with no inflow is e Integrating 
: -2A 
Ym = 0 t= —— a" +C 
cs 2gA i 
e Outlet mass flow rate e Substituting in initial condition, h(0) = ho, and final 
condition, h(t) = hy and solving for time 
> m = p4ıVı = px2ghA; _ 247 12 12 
cs = (ho = hy ) 
J284, 


tituti ft i tinuit ation: : : 
Substitution of terms in continuity equatio e E 





Pia S d(pAzh) e Evaluating tank and outlet areas 
dt 
T 2 T2 
A, = —(0.10 m = 0.01(2)m 
= ghd, = 4% ra A ) 7 
mp 2 W2 
3. Equation for elapsed time: Aro Te =A x (1m) = Tie 
e Separating variables T 
-A -Ár _ D 
dt = ee r o dt= al 2 dh J= 2 E (dE m= m) 
= ages J2x 9.81 m/s*(ar/4 x 0.01 m°) 


=[319 s| 


Example 5.7 shows the application of the continuity equation to predict the time for de- 
pressurization of a tank where gas leaks out through a small hole. In this case a control vol- 
ume with constant volume is selected, but the mass in the control volume changes with time 
as the density changes. 








EXAMPLE 5.7 DEPRESSURIZATION OF GAS IN TANK | Sketch: 


Methane escapes through a small (107 m?) hole in a 10 m°? 

tank. The methane escapes so slowly that the temperature in 

the tank remains constant at 23°C. The mass flow rate of 

methane through the hole is given by 

m = 0.66 pA/ JRT, where p is the pressure in the tank, A is 

the area of the hole, R is the gas constant, and T is the 

temperature in the tank. Calculate the time required for the 

absolute pressure in the tank to decrease from 500 to 400 kPa. | ?. lan 
Control volume selected encloses whole tank, the tank shell, 

















Problem Definition and the methane in the tank. There are no inlets and only one 
Situation: Methane leaks through a 107 m? hole in 10 m° outlet. 

tank. 1. Apply continuity equation, Eq. (5.25). 

Find: Time (in seconds) for pressure to decrease from 500 2. Analyze term by term. 

kPa to 400 kPa. 3. Solve equation for elapsed time. 

Assumptions: 4. Calculate time. 


1. Gas temperatures constant at 23°C during leakage. 
2. Ideal gas law is applicable. 


Properties: Table A.2, R = 518 J/kgK. 
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Solution 
1. Continuity equation 


d ; n. 
Sne t 2 o — mi=0 
t cs cs 


2. Term-by-term analysis. 
e Rate of accumulation term. The mass in the control vol- 
ume is the sum of the mass of the tank shell, Mhe and 
the mass of methane in the tank, 


Moy = Mshell + pF 


where V is the internal volume of the tank which is 
constant. The mass of the tank shell is constant, so 


dmy = yi 
dt dt 


e There is no mass inflow: 
yin = 
cs 

e Mass out flow rate is 


Fio = 0 


ART 
Substituting terms into continuity equation 
dp pA 
F —0.66 —— 
dt IRT 





3. Equation for elapsed time: 
e Use ideal gas law (Eq. 2.5) for p, 


ait p ) = pA 
F_| — | = -0.66 — 
dt\ RT IRT 
e Because R, T, A, and V are constant, 


AJRT 
P= 66 = 


dt 

or 
dp Sys ANRT dt 
p E 


e Integrating equation and substituting limits for initial 
and final pressure 


see o 
t= = ha 
ANRT Py 


4. Elapsed time 


3 
po 200m) hM Io gy 104 
i 400 


1/2 
ao” m)(518 =z x 300 K) 





Review 


1. The time corresponds to approximately one day. 


2. Since the ideal gas law is used, the pressure and 
temperature have to be in absolute values. 


Continuity Equation for Flow in a Pipe 


Several simplified forms of the continuity equation are used by engineers for flow in a pipe. 
The equation is developed by positioning a control volume inside a pipe, as shown in Fig. 
5.10. Mass enters through station 1 and exits through station 2. The control volume is fixed to 
the pipe walls, and its volume is constant. If the flow is steady, then m,, is constant so the 
mass flow formulation of the continuity equation reduces to 


m, = m; 
For flow with a uniform velocity and density distribution, the continuity equation for steady 
flow in a pipe is 
P2422 = p14, V; (5.26) 
If the flow is incompressible, then 


AV =A; (5.27) 
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Figure 5.10 





Flow through a pipe 


section. 


EXAMPLE 5.8 VELOCITY IN A VARIABLE-AREA PIPE 


A 120 cm pipe is in series with a 60 cm pipe. The speed of the 
water in the 120 cm pipe is 2 m/s. What is the water speed in 


the 60 cm pipe? 


Problem Definition 


Situation: Two pipes connected in series. 
Find: Velocity in 60 cm pipe. 


Sketch: 


V = 2 m/s 








Control 


surface © 


or, equivalently, 
Q: =0; 


This equation is valid for both steady and unsteady incompressible flow. 

Equations (5.26) and (5.27) are very common forms of the continuity equation and are 
used in numerous applications. If the flow is not uniformly distributed, the mass flow must 
be calculated using Eq. (5.5). 

If there are more than two ports, then the general form of the continuity equation for 


steady flow is 
X h=) m, (5.28) 
If the flow is incompressible, Eq. (5.28) can be written in terms of discharge: 


>00 (5.29) 


Example 5.8 illustrates the application of the continuity equation to calculate velocity 
in a variable-area pipe. 

The venturimeter is a device commonly used in engineering applications. Example 5.9 
illustrates the application of both the Bernoulli equation and the continuity equation to the 
venturimeter, which is used routinely in industry to measure flow rates. 


Plan 
Flow rate is the same for each section, Q129 = Qgo. Use Eq. 
(5.27) to calculate velocity in the 60 cm pipe. 


Solution 
Equation (5.27) for Veo 


A120 
y V, 
60 12074 6 
Calculation for Vo: 
2 
Veo = 2m/s X eoem 8 m/s 


(60 cm)? 





144 CONTROL VOLUME APPROACH AND CONTINUITY EQUATION 





EXAMPLE 5.9 WATER FLOW THROUGH A 
VENTURIMETER 

Water with a density of 1000 kg/m? flows through a vertical 
venturimeter as shown. A pressure gage is connected across 
two taps in the pipe (station 1) and the throat (station 2). The 
area ratio Aihroat” Apipe 1S 0.5. The velocity in the pipe is 10 
m/s. Find the pressure difference recorded by the pressure 
gage. Assume the flow has a uniform velocity distribution 
and that viscous effects are not important. 


Problem Definition 


Situation: Water flow in venturimeter with gage connected 
between upstream and throat. Area ratio is 0.5 and pipe 
velocity is 10 m/s. 


Find: Pressure difference measured by gage. 
Assumptions: 

1. Velocity distribution is uniform. 

2. Viscous effects are unimportant. 
Properties: p = 1000 kg/m’. 

Sketch: 





Cavitation 





Plan 


1. Since viscous effects unimportant, apply the Bernoulli 
equation between stations | and 2. 


2. Find mean velocity at station 2 by applying Eq. (5.27), and 
develop the equation for piezometric pressure. 


3. Find the pressure on the gage by applying the hydrostatic 
equation, Eq. (3.7a). 


Solution 


1. The Bernoulli equation 


aa Vz 
Pi Tae ponor 


Rewrite the equation in terms of piezometric pressure. 


a 
PaP — ae Vy) 


-i ) 
=—+|4-1 


2. Continuity equation V,/V, = 4,/A, 


2 
Terni, 
Pz,— Pz, — 2 a 


2 
3 
= kgm Am (10 m/s)? x (2-1) 
= 150 kPa 


3. Gage is located at zero elevation. Apply hydrostatic 
equation through static fluid in gage line between gage 
attachment point where the pressure is p, and station 1 
where the gage line is tapped into the pipe, 


Dz Pe; 


Also Ba = Dg SO 


Ndasa = Pa Pe Pa Pa oe aa 





Cavitation is the phenomenon that occurs when the fluid pressure is reduced to the local 
vapor pressure and boiling occurs. Under such conditions vapor bubbles form in the liquid, 
grow, and then collapse, producing shock waves, noise, and dynamic effects that lead to 
decreased equipment performance and, frequently, equipment failure. Engineers are often 
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Figure 5.11 





Flow through pipe 
restriction: variation of 
pressure for three 
different flow rates. 


Figure 5.12 





T 
acessa Low flow 
SSSsss=-~ = 
SSS sSs5 ZS rate assesses 
SVN oe 
Nv ib: foe 
Ay See a 
High flow N\A z 
rate bA 7 
VA á ae 
~N + Cavitation 
WSS of 
\ ee 
\ zee? 
Vapor pressure ~ aa 
Pi Sl- = 





concerned about the possibility of cavitation, and they must design flow systems to avoid 
potential problems. 


Besides its deleterious effects on machinery, cavitation can also be beneficial. Cavita- 
tion is responsible for the effectiveness of ultrasonic cleaning. Supercavitating torpedoes 
have been developed in which a large bubble envelops the torpedo, significantly reducing the 
contact area with the water and leading to significantly faster speeds. Cavitation plays a med- 
ical role in shock wave lithotripsy for the destruction of kidney stones. 

Cavitation typically occurs at locations where the velocity is high. Consider the water 
flow through the pipe restriction shown in Fig. 5.11. The pipe area decreases, so the velocity 
increases according to the continuity equation and, in turn, the pressure decreases as dictated 
by the Bernoulli equation. For low flow rates, there is a relatively small drop in pressure at the 
restriction, so the water remains well above the vapor pressure and boiling does not occur. How- 
ever, as the flow rate increases, the pressure at the restriction becomes progressively lower until 
a flow rate is reached where the pressure is equal to the vapor pressure as shown in Fig. 5.11. 
At this point, the liquid boils to form bubbles and cavitation ensues. The onset of cavitation can 
also be affected by the presence of contaminant gases, turbulence and viscosity. 

The formation of vapor bubbles at the restriction is shown in Fig. 5.12a. The vapor bub- 
bles form and then collapse as they move into a region of higher pressure and are swept down- 
stream with the flow. When the flow velocity is increased further, the minimum pressure is still 
the local vapor pressure, but the zone of bubble formation is extended as shown in Fig. 5.12b. 
In this case, the entire vapor pocket may intermittently grow and collapse, producing serious 


Vapor bubbles 





Formation of vapor 
bubbles in the process of 
cavitation. 

(a) Cavitation. 

(b) Cavitation—higher 
flow rate. 


Vapor pocket 


(b) 
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Figure 5.13 


Cavitation damage to 
impeller of a centrifugal 


pump. 


Figure 5.14 


Cavitation damage to a 
hydroelectric power dam 
spillway tunnel. 
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vibration problems. Severe damage that occurred on a centrifugal pump impeller is shown in 
Fig. 5.13, and serious erosion produced by cavitation in a spillway tunnel of Hoover Dam is 
shown in Fig. 5.14. Obviously, cavitation should be avoided or minimized by proper design of 
equipment and structures and by proper operational procedures. 
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Experimental studies reveal that very high intermittent pressure, as high as 800 MPa 
(115,000 psi), develops in the vicinity of the bubbles when they collapse (1). Therefore, if 
bubbles collapse close to boundaries such as pipe walls, pump impellers, valve casings, and 
dam slipway floors, they can cause considerable damage. Usually this damage occurs in the 
form of fatigue failure brought about by the action of millions of bubbles impacting (in ef- 
fect, imploding) against the material surface over a long period of time, thus producing a ma- 
terial pitting in the zone of cavitation. 

The world’s largest and most technically advanced water tunnel for studying cavitation 
is located in Memphis, Tennessee—the William P. Morgan Large Cavitation Tunnel. This fa- 
cility is used to test large-scale models of submarine systems and full-scale torpedoes as well 
as applications in the maritime shipping industry. 

More detailed discussions of cavitation can be found in Brennen (2) and Young (3). 


Differential Form of the Continuity Equation 


Figure 5.15 





Elemental control 
volume. 


In the analysis of fluid flows and the development of numerical models, one of the 
fundamental independent equations needed is the differential form of the continuity equation. 
This equation is derived in this section. The derivation is accomplished by applying the 
integral form of the continuity equation to a small control volume and taking the limit as the 
volume approaches zero. 


A small control volume defined by the x, y, z coordinate system is shown in Fig. 5.15. 
The integral form of the continuity equation, Eq. (5.24), is 


d 
cus d£ V-dA=0 
aie i fe 


where V is the velocity measured with respect to the local control surface. Applying the Leib- 
netz theorem for differentiation of an integral allows the unsteady term to be expressed as 


AZ A 
(pw). + 1/24z 














(pus — 1/24x 
mi 


4 
pw ae 


(pv), — 12ay 
ee px pv Az (PV), + 1724y 
pu 


a 


x + 1/2Ax 

















d >y 


a A + 77 
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arrel eet | OM aa 


where V, is the local velocity of the control surface with respect to the reference frame. For a 
control volume with stationary sides, as shown in Fig. 5.15, V, = 0, so the continuity equa- 
tion for the control volume can be written as 


OD y 
| ev dA e| Pa = 0 


Because the volume is very small (infinitesimal), one can assume that the velocity and densi- 
ties are uniformly distributed across each face (control surface), and the mass flux term be- 
comes 


| pV-dd =X pV-A 
cs cs 
and the continuity equation assumes the form 


: OD yr = 
dev 4+] Pak = 0 


Considering the flow rates through the six faces of the cubical element and applying 
those to the foregoing form of the continuity equation, results in 


[( pt) a/a] AVAZ- [( pu) (1/2) ax] AvAz 
+ [(PY),4(1/2)aylAzAx = [(PV),_(1/2)ay] AzAx 
+ [(PW)24(1/2)a2] AvAy — (Pw) 172a ]AxAy (5.30) 


dp 
—AxAvyAz = 0 
+3 y 


Dividing Eq. (5.30) by the volume of the element (AxAyAz) yields 


[(pu).+(172)ax] — [Puka] 
Ax 


P [CY a724] = [(PV),_<2yay] 
Ay 


: [waaa] — (CPW) -aa 
Az 


Op _ 
Laer 0 


Taking the limit as the volume approaches zero (that is, as Ax, Ay, and Az uniformly ap- 
proach zero) yields the differential form of the continuity equation 


2 2 9 (yw) = 2P 
e) F aye) + 5 Pw) P (5.31) 


If the flow is steady, the equation reduces to 


Zon +S (or) + Siow) =0 (5.32) 
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EXAMPLE 5.10 APPLICATION OF DIFFERENTIAL 
FORM OF CONTINUITY EQUATION 


The expression V = 10xi-— 10yj is said to represent the 


velocity for a two-dimensional (planar) incompressible flow. 


Check to see if the continuity equation is satisfied. 


Problem Definition 
Situation: Velocity field is given. 
Find: Determine if continuity equation is satisfied. 


Plan 


Reduce Eq. (5.33) to two-dimensional flow (w = 0 and 
substitute velocity components into equation). 





Solution 


Continuity equation for two-dimensional flow 


on 
a= 10% ou 10 
p= -i0 aa 
ce ee 0 


Continuity is satisfied. 


And if the fluid is incompressible, the equation further simplifies to 


for both steady and unsteady flow. 
In vector notation, Eq. (5.33) is given as 


where V is the del operator, defined as 


D -o 


Summary 


ðu ðv ðw 

A (5.33) 
V:-V=0 (5.34) 
Os 40 g2 

V= ix AR, + ks" 


There are two ways to describe a flow field, the Lagrangian and Eulerian approaches. The 
Eulerian, in which flow properties are available at points in the field, is the most appropriate 


for fluid mechanics. 


Flow rate refers to either the volume per unit time or the mass per unit time passing 
through a surface. The volume flow rate, or discharge, is given by 


O=| Veda 


where dA is the vector normal to the surface with magnitude equal the differential surface 
area and V is the velocity vector. If the area vector and velocity vector are aligned, then 


o=| Vda =VA 


where V is the average velocity. The corresponding mass flow rate is 


h=] pV dA 
A 
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If the density is uniformly distributed across the area, 
m= pQ 

A fluid system is a given quantity of matter consisting always of the same matter. A 
control volume (cv) is a geometric volume defined in space and enclosed by a control surface 
(cs). Mass can cross the control surface. 

The Reynolds transport theorem relates the time rate of change of an extensive property 
of a system to the rate of change of the property in the control volume plus the net outflow of 
the property across the control surface. It provides a link between the Lagrangian and Eule- 
rian forms for the rate of property changes in a fluid. 

The continuity equation derives from the application of the Reynolds transport theorem 
to the conservation of mass principle and is expressed as 

Al par | pV ‘dA =0 

dt cy cs 
where V is the velocity with respect to the control surface and dA is the differential area di- 
rected outward from the control volume. An alternative form of the continuity equation is 


d ; : 
go = X mi- m, 


where M, is the mass in the control volume and m;and m, are the mass flow rates of flows 


entering and leaving the control volume, respectively. 
For steady, one-dimensional flow in a pipe, the continuity equation reduces to 


P14 Vi = p242 


where the subscripts 1 and 2 refer to the inlet and outlet of the pipe. If, in addition, the flow is 


incompressible, then 


A\V, = 4,V, 


The differential form of the continuity equation for incompressible flow is V - V = 0 
Cavitation occurs when the pressure drops to the local vapor pressure of the liquid and 
bubbles appear due to liquid boiling. The presence of cavitation can cause serious equipment 


failures. 
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Problems 


Flow Rate (Discharge) 


5.1 PQ Consider filling the gasoline tank of an automobile at 
a gas station. (a) Estimate the discharge in gpm. (b) Using the 
same nozzle, estimate the time to put 50 gallons in the tank. (c) 
Estimate the cross-sectional area of the nozzle and calculate the 
velocity at the nozzle exit. 

5.2 PQ< The average flow rate (release) through Grand Cou- 
lee Dam is 110,000 ft?/s. The width of the river downstream of 


2. Brennen, C. E. Cavitation and Bubble Dynamics. Oxford 
University Press, New York, 1995. 
3. Young, F. R. Cavitation. McGraw-Hill, New York, 1989. 


the dam is 100 yards. Making a reasonable estimate of the river 
velocity, estimate the river depth. 

5.3 PQ< Taking a jar of known volume, fill it with water from 
your household tap and measure the time to fill. Calculate the dis- 
charge from the tap. Estimate the cross-sectional area of the fau- 
cet outlet, and calculate the water velocity issuing from the tap. 
5.4 POA liquid flows through a pipe with a constant velocity. 
Ifa pipe twice the size is used with the same velocity, will the flow 
rate be (a) halved, (b) doubled, (c) quadrupled. Explain. 
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5.5 The discharge of water in a 25 cm diameter pipe is 0.05 
m?/s. What is the mean velocity? 

5.6 A pipe with a 16 in. diameter carries water having a veloc- 
ity of 3 ft/s. What is the discharge in cubic feet per second and 
in gallons per minute (1 cfs is equivalent to 449 gpm)? 

5.7 A pipe with a 2 m diameter carries water having a velocity 
of 4 m/s. What is the discharge in cubic meters per second and 
in cubic feet per second? 

5.8 A pipe whose diameter is 8 cm transports air with a temper- 
ature of 20°C and pressure of 200 kPa absolute at 20 m/s. De- 
termine the mass flow rate. 

5.9 Natural gas (methane) flows at 20 m/s through a pipe with 
a 1 m diameter. The temperature of the methane is 15°C, and the 
pressure is 150 kPa gage. Determine the mass flow rate. 

5.10 An aircraft engine test pipe is capable of providing a flow 
rate of 200 kg/s at altitude conditions corresponding to an ab- 
solute pressure of 50 kPa and a temperature of —18°C. The ve- 
locity of air through the duct attached to the engine is 240 m/s. 
Calculate the diameter of the duct. 

5.11 A heating and air-conditioning engineer is designing a sys- 
tem to move 1000 m° of air per hour at 100 kPa abs, and 30°C. 
The duct is rectangular with cross-sectional dimensions of 1 m 
by 20 cm. What will be the air velocity in the duct? 


5.12 The hypothetical velocity distribution in a circular duct is 
¥ ==- 
Vo R 
where r is the radial location in the duct, R is the duct radius, 
and Vp is the velocity on the axis. Find the ratio of the mean ve- 
locity to the velocity on the axis. 





R 
| E 


Vo 








PROBLEM 5.12 


5.13 Water flows in a two-dimensional channel of width W and 
depth D as shown in the diagram. The hypothetical velocity pro- 
file for the water is 


2 2 
Vy) = rfi 1 - 4 
W D 


where V, is the velocity at the water surface midway between the 
channel walls. The coordinate system is as shown; x is measured 
from the center plane of the channel and y downward from the water 
surface. Find the discharge in the channel in terms of V, D, and W. 


5.14 Water flows in a pipe that has a 4 ft diameter and the following 
hypothetical velocity distribution: The velocity is maximum at the 
centerline and decreases linearly with r to a minimum at the pipe 
wall. If Vaas = 15 ft/s and Vinin = 12 ft/s, what is the discharge 
in cubic feet per second and in gallons per minute? 








PROBLEM 5.13 


5.15In Prob. 5.14, if Vna = 8m/s, Vmin = 6 m/s, and 

D = 2 m, what is the discharge in cubic meters per second and 

the mean velocity? 

5.16 Air enters this square duct at section 1 with the velocity 

distribution as shown. Note that the velocity varies in the y di- 

rection only (for a given value of y, the velocity is the same for 

all values of z). 

a. What is the volume rate of flow? 

b. What is the mean velocity in the duct? 

c. What is the mass rate of flow if the mass density of the air is 
1.2 kg/m’? 


© 10 m/s 
P 0.5m ji 
t 0.5 + a 


—Zz 




















Elevation view 


PROBLEM 5.16 


End view 


5.17 The velocity at section A-A is 18 ft/s, and the vertical 
depth y at the same section is 4 ft. If the width of the channel is 
30 ft, what is the discharge in cubic feet per second? 





PROBLEM 5.17 


5.18 The rectangular channel shown is 1.5 m wide. What is the 
discharge in the channel? 


Vertical depth = 1m 





PROBLEM 5.18 
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5.19 If the velocity in the channel of Prob. 5.18 is given as 
u = 10[exp(y) — 1] m/s and the channel width is 2 m, what is 
the discharge in the channel and what is the mean velocity? 
5.20 Water from a pipe is diverted into a weigh tank for exactly 
20 min. The increased weight in the tank is 20 kN. What is the 
discharge in cubic meters per second? Assume T = 20°C. 

5.21 Water enters the lock of a ship canal through 180 ports, 
each port having a 2 ft by 2 ft cross section. The lock is 900 ft 
long and 105 ft wide. The lock is designed so that the water sur- 
face in it will rise at a maximum rate of 6 ft/min. For this con- 
dition, what will be the mean velocity in each port? 

5.22 An empirical equation for the velocity distribution in a hor- 
izontal, rectangular, open channel is given by u = Umax 
(v/d)", where u is the velocity at a distance y feet above the 
floor of the channel. If the depth d of flow is 1.2 m, 
Umax = 3 M/S,and n = 1/6, what is the discharge in cubic 
meters per second per meter of width of channel? What is the 
mean velocity? 

5.23 The hypothetical water velocity in a V-shaped channel (see 
the accompanying figure) varies linearly with depth from zero 
at the bottom to maximum at the water surface. Determine the 
discharge if the maximum velocity is 6 ft/s. 





12 in 
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5.24 The velocity of flow in a circular pipe varies according to 
the equation V/V, = (1-r 7 ro) s where V, is the centerline 
velocity, rọ is the pipe radius, and r is the radial distance from 
the centerline. The exponent n is general and is chosen to fit a 
given profile (n = 1 for laminar flow). Determine the mean ve- 
locity as a function of V, and n. 

5.25 Plot the velocity distribution across the pipe, and determine 
the discharge ofa fluid flowing through a pipe 1 min diameter that 
has a velocity distribution given by V = 12(1 -r 2y ro) m/s. 
Here rg is the radius of the pipe, and r is the radial distance from 
the centerline. What is the mean velocity? 

5.26 Water flows through a 2.0 in—diameter pipeline at 80 lb/ min. 
Calculate the mean velocity. Assume T = 60°F. 

5.27 Water flows through a 20 cm pipeline at 1000 kg/min. 
Calculate the mean velocity in meters per second if T = 20°C. 
5.28 Water from a pipeline is diverted into a weigh tank for ex- 
actly 15 min. The increased weight in the tank is 4765 lbf. What 
is the average flow rate in gallons per minute and in cubic feet 
per second? Assume T = 60°F. 

5.29 A shell and tube heat exchanger consists of a one pipe in- 
side another pipe as shown. The liquid flows in opposite direc- 


tions in each pipe. If the speed of the liquid is the same in each 
pipe, what is the ratio of the outer pipe diameter to the inner 
pipe diameter if the discharge in each pipe is the same? 




















V<—— 
Do D; — r 
PROBLEM 5.29 


5.30 The cross section of a heat exchanger consists of three cir- 
cular pipes inside a larger pipe. The internal diameter of the 
three smaller pipes is 2.5 cm, and the pipe wall thickness is 3 
mm. The inside diameter of the larger pipe is 8 cm. If the veloc- 
ity of the fluid in region between the smaller pipes and larger pipe 
is 10 m/s, what is the discharge in m?/s? 


< 8 cm 
PROBLEM 5.30 





5.31 The mean velocity of water in a 4 in. pipe is 10 ft/s. Deter- 
mine the flow in slugs per second, gallons per minute, and cubic 
feet per second if T = 60°F. 


Control Volume Approach 


5.32 PQ <4 What is a control surface and a control volume? Can 
mass pass through a control surface? 

5.33 PO< What is the difference between an intensive and ex- 
tensive property? Give an example of each. 

5.34PQ<4 Explain the differences between the Eulerian and 
Lagrangian descriptions of a flow field. 

5.35 PQ< What are the shortcomings of describing a flow field 
using the Lagrangian description? 

5.36 PQ< What is the purpose of the Reynolds transport theo- 
rem? 

5.37 Gas flows into and out of the chamber as shown. For the 
conditions shown, which of the following statement(s) are true 
of the application of the control volume equation to the continu- 
ity principle? 

a. By, = 0 
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b. dB,,./dt = 0 Control Closed tank Control © 
surface 
. . = Faig gue 
£ > bpv A=0 aa 
A=1.50f? | 


d = 
d. Sfi ed =0 
e b=0 


Control surface 


‘1 Control volume 


©  vy=5 mls 
=> A, = 0.20 m? 
| p2 = 2.00 kg/m? 


V,=10 m/s © 
Ay = 0.10 m? 
p1 = 3.00 kg/m? 
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5.38 The piston in the cylinder is moving up. Assume that the 
control volume is the volume inside the cylinder above the pis- 
ton (the control volume changes in size as the piston moves). A 
gaseous mixture exists in the control volume. For the given con- 
ditions, indicate which of the following statements are true. 


a. > pV - A is equal to zero. 


b. al p d¥ is equal to zero. 
dt Jev 

c. The mass density of the gas in the control volume is increas- 
ing with time. 

d. The temperature of the gas in the control volume is increas- 
ing with time. 

e. The flow inside the control volume is unsteady. 


Control surface 


Cylinder 


Piston 





PROBLEM 5.38 


5.39 For cases a and b shown in the figure, respond to the fol- 
lowing questions and statements concerning the application of 
the Reynolds transport theorem to the continuity equation. 

a. What is the value of b? 

b. Determine the value of dB,,./ dt. 


sys 


c. Determine the value of X` ppy - A. 
cs 


d. Determine the value of d/dt | bp d¥. 
cv 






Ay = 1 ft? 
Po = 2 slugs/ft? 





p = 2 slugs/ft® 





Vi =1 ft/s 
A, =2 ft? 
pı = 2 slugs/ft? 














(a) (b) 
PROBLEM 5.39 


Continuity Equation 


5.40 PO< A pipe flows full with water. Is it possible for the 
volume flow rate into the pipe to be different than the flow rate 
out of the pipe? Explain. 

5.41 PQ< Air is pumped into one end of a tube at a certain 
mass flow rate. Is it necessary that the same mass flow rate of 
air comes out the other end of the tube? Explain. 

5.42 PO If an automobile tire develops a leak, how does the 
mass of air and density change inside the tire with time? Assum- 
ing the temperature remains constant, how is the change in den- 
sity related to the tire pressure? 

5.43 PQ< Two pipes are connected together in series. The di- 
ameter of one pipe is twice the diameter of the second pipe. 
With liquid flowing in the pipes, the velocity in the large pipe is 
5 m/s. What is the velocity in the smaller pipe? 

5.44 Both pistons are moving to the left, but piston A has a speed 
twice as great as that of piston B. Then the water level in the tank 
is (a) rising, (b) not moving up or down, or (c) falling? 





. o E =| Diameter = 6 in 
Diameter = 3 in | 











am] 








B 
PROBLEM 5.44 


5.45 Two parallel disks of diameter D are brought together, each 
with a normal speed of V. When their spacing is h, what is the 
radial component of convective acceleration at the section just 
inside the edge of the disk (section A) in terms of V, h, and D? 
Assume uniform velocity distribution across the section. 


l | 
) f 


< D >| 
PROBLEM 5.45 























5.46 Two streams discharge into a pipe as shown. The flows are in- 
compressible. The volume flow rate of stream A into the pipe is given 
by Q, = 0.02 m?/s and that of stream B by Oz = 0.00877 m?/s, 
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where fis in seconds. The exit area of the pipe is 0.01 m?. Find the 
velocity and acceleration of the flow at the exit att = 1s. 


Oz 


N > o 
A=0.01m? 


a 


> 


PROBLEM 5.46 


0,7 


5.47 Air discharges downward in the pipe and then outward be- 
tween the parallel disks. Assuming negligible density change in 
the air, derive a formula for the acceleration of air at point A, 
which is a distance r from the center of the disks. Express the 
acceleration in terms of the constant air discharge Q, the radial 
distance y, and the disk spacing h. If D = 10 cm, h = 0.6 cm, 
and Q = 0.380 m°/ s, what are the velocity in the pipe and the 
acceleration at point A where r = 20 cm? 








Elevation view Plan view 


PROBLEMS 5.47, 5.48 


5.48 All the conditions of Prob. 5.47 are the same except that 
h= 1 cm and the discharge is given as Q = Q)(t/t)), where 
Q = 0.1 m?/s and tọ = 1 s. For the additional conditions, what 
will be the acceleration at point A when f = 2 s and ft = 3 s? 
5.49 A tank has a hole in the bottom with a cross-sectional area of 
0.0025 m? and an inlet line on the side with a cross-sectional area 
of 0.0025 m?, as shown. The cross-sectional area ofthe tank is 0.1 
m°. The velocity of the liquid flowing out the bottom hole is 
V = J2gh, where h is the height of the water surface in the tank 
above the outlet. At a certain time the surface level in the tank 
is 1 m and rising at the rate of 0.1 cm/s. The liquid is incom- 
pressible. Find the velocity of the liquid through the inlet. 

5.50 A mechanical pump is used to pressurize a bicycle tire. The 
inflow to the pump is 1 cfm. The density of the air entering the 
pump is 0.075 lbm/ft*. The inflated volume of a bicycle tire is 
0.045 ft®. The density of air in the inflated tire is 0.4 Ibm/ ft. 
How many seconds does it take to pressurize the tire if there ini- 
tially was no air in the tire? 








dD 
1 
3 


yV =? 


fa pa 
= 


/ | 
A = 0.0025 m? M 
A = 0.0025 m2 {v= V2gh 
PROBLEM 5.49 








5.51 A 6 in.—diameter cylinder falls at a rate of 4 ft/s in an 
8 in.—diameter tube containing an incompressible liquid. What 
is the mean velocity of the liquid (with respect to the tube) in the 
space between the cylinder and the tube wall? 














>| k 6 in 
E 4 ft/s 
= <— 8in 








PROBLEM 5.51 


5.52 This circular tank of water is being filled from a pipe as 
shown. The velocity of flow of water from the pipe is 10 ft/s. 
What will be the rate of rise of the water surface in the tank? 























Diameter = 1 ft 








V= 10 ft/s 





k4 ft —>| 


PROBLEM 5.52 


5.53 A sphere 8 inches in diameter falls at 4 ft/s downward ax- 
ially through water in a | ft-diameter container. Find the up- 
ward speed of the water with respect to the container wall at the 
midsection of the sphere. 

5.54A rectangular air duct 20 cm by 60 cm carries a flow of 
1.44 m?/s. Determine the velocity in the duct. If the duct tapers 
to 10 cm by 40 cm, what is the velocity in the latter section? As- 
sume constant air density. 

5.55 A 30 cm pipe divides into a20 cm branch anda 15 cm branch. 
If the total discharge is 0.30 m?/s and if the same mean velocity 
occurs in each branch, what is the discharge in each branch? 
5.56 The conditions are the same as in Prob. 5.55 except that the 
discharge in the 20 cm branch is twice that in the 15 cm branch. 
What is the mean velocity in each branch? 

5.57 Water flows in a 10 in. pipe that is connected in series with 
a 6 in. pipe. If the rate of flow is 898 gpm (gallons per minute), 
what is the mean velocity in each pipe? 
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5.58 What is the velocity of the flow of water in leg B of the tee 
shown in the figure? 


A B 


_ 
= 





4m 1 -> V=? 


2 m diameter 
4 m/s 


PROBLEM 5.58 





5.59 For a steady flow of gas in the conduit shown, what is the 
mean velocity at section 2? 


- 


60 cm diameter 





1.2 m diameter 





f Po = 1.5 kg/m? 
f p1 = 2.0 kg/m? 
V1 =15 m/s 
PROBLEM 5.59 


5.60 Two pipes, A and B, are connected to an open water tank. 
The water is entering the bottom of the tank from pipe A at 10 
cfm. The water level in the tank is rising at 1.0 in. /min, and the 
surface area of the tank is 80 ft”. Calculate the discharge in a 
second pipe, pipe B, that is also connected to the bottom of the 
tank. Is the flow entering or leaving the tank from pipe B? 

5.61 Is the tank in the figure filling or emptying? At what rate is 
the water level rising or falling in the tank? 







6 ft diameter 
3 in diameter 


4 in diameter 
V =A ft/s 


V = 10 ft/s 6 in diameter 
V= 7 ft/s 
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5.62 Given: Flow velocities as shown in the figure and water sur- 
face elevation (as shown) at ¢ = 0 s. At the end of 22 s, will the 
water surface in the tank be rising or falling, and at what speed? 


5.63 A lake with no outlet is fed by a river with a constant flow 
of 1200 ft/s. Water evaporates from the surface at a constant 
rate of 13 ft/s per square mile surface area. The area varies 
with depth h (feet) as A (square miles) = 4.5 + 5.54. What is 
the equilibrium depth of the lake? Below what river discharge 
will the lake dry up? 


- diameter > 














EJ Tank 
10 ft 
— <— 12 in diameter 
Y 
Water 
12 in diameter 6 in diameter 
+ EAN 
ies T 2 ft/s 
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5.64 A stationary nozzle discharges water against a plate moving 
toward the nozzle at half the jet velocity. When the discharge 
from the nozzle is 5 cfs, at what rate will the plate deflect water? 


5.65 An open tank has a constant inflow of 20 ft/s. A 1.0 ft- 
diameter drain provides a variable outflow velocity Vu equal 
o J(2gh) ft/s. What is the equilibrium height A., of the liquid 
in the tank? 

5.66 Assuming that complete mixing occurs between the two in- 
flows before the mixture discharges from the pipe at C, find the 
mass rate of flow, the velocity, and the specific gravity of the 
mixture in the pipe at C. 

Closed tank 





o łc 


— 


~ 


Diameter = 6 in 


A 
Q=3cfs 
$=0.95 


Diameter = 6 in 











B 
<— Diameter = 4 in 





| 


O= 1 cfs 
S = 0.85 
PROBLEM 5.66 


5.67 Oxygen and methane are mixed at 250 kPa absolute pres- 
sure and 100°C. The velocity of the gases into the mixer is 5 
m/s. The density of the gas leaving the mixer is 2.2 kg/m°. 
Determine the exit velocity of the gas mixture. 


CH4 
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5.68 A pipe with a series of holes as shown in the figure is used 
in many engineering systems to distribute gas into a system. 
The volume flow rate through each hole depends on the pres- 
sure difference across the hole and is given by 


Q = 0.67A (282) 


where A, is the area of the hole, Apis the pressure difference 
across the hole and p is the density of the gas in the pipe. If the 
pipe is sufficiently large, the pressure will be uniform along the 
pipe. A distribution pipe for air at 20° C is 0.5 meters in diameter 
and 10 m long. The gage pressure in the pipe is 100 Pa. The pres- 
sure outside the pipe is atmospheric at | bar. The hole diameter is 
2.5 cm and there are 50 holes per meter length of pipe. The pres- 
sure is constant in the pipe. Find the velocity of the air entering 
the pipe. 














< 10m >| 
C0 © © © d © © © i 
V—o ° ° o o © o 0/0.5m 
= © o o o © © © | 





PROBLEM 5.68 


5.69 The globe valve shown in the figure is a very common de- 
vice to control flow rate. The flow comes through the pipe at the 
left and then passes through a minimum area formed by the disc 
and valve seat. As the valve is closed, the area for flow between 
the disc and valve is reduced. The flow area can be approxi- 
mated by the annular region between the disc and the seat. The 
pressure drop across the valve can be estimated by application 
of the Bernoulli equation between the upstream pipe and the 
opening between the disc and valve seat. Assume there is a 10 
gpm (gallons per minute) flow of water at 60°F through the 
valve. The inside diameter of the upstream pipe is | inch. The 
distance across the opening from the disc to the seat is 1/8th of 
an inch, and the diameter of the opening is 1/2 inch. What is 
the pressure drop across the valve in psid? 





Seat 


PROBLEM 5.69 


5.70 In the flow through an orifice shown in the diagram the 
flow goes through a minimum area downstream of the orifice. 


This is called the “vena contracta.” The ratio of the flow area at 

the vena contracta to the area of the orifice is 0.64. 

a. Derive an equation for the discharge through the orifice in 
the form Q = CA,(2Ap/p) i , where A, is the area of the 
orifice, Ap is the pressure difference between the upstream 
flow and the vena contracta, and p is the fluid density. C is a 
dimensionless coefficient. 

b. Evaluate the discharge for water at 1000 kg/m? and a pres- 
sure difference of 10 kPa for a 1.5 cm orifice centered in a 
2.5 cm diameter pipe. 


| —,L<- 


2.5 cm Sa 


ian Vena contracta 
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5.71 A compressor supplies gas to a 10 m° tank. The inlet mass 
flow rate is given by m = 0.5p)/p (kg/s), where p is the den- 
sity in the tank and pọ is the initial density. Find the time it 
would take to increase the density in the tank by a factor of 2 if 
the initial density is 2 kg/m*. Assume the density is uniform 
throughout the tank. 





= 10m? 


<— in 
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5.72 A slow leak develops in a tire (assume constant volume), 
in which it takes 3 hr for the pressure to decrease from 30 psig 
to 25 psig. The air volume in the tire is 0.5 ft*, and the tempera- 
ture remains constant at 60°F. The mass flow rate of air is given 
by m = 0.68 pA/,/RT. Calculate the area of the hole in the tire. 
Atmospheric pressure is 14 psia. 

5.73 Oxygen leaks slowly through a small orifice in an oxy- 
gen bottle. The volume of the bottle is 0.1 m°, and the diame- 
ter of the orifice is 0.12 mm. The temperature in the tank 
remains constant at 18°C, and the mass-flow rate is given by 
m = 0.68p4/,/RT. How long will it take the absolute pres- 
sure to decrease from 10 to 5 MPa? 

5.74 How long will it take the water surface in the tank shown to 
drop from h = 3mtoh = 50cm? 

5.75 A cylindrical drum of water, lying on its side, is being emp- 
tied through a 2 in—diameter short pipe at the bottom of the 
drum. The velocity of the water out of the pipe is 
V= J2gh, where g is the acceleration due to gravity and h is 
the height of the water surface above the outlet of the tank. The 
tank is 4 ft long and 2 ft in diameter. Initially the tank is half 
full. Find the time for the tank to empty. 
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PROBLEM 5.75 


5.76 Water is draining from a pressurized tank as shown in the 
figure. The exit velocity is given by 


y, = |22+2¢h 
p 


where p is the pressure in the tank, p is the water density, and h 
is the elevation of the water surface above the outlet. The depth 
of the water in the tank is 2 m. The tank has a cross-sectional 
area of 1 m?, and the exit area of the pipe is 10 cm?. The pres- 
sure in the tank is maintained at 10 kPa. Find the time required 
to empty the tank. Compare this value with the time required if 
the tank is not pressurized. 


5.77 For the type of tank shown, the tank diameter is given as 
D = d+ C,h, where d is the bottom diameter and C} is a con- 
stant. Derive a formula for the time of fall of liquid surface from 
h = hy to h = h in terms of d, d, ho, h, and C,. Solve for t if 
hy = 1 m, h = 20 cm, d = 20 cm, C; = 0.3, and d, = 5 cm. 
The velocity of water in the liquid jet exiting the tank is 
V, = J2gh. 

5.78 A spherical tank with a diameter of | m is half filled with 
water. A port at the bottom of the tank is opened to drain the 
tank. The hole diameter is 1 cm, and the velocity of the water 
draining from the hole is V, = „/2gh, where h is the elevation 
of the water surface above the hole. Find the time required for 
the tank to empty. 
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5.79 A tank containing oil is to be pressurized to decrease the 
draining time. The tank, shown in the figure, is 2 m in diameter 
and 6 m high. The oil is originally at a level of 5 m. The oil has 
a density of 880 kg/m>. The outlet port has a diameter of 2 cm, 
and the velocity at the outlet is given by 


V,= j2gh+ 22 
p 
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where p is the gage pressure in the tank, p is the density of the 
oil, and / is the elevation of the surface above the hole. Assume 
during the emptying operation that the temperature of the air in 
the tank is constant. The pressure will vary as 


(L- ho) 
p= Po +Pam) ELpy Pam 


where L is the height of the tank, p,,,, is the atmospheric pres- 
sure, and the subscript 0 refers to the initial conditions. The 
initial pressure in the tank is 300 kPa gage, and the atmospheric 
pressure is 100 kPa. 

Applying the continuity equation to this problem, one finds 


A, | 
dh__ Že 2gh + 22 
dt Ar p 


Integrate this equation to predict the depth of the oil with time 
for a period of one hour. 
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5.80 An end-burning rocket motor has a chamber diameter of 
10 cm and a nozzle exit diameter of 8 cm. The density of the 
propellant is 1750 kg/m°, and the surface regresses at the 
rate of 1 cm/s. The gases crossing the nozzle exit plane have a 
pressure of 10 kPa abs and a temperature of 2200°C. The gas 
constant of the exhaust gases is 415 J/kg K. Calculate the gas 
velocity at the nozzle exit plane. 


8 cm 
| 
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5.81 A cylindrical-port rocket motor has a grain design consist- 
ing of a cylindrical shape as shown. The curved internal surface 
and both ends burn. The propellant surface regresses uniformly 
at 1.2 cm/s. The propellant density is 2200 kg/m°. The inside 
diameter of the motor is 20 cm. The propellant grain is 40 cm 
long and has an inside diameter of 12 cm. The diameter of the 
nozzle exit plane is 20 cm. The gas velocity at the exit plane is 
2000 m/s. Determine the gas density at the exit plane. 


PROBLEM 5.81 


5.82 The mass flow rate through a nozzle is given by 


nape 
JRT. 
where p, and T, are the pressure and temperature in the rocket 
chamber and R is the gas constant of the gases in the chamber. 
The propellant burning rate (surface regression rate) can be ex- 
pressed as 7 = ap”, where a and n are two empirical constants. 
Show, by application of the continuity equation, that the cham- 
ber pressure can be expressed as 


ap T a VZG =n) 
-|—2 = RT 
es Ge A, Ct) 


where p, is the propellant density and A, is the grain surface 
burning area. If the operating chamber pressure of a rocket mo- 
tor is 3.5 MPa and n = 0.3, how much will the chamber pres- 
sure increase if a crack develops in the grain, increasing the 
burning area by 20%? 








PROBLEM 5.82 


5.83 The piston shown is moving up during the exhaust stroke 
of a four-cycle engine. Mass escapes through the exhaust port at 
a rate given by 


ee a 
JT. 
where p, and T, are the cylinder pressure and temperature, Æ, is 
the valve opening area, and R is the gas constant of the exhaust 
gases. The bore of the cylinder is 10 cm, and the piston is mov- 
ing upward at 30 m/s. The distance between the piston and the 
head is 10 cm. The valve opening area is 1 cm’, the chamber 
pressure is 300 kPa abs, the chamber temperature is 600°C, and 
the gas constant is 350 J/kg K. Applying the continuity equa- 
tion, determine the rate at which the gas density is changing in 
the cylinder. Assume the density and pressure are uniform in the 
cylinder and the gas is ideal. 
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PROBLEM 5.83 


5.84 The flow pattern through the pipe contraction is as indi- 
cated, and the discharge of water is 70 cfs. For d= 2 ft and 
D = 6 ft, what will be the pressure at point B if the pressure at 
point A is 3500 psf? 





PROBLEM 5.84 


5.85 Water flows through a rigid contraction section of circular 
pipe in which the outlet diameter is one-half the inlet diameter. 
The velocity of the water at the inlet varies with time as Vp = 
(10 m/s)[1 — exp(-t/10)]. How will the velocity vary with 
time at the outlet? 

5.86 The annular venturimeter is useful for metering flows in 
pipe systems for which upstream calming distances are limited. 
The annular venturimeter consists of a cylindrical section 
mounted inside a pipe as shown in the figure. The pressure dif- 
ference is measured between the upstream pipe and at the region 
adjacent to the cylindrical section. Air at standard conditions 
flows in the system. The pipe diameter is 4 inches. The ratio of 
the cylindrical section diameter to the inside pipe diameter is 
0.8. A pressure difference of 3 inches of water is measured. Find 
the volume flow rate in the system. Assume the flow is incom- 
pressible, inviscid, and steady and that the velocity is uniformly 
distributed across the pipe sections. 


| a :; 
— d 
I — y 


PROBLEM 5.86 























5.87 Venturi-type applicators are frequently used to spray liquid 
fertilizers. Water flowing through the venturi creates a subatmo- 
spheric pressure at the throat, which in turn causes the liquid 


fertilizer to flow up the feed tube and mix with the water in the 
throat region. The venturi applicator shown in the figure uses 
water at 20°C to spray a liquid fertilizer with the same density. 
The venturi exhausts to the atmosphere, and the exit diameter is 
1 cm. The ratio of exit area to throat area (4,/A,) is 2. The flow 
rate of water through the venturi is 10 Ipm (liters per minute). 
The bottom of the feed tube in the reservoir is 5 cm below the 
liquid fertilizer surface and 10 cm below the centerline of the 
venturi. The pressure at the liquid fertilizer surface is atmo- 
spheric. The flow rate through the feed tube between the reser- 
voir and venturi throat is 


Q; (lpm) = 0.5,/Ah 


where Ah is the drop in piezometric head (in meters) between 
the feed tube entrance and the venturi centerline. Find the flow 
rate of liquid fertilizer in the feed tube, Q,. Also find the concen- 
tration of liquid fertilizer in the mixture, [0,/(Q, + Q,,)], at the 
end of the sprayer. 








PROBLEM 5.87 


5.88 Air witha density of 0.0644 lbm/ ft’ is flowing upward in the 
vertical duct, as shown. The velocity at the inlet (station 1) is 80 
ft/s, and the area ratio between stations 1 and 2 is 0.5 
(A,/A, = 0.5). Two pressure taps, 10 ft apart, are connected to a 
manometer, as shown. The specific weight of the manometer liq- 
uid is 120 Ibf/ ft*. Find the deflection, Ah, of the manometer. 


-i 


10 ft 


Vg 
7i i 


PROBLEM 5.88 
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5.89 An atomizer utilizes a constriction in an air duct as shown. 
Design an operable atomizer making your own assumptions re- 
garding the air source. 

5.90 A suction device is being designed based on the venturi prin- 
ciple to lift objects submerged in water. The operating water tem- 
perature is 15°C. The suction cup is located 1 m below the water 
surface, and the venturi throat is located 1 m above the water. The 
atmospheric pressure is 100 kPa. The ratio of the throat area to the 
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PROBLEM 5.89 


exit area is i, and the exit area is 0.001 m?. The area of the suction 

cup is 0.1 m’. 

a. Find the velocity of the water at the exit for maximum lift 
condition. 

b. Find the discharge through the system for maximum lift 
condition. 

c. Find the maximum load the suction cup can support. 


Water A=10° m? 




















PROBLEM 5.90 


5.91 A design for a hovercraft is shown in the figure. A fan 
brings air at 60°F into a chamber, and the air is exhausted be- 
tween the skirts and the ground. The pressure inside the cham- 
ber is responsible for the lift. The hovercraft is 15 ft long and 7 
ft wide. The weight of the craft including crew, fuel, and load is 
2000 lbf. Assume that the pressure in the chamber is the stagna- 
tion pressure (zero velocity) and the pressure where the air exits 
around the skirt is atmospheric. Assume the air is incompress- 
ible, the flow is steady, and viscous effects are negligible. Find 
the airflow rate necessary to maintain the skirts at a height of 3 
inches above the ground. 





Motor 











Skirt 





PROBLEM 5.91 


5.92 Water is forced out of this cylinder by the piston. If the piston 
is driven at a speed of 6 ft/s, what will be the speed of efflux of 
the water from the nozzle if d = 2 in. and D = 4 in.? Neglecting 
friction and assuming irrotational flow, determine the force F that 
will be required to drive the piston. The exit pressure is atmo- 
spheric pressure. 


<—d 





| 
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PROBLEM 5.92 


5.93 Air flows through a constant-area heated pipe. At the en- 
trance, the velocity is 10 m/s, the pressure is 100 kPa absolute 
and the temperature is 20°C. At the outlet, the pressure is 80 kPa 
absolute, and the temperature is 50°C. What is the velocity at the 
outlet? Can the Bernoulli equation be used to relate the pressure 
and velocity changes? Explain. 


Cavitation 


5.94 PQ< Sometimes driving your car on a hot day, you may 
encounter a problem with the fuel pump called pump cavitation. 
What is happening to the gasoline? How does this affect the op- 
eration of the pump? 

5.95 PQ< What is cavitation? Why does the tendency for cavi- 
tation in a liquid increase with increased temperatures? 

5.96 When gage A indicates a pressure of 120 kPa gage, then 
cavitation just starts to occur in the venturi meter. If D = 40 
cm and d = 10 cm, what is the water discharge in the system for 
this condition of incipient cavitation? The atmospheric pressure 
is 100 kPa gage, and the water temperature is 10°C. Neglect 
gravitational effects. 








PROBLEM 5.96 


5.97 A sphere 1 ft in diameter is moving horizontally at a depth 
of 12 ft below a water surface where the water temperature is 
50°F. Vinay = 1.5V,, where V, is the free stream velocity and 
occurs at the maximum sphere width. At what speed in still wa- 
ter will cavitation first occur? 

5.98 When the hydrofoil shown was tested, the minimum 
pressure on the surface of the foil was found to be 70 kPa ab- 
solute when the foil was submerged 1.80 m and towed at a 
speed of 8 m/s. At the same depth, at what speed will cavita- 
tion first occur? Assume irrotational flow for both cases and 
T = 10°C. 

5.99 For the hydrofoil of Prob. 5.98, at what speed will cavita- 
tion begin if the depth is increased to 3 m? 

5.100 When the hydrofoil shown was tested, the minimum pres- 
sure on the surface of the foil was found to be 2.5 psi vacuum 
when the foil was submerged 4 ft and towed at a speed of 25 
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ft/s. At the same depth, at what speed will cavitation first oc- 
cur? Assume irrotational flow for both cases and T = 50°F. 
5.101 For the conditions of Prob. 5.100, at what speed will cavi- 
tation begin if the depth is increased to 10 ft? 








a A 


PROBLEMS 5.98, 5.99, 5.100, 5.101 


5.102 A sphere is moving in water at a depth where the absolute 
pressure is 18 psia. The maximum velocity on a sphere occurs 
90° from the forward stagnation point and is 1.5 times the free- 
stream velocity. The density of water is 62.4 lbm/ft®. Calculate 
the speed of the sphere at which cavitation will occur. T = 50°F. 
5.103 The minimum pressure on a cylinder moving horizontally 
in water (T = 10°C) at 5 m/s at a depth of 1 m is 80 kPa abso- 
lute. At what velocity will cavitation begin? Atmospheric pres- 
sure is 100 kPa absolute. 


Differential Form of the Continuity Equation 


5.104 It is predicted that a flow field will have the following ve- 
locity components: 


u = Vix +xy’) v= Vo? +yx) w=0 
V is a constant. Is such a flow field possible? (Does it satisfy 
continuity?) 
5.105 The velocity components of a flow field are given by 
3/2 o = 3/2 
a +y’) ag 


Is continuity satisfied? Is the flow irrotational? 


u= 


5.106 A u component of velocity is given by u = Axy, where A 
is a constant. What is a possible v component? What must the v 
component be if the flow is irrotational? 
5.107 The continuity equation can be expressed in vector nota- 
tion as 

op 


Sy + Vip V) = 0. 


Show that this equation can also be expressed as 
Dp 

Dt 

where the operator D/ Dt is defined as 


Doly V.V. 
Dt ot 


+p(V-V)=0 
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Momentum Equation 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Explain the steps in deriving the momentum equation. 
e Define an inertial reference frame. 
e Identify the accumulation and momentum flux terms in the momentum equation. 
e Explain the steps in deriving the moment-of-momentum equation. 
e Explain the water-hammer effect. 


Procedural Knowledge 
e Apply the component form of the momentum equation to stationary and moving control volumes. 
e Apply the vector form of the momentum equation. 
e Apply the moment-of-momentum equation to stationary and rotating control volumes. 


Typical Applications 
e For jets, vanes, nozzles and pipe sections, calculate forces and moments. 
e For water hammer effects, calculate pressure rise. 
e For radial turbines, calculate power output. 


—6—6h3OD 


The analysis of forces on vanes and pipe bends, the thrust produced by a rocket or turbojet, 
and torque produced by a hydraulic turbine are all examples of the application of the momen- 
tum equation. In Chapter 5, the Reynolds transport theorem was introduced, which enables 
one to take fundamental equations for a system (given mass) and write the equivalent equa- 
tions in Eulerian form suitable for the control volume approach. In this chapter the Reynolds 
transport theorem is applied to Newton’s second law of motion, F = ma, to develop the Eu- 
lerian form of the momentum equation. Application of this equation allows the engineer to 
analyze forces and moments produced by flowing fluids. 


Momentum Equation: Derivation 


Newton’s second law of motion is a familiar concept in mechanics. In this section the 
principle that the rate of change of momentum of a body is equal to the force acting on the 
body is rewritten in Eulerian form using the Reynolds transport theorem. The result is 
momentum equation in the form suitable for the control volume approach. 


When forces act on a particle, the particle accelerates according to Newton’s second 
law of motion: 


SF =ma (6.1) 
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By definition, the mass (m) is constant, so the equation may be written using momentum: 
_ dmv) 
F = A”) 6.2 
apma (6.2) 


Although Eqs. (6.1) and (6.2) apply to a single particle, the law can also be formulated for a 
system composed of a group of particles, for example, a fluid system. In this case, the law 
may be written as 


_ d(Mom,,.) 
2 ea (6.3) 


The term Mom,,, denotes the total momentum of all mass comprising the system. 
Equation (6.3) is a Lagrangian equation. To derive an Eulerian equation, the Reynolds 


transport theorem, Eq. (5.21), 


Zaa] bpak + | bpV-dA 
dt dt CV cs 

is applied where V is fluid velocity relative to the control surface at the location where the 
flow crosses the surface. The extensive property B,,, becomes the momentum of the system: 
B = Mom s- The corresponding intensive property b becomes the momentum per unit mass 
within the system. The momentum of any fluid particle of mass m in the system is mv, and so 
b = (mv)/m = v. The velocity v must be relative to an inertial reference frame, that is, a 
frame that does not rotate and can either be stationary or moving at a constant velocity. Sub- 
stituting for B, and b into Eq. (5.21) gives 


Amt d vp dk | vpV - dA (6.4) 


Combining Eqs. (6.3) and (6.4) gives the integral form of the momentum equation: 
>F=4| vp dvs | vpV+dA (6.5) 


This equation can be expressed in words as 


sum of forces time rate of net outflow rate 
acting on the matter | = | change of momentum | + of momentum 
in control volume in control volume through control surface 


It is important to remember that the momentum equation is a vector equation; that is, there is 
a direction associated with the each term in the equation. 

If the flow crossing the control surface occurs through a series of inlet and outlet ports 
and if the velocity v is uniformly distributed across each port, then a simplified form of the 
Reynolds transport theorem, Eq. (5.23), can be used, and the momentum equation becomes 


ŞF= = | pvdk+ © movo- X tiv, (6.6) 


where the subscripts o and i refer to the outlet and inlet ports, respectively. This form of the 
momentum equation will be identified as the vector form. Notice that the product of mv cor- 
responds to the mass per unit time times velocity, or momentum per unit time, which has the 
same units as force. 
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As long as v is uniformly distributed across control surface, Eq. (6.6) applies to any 
control volume, including one that is moving, deforming, or both. In all cases, m is the rate 
at which mass is passing across the control surface, and v is velocity evaluated at the control 
surface with respect to the inertial reference frame that is selected. 

The three components of Eq. (6.6) for the Cartesian coordinate (x,y,z) system are 


TET R _d 
x-direction: SF, = Ale v, pd¥+ 2 hay a e ix (6.7a) 
y-direction: © F, = 2 | vypd¥+ © tovo- Ò Vy (6.7b) 
z-direction: SF, 3 ah v,pd¥+ ann Voz -X hwv; (6.7c) 


where the subscripts x, y, and z refer to the force and velocity components in the coordinate di- 
rections. These equations will be identified as the component form of the momentum equation. 

When velocity v varies across the control surface, the general form of the momentum 
equation, Eq. (6.5), must always be used. 


Momentum Equation: Interpretation 


Figure 6.1 





Forces associated with 
flow in a pipe: (a) pipe 
schematic, (b) control 
volume situated inside 
the pipe, and (c) control 
volume surrounding the 
pipe. 


Application of the momentum equation to fluid flow problems is analogous to the use of the 
free-body approach in solid mechanics. In solid mechanics, a system of interest is isolated 
from its surroundings, thereby creating a free body, and forces are applied to replace the 
influence of the surroundings. These forces are then summed and equated with the product of 
mass and acceleration. In fluid mechanics, the system of interest is the material contained 
within the control volume, and forces are applied to this system to represent the effect of the 
surroundings. Forces are then summed and equated to momentum changes of the flow. 


P24 p24 
—D = f 
| 
| 
| 
| 
| 
| 
L 


Re 





Flow 
(a) (b) (c) 
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Force Terms 


In Eq. (6.5), the force term is the sum of all the forces acting on the matter in the control vol- 
ume. For example, consider flow inside a vertical pipe, as shown in Fig. 6.la. One possible 
control volume is a cylinder with diameter D and length L located just inside the pipe wall. 
As shown in Fig. 6.15, the fluid within the control volume has been isolated from its sur- 
roundings, and the effect of the surroundings are shown as forces. The effect of the wall is re- 
placed by a force equal to the shear stress (T) times the pipe surface area (A, = TDL). The 
force due to pressure is given by pressure (p) times the section area (A = mD /4) and al- 
ways acts toward the control surface (a compressive force). The weight of the fluid is given 
by W= y(mD°/ 4)L. Thus, the net force acting in the z-direction is given by 


SF. = (1 —p2)D DL y(mD°/4)L (6.8) 


Another possible control volume has a length Z and a diameter that is larger than the pipe’s out- 
side diameter. As shown in Fig. 6.1c, this control volume cuts through the pipe wall. Comparing 
Figs. 6.15 and 6.1c shows that the pressure forces are the same. However, in Fig. 6.1c, there 
is no force associated with shear stress, but there are two new forces, F; and F,, which represent 
the forces due to the pipe wall. Also, the weight of matter within the control volume now in- 
cludes the weight of the fluid and the pipe wall (W,,). The net z-direction force is 


YF,= (Pp) -p2)GD -Fi + F,-(W, + y(mD°/4)L) (6.9) 


The choice of control volume depends on what information being sought. To relate the pres- 
sure change between sections 1 and 2 to wall shear stress, Eq. (6.8) would be best. To find the 
tensile force carried by the pipe wall, Eq. (6.9) would be used. 

The sketches shown in Figs. 6.1b and 6.1c are identified as force diagrams (FD). A 
force diagram shows the forces acting on the matter contained within a control volume. A 
force diagram is equivalent to a free-body diagram at the instant in time when the momentum 
equation is applied. 

In Fig. 6.15, the force of gravity (weight) acts on each mass element in the control volume 
(with the resultant force acting at the mass center). A force that acts on mass elements within 
the body is defined as a body force. A body force can act at a distance without any physical 
contact. Examples of body forces include gravitational, electrostatic, and magnetic forces. 

Except for the body force (weight), all forces shown in Figs. 6.15 and 6.1c are surface 
forces. A surface force is defined as a force that requires physical contact, meaning that sur- 
face forces act at the control surface. For example, p,A, acts at the control surface and re- 
quires contact between the fluid outside the control volume and the fluid inside the control 
volume. With respect to pressure, the net force is obtained by integrating the pressure over 
the area of the surface. For example, if the pressure varies hydrostatically, the magnitude of 
the force and the line of action would be determined using the methods presented in Chapter 
3. When evaluating pressure forces, engineers commonly use gage pressure. In this case, the 
force associated with atmospheric pressure acting over a surface is zero. In addition to 
pressure, surface forces can be caused by shear stress, for example the force TA, shown in 
Fig. 6.15. 


Momentum Accumulation 

The first term on the right side of Eq. (6.5) represents the rate at which the momentum of the 
material inside the control volume is changing with time. In particular, the mass of a volume 
element in the control volume is p d¥, so the product v p¥ is the momentum of a volume 
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Figure 6.2 


(a) Nozzle, and 
(b) momentum diagram 





Control 


surface 
for nozzle. 





element. Integrating over the control volume gives total momentum of the material in the 
control volume. Taking the time derivative gives the rate at which the momentum is chang- 
ing. This term may be described as the net rate of momentum accumulation, and it will be re- 
ferred to it as the momentum accumulation term. The units are momentum per unit time, 
which are equivalent to the units for force. 

In many problems, the momentum accumulation is zero. For example, consider steady 
flow through the control volume surrounding the nozzle shown in Fig. 6.2a. The fluid inside 
the control volume has momentum because it is moving. However, the velocity and density 
at each point do not change with time, so the total momentum in the control volume is con- 
stant, and the momentum accumulation term is zero. The evaluation of the momentum accu- 
mulation term is completed by considering the structural elements (i.e., the nozzle walls). 
Since the structural elements are stationary, there is no momentum change, so the momentum 
accumulation rate is zero. 

In summary, the momentum of the material inside a control volume is evaluated by in- 
tegrating the momentum of each volume element over the control volume. If the momentum 
in each differential volume is constant with time (e.g., steady flow, a stationary structural 
part), the momentum accumulation rate is zero. 


Momentum Diagram 


The momentum terms on the right side of Eq. (6.5) may be visualized with a momentum 
diagram (MD). The momentum diagram is created by sketching a control volume and then 
drawing a vector to represent the momentum accumulation term and a vector to represent 
momentum flow at each section where mass crosses the control surface. 

Although the momentum diagram applies to the integral form of the momentum princi- 
ple, Eq. (6.5), the diagram takes on a simple form when the velocity v is uniformly distrib- 
uted across each inlet and outlet port, and Eq. (6.6) applies. For example, consider steady 
flow through the nozzle shown in Fig. 6.2. For the control volume indicated, the momentum 
accumulation term is zero, and this vector is omitted from the diagram. If the velocity is as- 
sumed to be uniform across the inlet and exit sections, the outlet momentum flow is given by 
M,Vo, and the inlet momentum flow is given by m;vi, as shown in Fig. 6.2b. To evaluate the 
momentum flow, one can use the diagram to see that 


Stove = [Movocos0]i + [ovo sin 9 ]j 
cs 
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and 
> mv; = [mivi]j 
cs 


Recognizing that m; =m, = m, the above equations can be combined to show that the net 
outward flow of momentum is 


X movo- > mivi = [hvo cos ]i + [mv, sind — mv;]j 
cs cs 
Using the momentum diagram is a straightforward way to evaluate the momentum terms. 


Systematic Approach 


A systematic approach is recommended for using the momentum equation. One such ap- 
proach is summarized here. 


Problem Setup 


e Select an appropriate control volume. Sketch the control volume and coordinate axes. 
Select an inertial reference frame. 

e Identify governing equations. This will include either the vector or component form of 
the momentum equation. Other equations, such as the Bernoulli equation and/or the continu- 
ity equation, may be needed. 


Force Analysis and Diagram 


¢ Sketch body force(s) (usually only gravitational force) on the force diagram. 
e Sketch surface forces on the force diagram; these are forces caused by pressure distribu- 
tion, shear stress distribution, and supports and structures. 


Momentum Analysis and Diagram 


e Evaluate the momentum accumulation term. If the flow is steady and other materials in 
the control volume are stationary, the momentum accumulation is zero. Otherwise, the mo- 
mentum accumulation term is evaluated by integration, and an appropriate vector is added to 
the momentum diagram. 

e Sketch momentum flow vectors on the momentum diagram. For uniform velocity, each 
vector is my. 


Common Applications 


This section discusses four common applications of the momentum equation: fluid jets, 
nozzles, vanes, and pipe bends. 


Fluid Jets 

A fluid jet is created by a high-speed stream of fluid leaving a nozzle as shown in Fig. 6.3. 
Examples would include a firehose or an ink jet in a printer. Provided that the jet is “free” 
(not confined by walls), the pressure is constant across any cross section of the jet, such as 
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Figure 6.3 





l 
oe PE i A i 
A fluid jet exiting a oo | 
nozzle. Pressure of the Flow l pn | 
ambient fluid is p,. Ò Ò È 
Letters indicate cross ® 


sections. 


sections B and C, and equal to the pressure of the surrounding fluid p,.* Thus 
Pp = Pc = P,- It is convenient to use gage pressures when calculating pressure forces so the 
exit pressure is zero and so there is no surface force at the exit plane. Finally, it is typically 
assumed that fluid velocity is uniform across the cross section of a jet. 

Example 6.1 shows how to calculate the thrust on a rocket by applying the momentum 
equation. 





EXAMPLE 6.1 THRUST OF ROCKET Plan 


The sketch below shows a 40 g rocket, of the type used for 1. Choose a control volume such that the force acting on the 
model rocketry, being fired on a test stand in order to evaluate control surface is the force on the beam and where 
thrust. The exhaust jet from the rocket motor has a diameter information is available for the momentum flux crossing 
of d= 1 cm, a speed of v = 450 m/s, and a density of (ne comimol OMe 
p = 0.5 kg/m’. Assume the pressure in the exhaust jet 2. Sketch the force diagram. 
equals ambient pressure, and neglect any momentum changes 3. Sketch the momentum diagram. 
inside the rocket motor. Find the force F, acting on the beam 4. Because this problem involves only one direction, the 
that supports the rocket. component form of the momentum equation in the 
z-direction, Eq. (6.7c), will be used. 
Sketch 5. Evaluate the sum of the forces from the force diagram. 
6. Evaluate momentum terms. 
7. Calculate the force. 


Solution 


1. The control volume chosen is shown below. The control 
volume is stationary. 


Problem Definition 








Situation: Model rocket supported by a beam. Exit 
conditions of model rocket provided. 


Find: Force (in newtons) on beam. 


Assumptions: Pressure is atmospheric at the nozzle exit 
plane. 





Properties: p = 0.5 kg/m’. 


* This assumption is valid if a jet is subsonic, meaning the speed of the jet is less than the local speed of 
sound in the fluid. Otherwise, the exit pressure can be higher than atmospheric pressure. Supersonic jets are 
discussed in Chapter 12. 
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2. From the force diagram, the force on the control surface 
exerted by the beam is chosen as downward (negative 
z-direction) with magnitude F,. (The corresponding force 
exerted by the rocket on the beam is upward.) The weight 
also acts downward. Also there is no pressure force at the 
nozzle exit plane because exit pressure is atmospheric. 

3. The momentum diagram shows only one momentum 
outflow and no inflow. 


4. Momentum equation in z-direction: 
a d ; 
DF; T e pd¥+ D o oe S mwv, 
cs cs 


5. Sum of forces. 


6. Evaluation of momentum terms. 


_F,-mg =-pAv” 


he = pAv -mg 
= (0.5 kg/m?) (m x 0.017 m?/4)(450° m?/s”) 
— (0.04 kg)(9.81 m/s’) 


The direction of F, (on the beam) is upward. 


Review 
1. The thrust force of the rocket motor is mv = 7.95 N (1.79 


lbf); this value is typical of a small motor used for model 
rocketry. 


. The force F, acts downward at the control surface, and an 


equal and opposite force acts upward on the support beam, 
as shown in the sketch below. This is an example of an 
action and reaction force, as described by Newton’s third 


: 7 law of motion. 
e Accumulation term: No changes in control volume, 


4) vpd¥= 0. 


e Momentum inflow: No inflow, S mv, = 0. 
cs 








e Momentum outflow: Sm, = m(-v) = _pAv’ 
cs 





Te Force on baam: 3. For solving this problem, two separate diagrams were 


used: the force and the momentum diagrams. The rationale 
for this approach is to regard forces and momentum flows 
as separate phenomena. This facilitates writing the 
equations and provides a systematic approach to more 
complex problems. 





Example 6.2 shows how to calculate the forces due to a jet flowing into a cart. The 
component form of the momentum equation is utilized. 





EXAMPLE 6.2 CONCRETE FLOWING INTO CART 


As shown in the sketch, concrete flows into a cart sitting on a 
scale. The stream of concrete has a density of 

p = 150 Ibm/ft’, an area of A = 1 in and a speed of 

v = 10 ft/s. At the instant shown, the weight of the cart plus 
the concrete is 800 lbf. Determine the tension in the cable and 
the weight recorded by the scale. Assume steady flow. 


Sketch: Density of concrete, p = 150 Ibm/ft*. 


Concrete 
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Problem Definition 

Situation: Concrete flowing into cart held by cable and 
mounted on a scale. 

Find: 

1. Force (in lbf) on cable. 

2. Weight (in lbf) recorded on scale. 


Assumptions: The velocity of the concrete in the cart is zero. 


Plan 

1. Select a control volume that provides force on cable and 
weight on scale. 

2. Sketch the force diagram. 

. Sketch the momentum diagram. 

4. Since this problem involves two directions, the 
component form of the momentum equations in the x- and 
z-directions, Eqs. (6.7a) and (6.7c), will be used. 

5. Evaluate forces from force diagram. 

6. Evaluate momentum terms. 

7. Calculate tension in cable and weight on scale. 


Ww 


Solution 


1. Control volume selected is shown on diagram. Control 
volume is stationary. 








2. Force diagram shows the tension in the cable and the 
weight on the scale. 


3. Momentum diagram shows only an inflow of momentum. 
Velocity of the concrete in the tank is neglected. 


4. Component momentum equations 
e Momentum equation in x-direction 


P, = 2| v pdk+ D MoVox >, Vig (a) 


e Momentum equation in z-direction 


5r = 2f v pda > movos- X tniva (b) 


5. Forces from the force diagram 


D 
SP N-W 
6. Evaluation of momentum terms 
e Momentum accumulation: v, = 0, v, = 0, so 


vpa¥=0,2] v,pd¥=0. 


an dt} 


e Momentum inflow 


>) mv, = mvcos60° = pAvcos60° 


cs 
X mw, = m(-vsin60°) = -pAv’ sin60° 
cs 


e Momentum outflow: No outflow, so, 
> MoYox = 0, and >) mov, = 0. 
cs cs 


7. Evaluate tension in cable using (a). 


-T=-pA v” cos 60° 


T= (150 mi) ( = ft’) (10 ft/s)’ cos 60° 


32.2 Ibm 
-ET 


Evaluate force on scale using (b). 
N-W = -(-p4A v sin60°) 
N = W + pAv’ sin60° 


= 800 lbf + 403 lbf =| 1200 lbf 


Review 


1. The weight recorded by the scale is larger than the weight 
of the cart because of the momentum carried by the fluid 
jet. 

2. Notice that unit conversions are usually needed when 
using English units. 

3. There will be some velocity in the cart due to mixing, but 
the momentum associated with those velocities would be 
insignificant, so the momentum accumulation term can be 
neglected. 

4. Answers are expressed with three significant figures. 
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Nozzles 


Nozzles are flow devices used to accelerate a fluid stream by reducing the cross-sectional 
area of the flow. When a fluid flows through a nozzle as shown in Fig. 6.3, it is reasonable to 
assume the velocity is uniform across sections A and B. Hence, the momentum flows will 
have magnitude mv. If the nozzle exhausts into the atmosphere, the pressure at section B is 
atmospheric. Applying the Bernoulli equation between sections A and B will provide an 
equation for the pressure at section A. This pressure will exert a force of magnitude pA, 
where p is the pressure at the centroid of section A. 

In many applications involving finding the force on a nozzle, the Bernoulli equation is 
used along with the momentum equation. Example 6.3 illustrates one such application. 





EXAMPLE 6.3 FORCE ON A NOZZLE 2. Sketch the force diagram. 

The sketch shows air flowing through a nozzle. The inlet 3. Sketch the momentum diagram. 

pressure is p} = 105 kPa abs, and the air exhausts into the 4. Apply the Bernoulli equation and the continuity equation 
atmosphere, where the pressure is 101.3 kPa abs. The nozzle to find exit (and inlet) velocity. 

has an inlet diameter of 60 mm and an exit diameter of 10 5. Apply the component form of the momentum equation in 
mm, and the nozzle is connected to the supply pipe by the x-direction, Eq. (6.7a). 

flanges. Find the air speed at the exit of the nozzle and the 6. Evaluate forces (use gage pressures for pressure force). 
force required to hold the nozzle stationary. Assume the air 7. Evaluate momentum terms. 

has a constant density of 1.22 kg/ m°. Neglect the weight of 8. Calculate force on flange. 

the nozzle. 

Sketch: Solution 


1. Select control volume (and control surface). Control 
volume is stationary. 





Flanges 















































DANE 2. Force diagram shows force due to pressure and force from 


Situation: Air flows through nozzle with contraction ratio of flange. 
6:1. Nozzle attached to pipe by flange. 3. Momentum diagram shows a momentum inflow and 
Find: outflow. 

: bene 4. Application of i i i 
ie TE (a m/e of norze. ; a 1 ion of the Bernoulli equation between sections 1 
2. Force on flange (in newtons) required to hold nozzle. ME T 
Assumptions: Pit ¥21+50V1 = Po + Yz, + 5V2 
1. Density is constant. 
2. Viscous effects are negligible. e Set z; = Zp. 
3. Flow is steady. e Set p, = 0 kPa gage, and now 
Properties: p = 1.22 kg/m’. pı = 105 kPa- 101.3 kPa = 3.7 kPa gage. 


Plan 


1. Select a control surface that includes the force on the 
flange. 
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The Bernoulli equation simplifies to 
Pit pvi/2 = pv5/2 
From the continuity equation, 
V4, = v47 


2 D 
vidi = vod, 


Substitute into the Bernoulli equation and solve for v,: 


2p; 
POEGA 


—— 


Evaluate exit velocity: 


m =| 2 x 3.7 x 1000 Pa 
(1.22 kg/m*)(1 —(10/60)*) 





= 77.9 m/s 


Inlet velocity is 


2 
d> 
Wy = d 
2 


=O ms x | SG sae 


5. Momentum equation 
d : : 
F.=4 | Sie 
D 7 ovis PAF + 2 hoVox Dm 
6. Sum of forces in x-direction 
57 y= IP a dla 


7. Term-by-term evaluation of momentum terms 
e Accumulation term: Flow is steady, 


Swede = 0. 


e Momentum outflux with one outflow at section 2, 
> meV ox = MV». 
cs 
e Momentum influx with one inlet at section 1, 
Yin, = my. 
cs 
8. Force on flange 
F+p,A,; =m(v,-V)) 
H pAr vD pA 
= (1.22 kgimò (F) (0.06 m)*(2.16 m/s) 
x (77.9 — 2.16) (m/s) 
-3.7 x 1000 N/m? x (=) 0.06 m)’ 
= 0.564 N — 10.46 N =|-9.90 N 


Because F is negative, the direction is opposite to the 
direction assumed on the force diagram. Hence, the force 
on the control surface acts in the negative x-direction, but 
the force on the flange will be in the positive direction. 


Force on flange =|9.90 N 


The tension in the bolts holding the flange will be 
increased. 


Review 


1. The direction initially assumed for the force on the flange 
was arbitrary. If the answer for the force is negative, then 
the force is opposite the chosen direction. 

2. By choosing to use gage pressure there are no pressure 
forces on any surfaces exposed to the atmosphere. Also 
there is no force due to pressure across the nozzle exit 
plane. 





Vanes 


A vane is a structural component, typically thin, that is used to turn a fluid jet or is turned by 
a fluid jet. Examples include a blade in a turbine, a sail on a ship, and a thrust reverser on an 
aircraft engine. Figure 6.4 shows a flat vane impacted by a jet of fluid. A typical control vol- 
ume is also shown. In analyzing flow over a vane, it is common to neglect the pressure 
change due to elevation difference. Since the pressure is constant (atmospheric pressure or 
surrounding pressure), the Bernoulli equation shows the speed is constant v; = v, = v3. An- 
other common assumption is that viscous forces are negligible compared to pressure forces. 
Thus when a vane is flat, as in Fig. 6.4, the force needed to hold the vane stationary is normal 


to the vane. 
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Figure 6.4 





Fluid jet striking a flat 


vane. 





Example 6.4 illustrates how to calculate the force on a vane used to deflect a stream of 
water. This example utilizes the vector form of the momentum equation. 





EXAMPLE 6.4 WATER DEFLECTED BY A VANE 


A water jet is deflected 60° by a stationary vane as shown in 
the figure. The incoming jet has a speed of 100 ft/s and a 
diameter of | in. Find the force exerted by the jet on the vane. 
Neglect the influence of gravity. 


Sketch: 





Problem Definition 


Situation: Water deflected by a vane. 
Find: Force (lbf) on vane due to jet. 
Assumptions: 

1. Viscous effects are negligible. 

2. Neglect gravitational effects. 


Properties: p = 62.4 Ibm/ft? = 1.94 slug/ft’. 


Plan 

From the Bernoulli equation, since the pressure is constant, 

the inlet and outlet speeds are the same. Also, from 

continuity, mı = m = m. 

1. Select a control volume such that the control surface 
includes the force on the vane and flux of momentum. 

2. Sketch the force diagram. 

3. Sketch the momentum diagram. 


. Use the vector form of momentum equation, Eq. (6.6). 
. Evaluate force terms. 

. Evaluate momentum terms 

. Evaluate mass flow rate. 

. Calculate force. 


oN AN A 


Solution 


1. The control volume selected is shown in the sketch. The 
control volume is stationary. 





2. The force diagram shows only the reaction force. 
3. The momentum diagram shows an inflow and outflow. 
4. Vector form of momentum equation. 


Waa A pvdk+ > mv,- > mv; 


5. Force vector is 


X F=-Fi-Fj 
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6. Evaluation of momentum terms -F = mv cos60° — mv 
e Control volume is stationary, ¢ | pvd¥ = 0 -F , = —mv sin 60° 
cv S 
e Momentum outflow vector, Force in x-direction 
S mov, = [(mv cos60°)i — (mv sin60°)j]. F, = mv(1 — cos 60°) 
cs 


= (1.06 slug/s)(100 ft/s)(1 — cos60°) 


e Momentum inflow vector, > ,m;v; = mvi. =/53. 
2 F, =[53.0 lof 


7. Mass flow rate Force in y-direction 
m = pAv F, = mv sin60° 
= (1.94 slug/ ft) (m x 0.0417° ft’)(100 ft/s) = (1.06 slug/s)(100 ft/s) sin60° 
= 1.06 slug/s Fy = Bla i 
8. Force The force of the jet on the vane (F;,,) is opposite in 
-Fi — F ,j = (mv cos60° — mv)i — (mv sin60°)j direction to the force required to hold the vane stationary 


(F). Therefore, 
Fia = (53.0 Ibf)i + (91.8 Ibf)j 


For each component, 





Example 6.5 shows how to calculate the force on an axisymmetric vane, which redi- 
rects the flow in the radial direction. 





EXAMPLE 6.5 FORCE ON AN AXISYMMETRIC Assumptions: 


VANE 1. Flow is steady. 

As shown in the figure, an incident jet of fluid with density p, | 2. Fluid is incompressible. 

speed v, and area A is deflected through an angle B by a 3. Viscous effects are negligible. 

stationary, axisymmetric vane. Find the force required to hold 

the vane stationary. Express the answer using p, v, A, and B. Plan 

Neglect the influence of gravity. Because the pressure is constant, the Bernoulli equation 
Sketch: Gravitational effects are negligible. shows the inlet and outlet speeds are the same. Application of 


the continuity equation shows the inlet and outlet mass flows 

are also the same. 

1. Select a control volume with the constraining force on 
control surface. 

2. Sketch the force diagram. 

3. Sketch the momentum diagram. 

4. Apply the component form of the momentum equation in 
x-direction, Eq. (6.7a). 

5. Evaluate force terms. 





6. Evaluate momentum terms. 
Problem Definition 7. Calculate force. 


Situation: Fluid deflected by axisymmetric vane. 
Find: Force required to hold vane stationary. 
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Solution 


1. Control volume selected is shown. Control volume is 
stationary. 





2. The force diagram shows only one force. 


3. The momentum diagram shows one momentum flux in 
and one axisymmetric flux out. The net radial flux of 
momentum is zero, so only the component in the axial 
direction contributes to the momentum flux. 


4. Momentum equation in x-direction. 


5r, = 2| v, pd¥+ D e ny 
cs cs 


5. Sum of forces 


6. Evaluation of momentum terms 
e Accumulation term for stationary control volume is 


2| v pa¥=0. 


e Momentum outflow is D a = -mvcosB. 
cs 


e Momentum inflow is S mya = mv. 
cs 


7. Force on vane 
—F = -—my(1 + cosB) 
F = mv(1 + cosB) 


Apply mass flow rate equation, m = pAv, 


F= pAv(1 + cosB) 


and the direction of this force is to the left, as shown in the 
force diagram. 


Review 


This type of reverse flow vane is used to reverse thrust on 
aircraft engines. 





Pipe Bends 


Calculating the force on pipe bends is important in engineering applications using large pipes 
to design the support system. Because flow in a pipe is usually turbulent, it is common prac- 
tice to assume that velocity is nearly constant across each cross section of the pipe. Also, the 
force acting on a pipe cross section is given by pA, where p is the pressure at the centroid of 


area and A is area. 


Example 6.6 illustrates how to calculate a restraining force on a pipe bend using the vector 
form of the momentum equation. In contrast to vanes, the pressure forces play a key role in the 


solution. 





EXAMPLE 6.6 FORCES ACTING ON A PIPE BEND 


A 1 mdiameter pipe bend shown in the diagram is carrying 
crude oil (S = 0.94) with a steady flow rate of 2 m?/s. The 
bend has an angle of 30° and lies in a horizontal plane. The 
volume of oil in the bend is 1.2 m3, and the empty weight of 
the bend is 4 kN. Assume the pressure along the centerline of 
the bend is constant with a value of 75 kPa gage. Find the net 
force required to hold the bend in place. 


Sketch: 


P i flange 
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Problem Definition 


Situation: Crude oil flows through a 30° pipe bend. 
Find: Force (in kN) required to hold bend in place. 
Assumptions: Pressure is constant through bend. 


Properties: Sı = 0.94. 

Plan 

From the continuity equation, the inlet and outlet mass flows 

are the same. 

1. Select a control volume that accommodates the pressure 
forces and reaction forces at the flanges. 

. Sketch the force diagram. 

. Sketch the momentum diagram. 

. Use the vector form of the momentum equation, Eq. (6.6). 

. Evaluate the sum of the forces. 

. Evaluate the momentum terms. 

. Calculate the reaction force. 


AD Nn WN 


Solution 


1. The control volume selected is shown. The control volume 
is stationary. The z-direction is outward from the page. 











2. The force diagram shows pressure forces and the 
component reaction forces. 


3. Vector form of momentum equation 


5ps aj pvd¥ + 2 rhoYo = 2 hY, 


4. Sum ofthe forces: The weight of the pipe and fluid therein 
is W and acts in the negative z-direction. 


SF = (R, + pA — pA cos30°)i + (R, + pAsin30°)j 


+ (R,- W)k 


5. Momentum terms 
e Accumulation term for stationary control volume is 


2j pvd¥ = 0. 


e Momentum outflow is 


© my, = (mv cos30°)i — (mv sin30°)j. 
cs 


e Momentum inflow is S my; = (mv)i. 
6. Reaction force > 
(R,. + pA — pA cos30°)i+ (R, + pAsin30°)j + (R,- W)k 
= [mv(cos30 — 1)]Ji-—(mv sin30°)j 
e Equating components 
R, + pA — pA cos30° = mv cos30° — mv 
R, + pAsin30° = -mv sin30° 
R-7=0 
e Pressure force 
pA = (15 KN/m’)(a x 0.5° m°) = 58.9 KN 
e Fluid speed 
(2 m?/s) 


v=O/A= aa 
(tm X 0.5" mi) 


= 2.55 m/s 


e Momentum flux 
my = pQv = (0.94 x 1000 kg/m’)(2 m’/s)(2.55 m/s) 
= 4.79 kN 
Reaction force in x-direction 


R, = -(pA + mv)(1 — cos30°) 


= —(58.9 + 4.79)(KN)(1 — cos30°) =|-8.53 kN 


Reaction force in y-direction 
(pA mv) sin30° 
= —(58.9 + 4.79)(KN)(sin30°) =|-31.8 kN 


Reaction force in z-direction. (The bend weight includes 
the oil plus the empty pipe). 


W=vy¥F+4kN 
= (0.94 x 9.81 KN/m’)(1.2 m?) +4 KN =[I5.1 KN 


Reaction force vector 


R = (-8.53 kN)i+ (-31.8 kN)j + (15.1 kKN)k 
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Example 6.7 illustrates how to calculate the force required to restrain a reducing bend, 
a bend in which the fluid speed and direction both change, by application of the component 
form of the momentum equation. 





EXAMPLE 6.7 WATER FLOW THROUGH 9.Apply the Bernoulli equation to find the outlet pressure. 
REDUCING BEND 10. Calculate the reaction force. 


Water flows through a 180° reducing bend, as shown. The 


discharge is 0.25 m?/s, and the pressure at the center of the Solution 
inlet section is 150 kPa gage. If the bend volume is 0.10 m°, 1. The control volume selected is shown. The control volume 
and it is assumed that the Bernoulli equation is valid, what 1s stationary. 


force is required to hold the bend in place? The metal in the 
bend weighs 500 N. The water density is 1000 kg /m>. The 
bend is in the vertical plane. 


Sketch: 











2. There are two forces due to pressure and a reaction force 
component in the x-direction, and there are weight and 
reaction forces component in the z-direction. 

















3. There is inlet and outlet momentum flux in x-direction 
4. Momentum equations in x- and z-directions 


d 3 , 
SE, = Fe 2 Tho Vox —= 2 MiV 














Problem Definition 


; SF A v,pd¥+ ine ye 
Situation: Water flow through reducing bend. dt} ev cs cs 


Find: Force (in newtons) required to hold bend in place. 


5 . Summation of forces in x- and z-directions 
Assumptions: J È 


1. The Bernoulli equation is valid. 5P, = joyli Tyly IR 
2. Neglect pipe wall thickness. 


Properties: p = 1000 kg/m’. X F,=R,-W,-W; 


6. Evaluation of momentum terms 


Giaa e Accumulation terms, steady flow 
The flow is steady, so QO, = Q, = Q. d 
£ d¥=0, dal PAZ =Q 

1. Select control volume that encloses bend and the reaction dt | are se dt} ev7” 

force acts on the control surface. o Miorsatinsa onilo 
2. Sketch the force diagram. ; f ; 
3. Sketch the momentum diagram. D MoYox = Mv) = —pQv>, and X thyvo, = 0. 
4. Apply the component form of the momentum equation in z : i 

the x- and z-directions, Eqs. (6.7a) and (6.7c). e Momentum inflow 
5. Evaluate the force terms. S mivix = mv, = pQv,, and S mv, =0. 
6. Evaluate the momentum terms. cs cs 
7. Solve momentum equations for reaction forces. 
8. Calculate the inlet and outlet speed. 


6.4 ADDITIONAL APPLICATIONS 


179 





7. Solution for reaction forces 
e x-direction 


PA, + pA; + R, = -pO(v + v1) 
R, = = (9,4, + P42) — pO(v2 + v4) 
e z-direction 
Ue = Wiga M 
8. Inlet and outlet speeds 
_Q2_ _025m’/s 


9. Outlet pressure (the Bernoulli equation between sections 1 
and 2) 


pv pv 
Prt YP a 


From diagram, neglecting pipe wall thickness, 
Zi —Zy = 0.325 m. 


pvi- V3) 
PI = Bi a 
2 2 
= 150 kPa + CIDAS 14.15°)Pa 
+ (9810)(0.325)Pa 
= 59.3 kPa 


10. Reaction force 
e Pressure forces 


pA, + p24, = (150 kPa) (mt x 0.3°/4 m°) 
+ (59.3 kPa)(a x 0.15°/4 m°) 
= 11.6kN 
e Momentum flux 
pO, +v,) = (1000 kg/m*)(0.25 m°) 
x (14.15 + 3.54)(m/s) 
= 4420 N 


e Reaction force components 
R, = — (11.6 KN) - (4.42 kN) 
=|—16.0 kN 
Be = Mge lee 
= 500 N + (9810 N/m*)(0.1 m°) 


= [a] 





— - 


Additional Applications 


Evaluation of Drag Force on Wind Tunnel Model 


The previous examples in this chapter were cases in which the velocity across each flow sec- 
tion was constant. However in many applications the velocity is not uniformly distributed 
across the control surface, and the momentum flux must be evaluated by integration. 


Example 6.8 involves calculating the force on a model in a wind tunnel by application 
on the integral form of the momentum equation. The downstream velocity profile is not uni- 
form and requires integration to establish the momentum outflow. 
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EXAMPLE 6.8 DRAG FORCE ON 
WIND-TUNNEL MODEL 


The drag force of a bullet-shaped device may be measured 
using a wind tunnel. The tunnel is round with a diameter of 

1 m, the pressure at section | is 1.5 kPa gage, the pressure at 
section 2 is 1.0 kPa gage, and air density is 1.0 kg/m’. At the 
inlet, the velocity is uniform with a magnitude of 30 m/s. At 
the exit, the velocity varies linearly as shown in the sketch. 
Determine the drag force on the device and support vanes. 
Neglect viscous resistance at the wall, and assume pressure is 
uniform across sections | and 2. 


Sketch: 


Support vanes 
























































Problem Definition 


Situation: Wind tunnel test on suspended model with 
upstream and downstream velocity distributions and 
pressures measured. 

Find: Drag force (in newtons) on model. 


Assumptions: Steady flow. 


Properties: p = 1.0 kg/m’. 


Plan 

1. Select a control volume that encloses the model. 

2. Sketch the force diagram. 

3. Sketch the momentum diagram. 

4. The downstream velocity profile is not uniformly 
distributed. Apply the integral form of the momentum 
equation, Eq. (6.5). 

Evaluate the sum of forces. 


6. Determine velocity profile at section 2 by application of 
continuity equation. 


7. Evaluate the momentum terms. 
8. Calculate drag force on model. 


Nn 


Solution 


1. The control volume selected is shown. The control volume 
is stationary. 















































2. The forces consist of the pressure forces and the force on 
the model support struts cut by the control surface. The 
drag force on the model is equal and opposite to the force 
on the support struts: Fp = F1 + Fy. 























3. There is inlet and outlet momentum flux. 
4. Integral form of momentum equation in x-direction 


| 


C 


pv,d¥+| pv,(V- dA) 


On cross-section 1, V- dA = —v,dA, and on 
cross-section 2, V- dA = v,dA,so 


ye = i) Ome | pridas] pv, dA 


5. Evaluation of force terms. 
ee = Del A = (on Pla) 
= p\A-p,A-Fp 


6. Velocity profile at section 2. 
Velocity is linear in radius, so choose 
v, = v,K(r/r,), where r, is the tunnel radius and K is a 
proportionality factor to be determined. 


0,=Q) 


Av = I, v,(r) dA = | K(7r,)2a dr 


2 2 
Dey = 2a Kor, 


KeS 


NIW 


7. Evaluation of momentum terms 


e Accumulation term for steady flow is = | pv,d¥ =0 
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e Momentum at cross-section | with v, = v; is 8. Drag force 
wA mle 
| (P CEL = Oie = ay P\A-poA-Fp = inv (2 1) 
1 2) 
e Momentum at cross-section 2 is ON es pávi 
: 2 
| ev aa=[" HOJ D = ony = (4x 0.5? m?)(1.5 — 1.0)(10°) N/m? 
2 @ LR Ay 8 


-ia kg/m*)(a x 0.57 m^) (30 m/s)? 


Fp =|304 N| 





Force on a Sluice Gate 


Sluice gates are often used in hydroelectric facilities to control the flow rate of water from the 
dam onto a spillway. Example 6.9 provides another example on the use of the momentum 
equation to predict the force on a sluice gate by accounting for the momentum flux. 





EXAMPLE 6.9 FORCE ON A SLUICE GATE Assumptions: 


A sluice gate is used to control the water flow rate over a 1. Velocity profiles are uniformly distributed. 
dam. The gate is 20 ft wide, and the depth of the water above | 2. Streamlines are straight at stations 1 and 2. 
the bottom of the sluice gate is 16 ft. The depth of the water 3. Viscous effects are negligible. 

upstream of the gate is 20 ft, and the depth downstream is 3 ft. : = 3 3 
Estimate the flow rate under the gate and the force on the Properties: p = 62.4 Ibm/ft’ = 1.94 slugs/ft , and 
gate. The water density is 62.4 lbm/ft°. y = 62.4 Ibf/ft’. 

Sketch: 

Plan 

1. Select a control volume such that the control surface 


includes the force on the gate and passes through the outlet 
flow where the velocity profile is uniformly distributed. 


2. Sketch the force diagram. 
3. Sketch the momentum diagram. 





4. Use the component form of the momentum equation in 
x-direction, Eq. (6.7a). 

5. Use the Bernoulli and continuity equations to find the 
velocities at the inlet and outlet. 

6. Evaluate the sum of the forces. 

7. Evaluate the momentum terms. 

8. Calculate the force on the gate. 











Streamline 





Problem Definition 
Situation: Sluice gate to control water flow over dam. 
Find: 


1. Flow rate (cfs) under the gate. 
2. Force (tons) on gate. 
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Solution 


1. The control volume selected is shown. The control volume 
is stationary. 











2. The force diagram shows forces due to pressure and the 
force on the gate. 


3. The momentum diagram shows an influx and outflux of 
momentum. 


4. Component form of momentum equation in x-direction. 
YF=4{ v,pd¥+ > mov, -> my, 
dt } cv = He F 


5. The Bernoulli equation between points a and b along the 
streamline. 


2 2 
v v 
Pane pHi = 74 
Y 2g 2g 
The piezometric pressure is constant across sections 1 and 


2, so feg Z, = d, and Ds Z, = d>. From continuity 
ny, 


equation, Eq. (5.27), v,d,w = v»d)w where w is the flow 


width. Combine the Bernoulli and continuity equations. 





of, 3 
2g(d; - d}) = v3 vi = of = 
di 


1 
v= /28(d, — d3) 


2 
[4 
2 

di 


Velocities and discharge 












v = t= 2x322 fis? x (20-3) ft = 33.5 fis 
3 
d 
v, = 2y, = 33.5 fils x zt = 5.02 ft/s 


dy 


Q = v,d,w = 33.5 ft/s x3 ftx 20 ft =|2010 ft’/s 


6. Sum of the forces from force diagram 
>F, =F -F,-Fe 


From equation for force on planar surface, Eq. (3.23), 
F = pA, 


ydı 

F, = Fow 
d. 

iy = dw 


7. Evaluation of momentum terms 


e Accumulation term for steady flow is ¢ | v,pd¥= 0. 
cv 


e Momentum inflow with one inlet is S mva = Vo 
cs 


e Momentum outflow with one outlet is 5 MoVoy = My3. 
cs 


8. Force on sluice gate 





Yaw Ydw Fg =m(v,-Vv,) 
Fo = wdi - d3) + pQ -= v2) 


_ 62.4 lb/ft” 
2 


+ 1.94 slug/ft? x 2010 ft/s 


x (5.02 — 33.5) (ft/s) 


= 133x10° Ibf x e [665 tons] 


Fo x 20 ft x (20° — 3°) (f)? 





Review 


1. The sluice gate is often used in hydroelectric facilities to 
control the flow rate of water from the dam onto a 
spillway. 

2. Note that if a hydrostatic pressure distribution were 
assumed over the sluice gate, the force would be 79.9 tons, 
which is larger than predicted using the momentum 
equation. This is because the gage pressure at the bottom 
of the sluice gate will be zero and not the pressure 
predicted using the hydrostatic equation. 
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Moving Control Volumes 


All the applications of the momentum equation up to this point have involved a stationary 
control volume. However, in some problems it may be more useful to attach the control vol- 
ume to a moving body. The purpose of this section is to illustrate how to apply the momen- 
tum equation to nonstationary control volumes. 

As discussed in Section 6.1, the velocity v in the momentum equation must be relative 
to an inertial reference frame. When applying Eq. (6.6) or Eqs. (6.7a—6.7c) each mass flow 
rate is calculated using the velocity with respect to the control surface, but the velocity v must 
be evaluated with respect to an inertial reference frame. 

Example 6.10 illustrates the use of a moving control volume to find the force on mov- 
ing block due to an impinging water jet. The example emphasizes the selection of the refer- 
ence frame. It shows that two different inertial reference frames can be used to address the 
same problem. 





EXAMPLE 6.10 JET IMPINGING ON 3. Sketch the momentum diagram. 
MOVING BLOCK 4. Apply the component form of the momentum equation in 
the x-direction, Eq. (6.7a). 


A stationary nozzle produces a water jet with a speed of 
5. Evaluate the sum of the forces. 


50 m/s and a cross-sectional area of 5 cm”. The jet strikes a 


moving block and is deflected 90° relative to the block. The 6. Evaluate the momentum terms using (a) the moving block 
block is sliding with a constant speed of 25 m/s on a surface and (b) the stationary nozzle as inertial reference frames. 
with friction. The density of the water is 1000 kg/m}. Find 7. Evaluate mass flow rate. 
the frictional force F acting on the block. 8. Calculate force on cart. 
Solve the problem using two different inertial reference 
frames: (a) the moving block and (b) the stationary nozzle. Solution 
Sketch: 1. The control volume selected is shown in the sketch. The 


control volume is not stationary. 





Problem Definition 


Situation: Jet impinges on block moving at constant velocity. 
Find: The force (in newtons) on the block using 





(a) the block as the inertial reference frame. 

(b) the nozzle as the inertial reference frame. 
2. The force diagram shows one force in the horizontal 

Plan direction. 

Two different inertial reference frames will be used. Case (a) | 3- The momentum diagram shows an influx and outflux of 

will use the moving cart, which is a valid inertial frame ELT 

because it moves at a constant velocity. Case (b) will use the 

stationary nozzle location. 


1. Select a control volume that moves with the block. 
2. Sketch the force diagram. 
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4. Momentum equation 
od : i 
D = E pd¥+ Ds to¥os - Da hivis 


5. The sum of the forces 
SFS 


6. Evaluation of terms in momentum equation 
(a) Inertial reference frame on cart 


3, Gl 
e Accumulation term with v, = 0 is Al v,pd¥= 0. 
cv 
e Momentum inflow for x-component of velocity at 


station 1, v; = vj — Vp, İS 
S mva = m(v;— Vp) 
cs 


e Momentum outflow for x-component of velocity at 
station 2, v,, = 0, is 


È MoVox = 0 
cs 


(b) Inertial reference frame at nozzle 
e Accumulation term with v, = v, = constant, is 


Z| v pd¥= 0. 


e Momentum inflow for x-component of velocity at 


station 1, v,; = Vj, is 


> mva = my; 
cs 


e Momentum outflow for x-component of velocity at 
station 2, v,, = Vp, is 


S Wa = MV, 
cs 


7. Mass flow rate. Since flow is steady with respect to the 
block, m; = m, = M. 


m= pA(v;— vz) 


8. Evaluate force. 
(a) Moving block as inertial reference frame 


2 
-F = -pA(vj-¥) 
F= pA(v,—v,)” 


(b) Stationary nozzle as inertial reference frame 





F = mv,—mv,; = —m(v;—- Vp) 
2 
F= pA(v;— vz) 
Force on cart 
3 =e 2 2 
F= (1000 kg/m`)(5x 10 © m )(50-— 25) (m/s) 


Review 


Note that the same answer for force is obtained independent 
of the inertial reference frame chosen. 





One of the classic applications of the momentum equation to a moving control volume 
is the development of the equation of motion for a rocket. In this situation the control volume 
is drawn around the rocket, but the rocket cannot be used as an inertial reference frame be- 


cause it is accelerating. 


Up to this point, the accumulation term in the momentum equation has been zero. In ac- 
celerating control volumes, the accumulation term is not zero and plays a very important role 


in the analysis. 


A rocket moving vertically upward with a speed v, measured with respect to the ground 
is shown in Fig. 6.5. Exhaust gases leave the engine nozzle (area A,) at a speed V, relative to 
the rocket nozzle with a gage pressure of p,. The goal is to obtain the equation of motion of 
the rocket which can be used to predict performance. 

The control volume is drawn around and accelerates with the rocket. The force and mo- 
mentum diagrams are shown in Fig. 6.6. There is a drag force of D and a weight of W acting 
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Figure 6.5 





Vertical launch of rocket. 


Figure 6.6 


Force and momentum 
diagrams for rocket. 








mv, = mV, — v,) 





MD 


downward. There is a pressure force of p,A,on the nozzle exit plane acting upward. The 
summation of the forces in the z-direction is 


Ş F, = peA,-W-D (6.10) 


There is only one momentum flux out of the rocket nozzle, mv,. The speed v, must be refer- 
enced to an inertial reference frame, which in this case is chosen as the ground. The speed of 
the exit gases with respect to the ground is 


v = (v,—- Va) (6.11) 
since the rocket is moving upward with speed v, with respect to the ground, and the exit gases 
are moving downward at speed V, with respect to the rocket. There is also a momentum accu- 


mulation rate in the rocket of d/(m,v,.)dt. 
The component momentum equation, Eq. (6.7c), in the z-direction is 


D) 


cy 


v,pd¥+ X movo- X mva 
cs cs 


The velocity inside the control volume is the speed of the rocket, v,, so the accumulation 


term becomes 
An VzP az] a dt oe P ay ae’ 
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There is no momentum inflow. The momentum outflow is 
X MV oz = mvg = m(v,-V,) 
cs 
Substituting the sum of the forces and momentum terms into the momentum equation gives 
d ‘ 
p.A.-W-D= ane’) + m(v,-V,) (6.12) 


By taking the derivative of the accumulation term by parts results in 


& : 


dv, 
pA,-W-D=m,— + TREA h) =V, (6.13) 


r dt r 


The continuity equation can now be used to eliminate the second term on the right. Applying 
the continuity equation, Eq. (5.25), to the control surface around the rocket leads to 


sfe d¥ +S h,- h= 0 


(6.14) 
Mo m=0 
dt 
Substituting Eq. (6.14) into Eq. (6.13) yields 
dv, 
mV.+pA,-W-D=m,—— (6.15) 


The sum of the momentum outflow and the pressure force at the nozzle exit is identified as 
the thrust of the rocket 


: 2 
Pay Ao A= pad tps 
so Eq. (6.15) simplifies to 


—=T-D- i 
my W (6.16) 
which is the equation used to predict and analyze rocket performance. 

Integration of Eq. (6.16) leads to one of the fundamental equations for rocketry: the 
burnout velocity or the velocity achieved when all the fuel is burned. Neglecting the drag and 
weight, the equation of motion reduces to 

rm 6.17 
=m, (6.17) 
The instantaneous mass of the rocket is given by m, = m,— mt, where m; is the initial rocket 
mass and ¢ is the time from ignition. Substituting the expression for mass into Eq. (6.17) and 
integrating with the initial condition v,(0) = 0 results in 
m.: 
Vio = ln (6.18) 
m m, 
T 
where v}, is the burnout velocity and m, is the final (or payload) mass. The ratio T/m is 
known as the specific impulse, /,,, and has units of velocity. 
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EXAMPLE 6.11 PROPELLANT MASS RATIO FOR 
ACHIEVING ORBITAL VELOCITY 


Solution 
1. From Eq. (6.18) 
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A single-stage rocket utilizing a liquid oxygen / kerosene 
propellant has a specific impulse of 3200 m/s. The orbital 
velocity for an earth satellite is 7600 m/s. What would be the 
ratio of propellant mass to total initial mass to achieve orbital 


; v 
e exp( = ) = exp( 2) = 10.7 
velocity? my Mog 3200 


Problem Definition 

as EE 
Situation: Rocket launch to achieve orbital velocity. m; m; 
Find: Ratio of propellent mass to initial mass. 1 


Plan 
1. Use Eq. (6.18) to calculate initial/final mass ratio. 
2. Calculate the propellant/initial mass ratio using 


ly = Ve 


Review 

For single-stage rockets, a very large fraction of the initial 
mass must be propellant to achieve orbital speeds. For this 
reason, multi-stage rockets are used in space applications. 





Example 6.11 illustrates the use of the equation for rocket burnout velocity for condi- 
tions necessary to achieve orbital velocity for a earth satellite. 


Water Hammer: Physical Description 


Whenever a valve is closed in a pipe, a positive pressure wave is created upstream of the 
valve and travels up the pipe at the speed of sound. In this context a positive pressure wave is 
defined as one for which the pressure is greater than the existing steady-state pressure. This 
pressure wave may be great enough to cause pipe failure. Therefore, a basic understanding of 
this process, which is called water hammer, is necessary for the proper design and operation 
of such systems. The simplest case of water hammer will be considered here. For a more 
comprehensive treatment of the subject, the reader is referred to Chaudhry (1) and Streeter 
and Wylie (2). 

Consider flow in the pipe shown in Fig. 6.7. Initially the valve at the end of the pipe is 
only partially open (Fig. 6.7a); consequently, an initial velocity V and initial pressure py exist 
in the pipe. At time ¢ = 0 it is assumed that the valve is instantaneously closed, thus creating 
a pressure increase behind the valve and a pressure wave that travels from the valve toward the 
reservoir at the speed of sound, c. All the water between the pressure wave and the upper end 
of the pipe will have the initial velocity V, but all the water on the other side of the pressure wave 
(between the wave and the valve) will be at rest. This condition is shown in Fig. 6.76. Once the 
pressure wave reaches the upper end of the pipe (after time ¢ = L/c ), it can be visualized that 
all of the water in the pipe will be under a pressure pọ + Ap; however, the pressure in the res- 
ervoir at the end of the pipe is only pọ. This imbalance of pressure at the reservoir end causes 
the water to flow from the pipe back into the reservoir with a velocity V. Thus a new pressure 
wave is formed that travels toward the valve end of the pipe (Fig. 6.7c), and the pressure on the 
reservoir side of the wave is reduced to pọ. When this wave finally reaches the valve, all the wa- 
ter in the pipe is flowing toward the reservoir with a velocity V. This condition is only momen- 
tary, however, because the closed valve prevents any sustained flow. 
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Figure 6.7 





Water hammer process. 
(a) Initial condition. 

(b) Condition during 
time0 < t < L/c. 

(c) Condition during time 
L/c < t< 2L/c. 

(d) Condition during time 
2L/c < t < 3L/c. 

(e) Condition during time 
3L/c < t < 4L/c. 

(f) Condition at time 

t= 4L/c. 























Pressure wave 


Parr a 


(b) 




































































(f) 


Next, during time 2L/c < t < 3L/c,a rarefied wave of pressure (p < po) travels 
up to the reservoir, as shown in Fig. 6.7d. When the wave reaches the reservoir, all the water 
in the pipe has a pressure less than that in the reservoir. This imbalance of pressure causes 
flow to be established again in the entire pipe, as shown in Fig. 6.7/, and the condition is ex- 
actly the same as in the initial condition (Fig. 6.7a). Hence the process will repeat itself in a 
periodic manner. 
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Figure 6.8 





Variation of water 
hammer pressure with 
time at two points in a 
pipe. (a) Location: 
adjacent to valve. 

(b) Location: at midpoint 
of pipe. (c) Actual 
variation of pressure 
near valve. 


One cycle 7 lk—— One cycle 
L L | 
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(a) (b) 


e| ap 





(c) 


From this description, it may be seen that the pressure in the pipe immediately up- 
stream of the valve will be alternately high and low, as shown in Fig. 6.7a. A similar obser- 
vation for the pressure at the midpoint of the pipe reveals a more complex variation of 
pressure with time, as shown in Fig. 6.8b. Obviously, a valve cannot be closed instanta- 
neously, and viscous effects, which were neglected here, will have a damping effect on the 
process. Therefore, a more realistic pressure—time trace for the point just upstream of the 
valve is given in Fig. 6.8c. The finite time of closure erases the sharp discontinuities in the 
pressure trace that were present in Fig. 6.8a. However, it should be noted that the maxi- 
mum pressure developed at the valve will be virtually the same as for instantaneous clo- 
sure if the time of closure is less than 2L/c. That is, the change in pressure will be the 
same for a given change in velocity unless the negative wave from the reservoir mitigates 
the positive pressure, and it takes a time 2L/c before this negative wave can reach the 
valve. The value 2L/c is called the critical time of closure and is given the symbol t,. 


Magnitude of Water Hammer Pressure and Speed of Pressure Wave 


The quantitative relations for water hammer can be analyzed with the momentum equation 
by letting the control volume either move with the pressure wave, thus creating steady mo- 
tion, or be fixed, thus retaining the inherently unsteady character of the process. To illustrate 
the use of the momentum equation with unsteady motion, the latter approach will be taken. 
Consider a pressure wave in a rigid pipe, as shown in Fig. 6.9. The density, pressure, and ve- 
locity of the fluid on the reservoir side of the pressure wave are p, p, and V, respectively, and 
the similar quantities on the valve side of the wave are p+ Ap, p + Ap, and 0. Because the 
wave in this case is traveling from the valve to the reservoir, its distance from the valve at 
any time ¢ is given as ct. The momentum equation can now be applied to the flow in the 
control volume. Let the x-direction be along the pipe. The equation for x-momentum, Eq. 
6.7a, simplifies to 


_@d y 
| v,p dE - mv; 


cy 
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Figure 6.9 





Pressure wave in a pipe. 


Control Pressure 
surface wave > 





























The force terms are given by 
> Fe = PA-(p+ Ap) 


The inlet momentum flow is given by mv; = pA V? The momentum within the control vol- 
ume decreases with time because fluid that is in motion stops as the pressure wave passes by. 
Evaluation of the momentum accumulation term gives 


d E 
aie vp dk = S{Vp(L = ct)A] 


=-VpcA 
When force and momentum terms are substituted into the momentum equation, one obtains 
pA-—(p+Ap)A =-pV’A—pVcA 
This reduces to 
Ap =p Vox pVc 


In this equation the first term on the right-hand side is usually negligible with respect to the 
second term on the right, because for liquids c is much greater than V. Consequently, the 
equation simplifies to 


Ap = pVc (6.19) 


The speed of the pressure wave can be obtained by applying the continuity equation to 
the control volume in Fig. 6.9. The continuity equation is 


co. >. d 
0= X m,- m+ h p dE 
and when applied to Fig. 6.9 results in 
0= m; + Zip —ct)A+(p+Ap)ctA] 


because there is no mass flow out of the control volume. The mass flow rate is given by 
m; = PVA, so the continuity equation reduces to 
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Ap- Y 
Pp C 
V 
= 6.20 
or ioe (6.20) 
However, by definition E£, = Ap/(Ap/p). Therefore, 
Ap 2 Ap (6.21) 
P 5 
Now when Ap/ọp is eliminated between Eqs. (6.20) and (6.21), the result is 
VE 
c= — (6.22) 
Ap 
From Eq. (6.19), Ap = pVc. Therefore, Eq. (6.22) becomes 
E 
c= E (6.23) 
p 


Thus, by application of the momentum and continuity equations, expressions for both 


Ap and c have been derived. 


Example 6.12 illustrates how to calculate the pressure rise due to the water hammer 


effect. 


EXAMPLE 6.12 PRESSURE RISE DUE TO WATER 
HAMMER EFFECT 


A rigid pipe leading from a reservoir is 3000 ft long, and 
water is flowing through it with a velocity of 4 ft/s. If the 
initial pressure at the downstream end is 40 psig, what 
maximum pressure will develop at the downstream end when 
a rapid-acting valve at that end is closed in 1 s? 


Problem Definition 


Situation: Water flowing in pipe and valve closed quickly. 
Find: Maximum pressure (psig) at downstream end. 


Assumptions: Water temperature is 60°F. 


Properties: From Table A.5, £, = 3.2 x 10° Ibffin’, and 
p = 1.94 slugs/ft . 


Plan 

1. Calculate the speed of sound in the water from Eq. (6.23). 
2. Calculate the critical closure time, t.. 

3. Check to ensure that valve closure time is less than f,. 

4 


. Calculate pressure rise using Eq. (6.19) and add initial 
pipe pressure. 





Solution 
1. Calculation for sound speed: 


E TER 9 2 2 
= & _ ane Ibf/in’ x144 inZ L 4874 fi/s 
p 1.94 slugs/ ft 





2. Calculation for critical closure time: 
Üs = LILLE 
= 2(3000 ft/4874 ft/s) = 1.23 s 


3. Closure time of 1 s is less than 1.23 s. 
4. Pressure rise calculation: 


Ap = pVc 
= 1.94 slugs/ ft x 4 ft/s x 4874 ft/s 
2 
= 37,820 Ibf/ f? x —Ē— = 263 psi 
144 in 


Maximum pressure is 


Pmax = 40 + 263 =|303 psig 
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As indicated by Example 6.12, water hammer pressures can be quite large. Therefore, 
engineers must design piping systems to keep the pressure within acceptable limits. This is 
done by installing an accumulator near the valve and/or operating the valve in such a way 
that rapid closure is prevented. Accumulators may be in the form of air chambers for rela- 
tively small systems, or surge tanks (a surge tank is a large open tank connected by a 
branch pipe to the main pipe) for large systems. Another way to eliminate excessive water- 
hammer pressures is to install pressure-relief valves at critical points in the pipe system. 
These valves are pressure-activated so that water is automatically diverted out of the sys- 
tem when the water-hammer pressure reaches excessive levels. 


Moment-of-Momentum Equation 


The moment-of-momentum equation is very useful for situations that involve torques. 
Examples include analyses of rotating machinery such as pumps, turbines, fans, and blowers. 


Torques acting on a control volume are related to changes in angular momentum 
through the moment-of-momentum equation. Development of this equation parallels the de- 
velopment of the momentum equation as presented in Section 6.1. When forces act on a sys- 
tem of particles, used to represent a fluid system, Newton’s second law of motion can be used 
to derive an equation for rotational motion: 


X M= Ais) s) (6.24) 


where M is a moment and Hys is the total angular momentum of all mass forming the system. 
Equation (6.24) is a Lagrangian equation, which can be converted to an Eulerian form 


using the Reynolds transport theorem from Eq. (5.21). The extensive property B,,, becomes 


the angular momentum of the system: B ys = H,,,. The intensive property b becomes the 


angular momentum per unit mass. The angular momentum of an element is r x mv, and so 
b = r x v. Substituting for Beys and b into Eq. (5.21) gives 


Eaa] (rxv)pd¥+ | (rxv)pV dA (6.25) 


Combining Eqs. (6.24) and (6.25) gives the integral form of the moment-of-momentum equa- 
tion: 


Susa (rxv)pa¥+| 


where r is a position vector that extends from the moment center, V is flow velocity relative 
to the control surface, and v is flow velocity relative to the inertial reference frame selected. 

The moment-of-momentum equation has the following physical interpretation: The 
sum of moments acting on the material within the control volume equals the rate of change of 
angular momentum within the control volume plus the net rate at which angular momentum 
flows out of the control volume. 


(rxv)pV:dA (6.26) 


C: 


6.5 _-MOMENT-OF-MOMENTUM EQUATION 193 





If the mass crosses the control surface through a series of inlet and outlet ports with uni- 
formly distributed properties across each port, the moment-of-momentum equation becomes 


SiM= “| (rx v)pdK+ X ToX (oY) = X rix (m;v;) (6.27) 


The methods used for applying the moment-of-momentum equation parallel the methods de- 
scribed in Section 6.2. The origin for evaluating moments may be selected at any convenient 
location. 

Example 6.13 shows how to apply the moment-of-momentum equation to find the re- 
sisting moment required to support the flow through a 180° reducing bend. 





EXAMPLE 6.13 RESISTING MOMENT ON Plan 

REDUCING BEND The reducing bend is stationary, so it serves as an inertial 
The reducing bend shown in the figure is supported on a reference frame. Flow is steady, so m = m, = m. 
horizontal axis through point A. Water flows through the 1. Select a control volume surrounding the reducing bend. 


bend at 0.25 m?/s. The inlet pressure at cross-section | is 2 
150 kPa gage, and the outlet pressure at section 2 is 59.3 kPa 3 
gage. A weight of 1420 N acts 20 cm to the right of point A. 4 
Find the moment the support system must resist. The 


. Sketch the force (and moment) diagram. 
. Sketch the momentum diagram. 


. Apply the moment-of-momentum equation, Eq. (6.27). 
The bend lies in the x-z plane so the y-direction, 


diameters of the inlet and outlet pipes are 30 cm and 10 cm, represented by unit vector j, goes into the page. A positive 
respectively. moment in the x-z plane is in the clockwise direction. 
Sketch: 5. Evaluate the sum of moments. 


6. Evaluate the moments of momentum. 
7. Calculate resisting moment. 





Solution 
1. The control volume selected is shown in diagram. 
































Situation: Reverse bend supported on a horizontal axis. 


Find: Resisting moment (in N - m ) by support system. 2. The force diagram shows two pressure forces contributing 
to the moment and the resisting moment. 

3. The momentum diagram shows an influx and outflux of 
momentum. 


Assumptions: 


1. Water flow is steady. 


2) Water temperature is 204C. 4. Apply the moment-of-momentum equation. 
a = 3 
Properties: From Table A.5, p = 998 kg/m’. Site = aj ee yr, eno) Sr, en 


cs cs 
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5. Sum of moments about axis A. 
Š M, = -(M, + 0.15p,A, + 0.475p,4, -0.2W)j 
6. Evaluate the moment-of-momentum terms. 
e Accumulation term, steady flow, is 


d E 
‘` 0. 


e Inflow term is Sr; (m;v;) =r, x (mv) = —rymv,j. 
cs 


e Outflow term is 
X ro X (MoVo) = r X (mv) = ramvij. 
cs 
7. Resisting moment at A 
—(M, + 0.15p,A, + 0.475p A, -0.2W)j = m(rv, +rivı)j 
M, = -0.15p,A, —0.475p4, + 0.2W —- m(r 3v, + riv) 
e Torque due to pressure 


0.15p,4, = (0.15 m)(150 x 1000 N/m”)(m x 0.3/4 m’) 
= 1590 N © m 


0.475p74, = (0.475 m)(59.3 x 1000 N/m”) (a x 0.15°/4 m°) 


=498N:m 


¢ Net moment-of-momentum flow 
m = pO = (998 kg/m*)(0.25 m*/s) 
= 250 kg/s 
2 @_ swe 2 


Ay mx 0.075°m" 

M(ryV7 + riv) = (250 kg/s) 

x (0.475 x 14.15 + 0.15 x 3.54)(m?/s) 
= 1813 N- m 
e Moment exerted by support 
M, = -0.15p,A,-—0.475p,A, + 0.2W- m(r>v, + rıv;) 
= -(1590 N - m) —(498 N : m) 
+ (0.2 m x 1420 N) - (1813 N - m) 


M, =| -3.62 kN -m 


Thus, a moment of 3.62 kN - m acting in the j, or clockwise, 
direction is needed to hold the bend stationary. Stated 
differently, the support system must be designed to withstand 
a counterclockwise moment of 3.62 kN -: m. 


Review 


1. Care must be taken in addressing moment-of-momentum 
problems that the “right-hand-rule” to find the direction of 
the moment be applied correctly. 

2. This type of problem may be encountered when the 
flanges are flexible and provide no force on the system. 





Example 6.14 illustrates how the moment-of-momentum equation can be applied to 
predict the power delivered by turbomachinery. The momentum enters and exits radially. 
This analysis can be applied to both power-producing machines (turbines) and power- 
absorbing machines (pumps and compressors), which are addressed in Chapter 14. 





1 m, and the inner diameter is 0.5 m. The distance across the 
runner is 4 cm. The discharge is 0.5 m3/s, and the rotational 
rate of the wheel is 1200 rpm. The water density is 1000 
kg/m’. Find the power (kW) produced by the turbine. 


EXAMPLE 6.14 POWER DELIVERED BY A 
FRANCIS TURBINE 


A Francis turbine is shown in the diagram. Water is directed 
by guide vanes into the rotating wheel (runner) of the turbine. 
The guide vanes have a 70° angle from the radial direction. 
The water exits with only a radial component of velocity with 
respect to the environment. The outer diameter of the wheel is 
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Sketch: 4. Moment of momentum equation 


YM, =2{ (rxv) pd +> [r,X (myv,)], 
= [ox (my;)], 


5. Sum of moments 


WM, =i 
6. Moment-of-momentum terms 
e Accumulation term for steady flow is 





g [@ x v).pd¥ = 0. 


Problem Definition dt lev 
e Inlet tum flux i iX (m,v;)], = —mr,V,. 
Situation: Water flows through a Francis turbine and exits cine ia cea aa 2 Dee a= TOW, 
with no circumferential velocity. : : 
A : e Outlet momentum flux with v, = 0 at outlet, is 

Find: The power (kW) produced by the turbine. 

i 4 5 [r X (av,)], =, 
Properties: p = 1000 kg/m . a 

7. Torque and power 
Riga le Mr Vv; = pOr.y, 
1. Select a control volume enclosing the turbine wheel. PET 
2. Sketch the force diagram (in this case, moment diagram). mia 
3. Sketch the momentum diagram. e Radial velocity component, v, 
4. Apply the moment-of-momentum equation, Eq. (6.27). Q=7Dwyv, 
5. Evaluate the sum of moments. The counterclockwise 3 
direction is the positive direction. v, = Q/(mDw) = (0.5 m /s)/(m x 1 mx 0.04 m) 

6. Evaluate the moment-of-momentum terms. = 3.98 m/s 


7 Coleulave the: torque did porer e Tangential velocity, v,, from velocity triangle, 


Solution ane 
1. The control volume selected is shown in the sketch. The V, 
control volume is stationary. v, = 3.98 m/s x tan70° = 10.9 m/s 


e Torque 


T = 1000 kg/m’ x 0.5m’/s x 0.5 m x 10.9 m/s 
= 2725 N-m 


e Power 


Ta 1200 rev_ 1 min_ mrad] 
min 60 s 1 rev 


P = Tw = 2725 N- mx 126 (1/s) = 343000 N - m/s 


Pew] 





= 126 rad/s 





2. The force diagram shows positive torque acting on control 
surface. 

3. The moment diagram shows an inflow and outflow of 
momentum. 
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Navier-Stokes Equation 





In Chapter 5, the continuity equation at a point in the flow is derived using a control volume 
of infinitesimal size. The resulting differential equation is an independent equation in the 
analysis of fluid flow. The same approach can be applied to the momentum equation, 
yielding the differential equation for momentum at a point in the flow. For simplicity, the 
derivation will be restricted to a two-dimensional planar flow, and the extension to three 
dimensions will be outlined. 


Consider the infinitesimal control volume shown in Fig. 6.10a. The dimensions of the 
control volume are Ax and Ay, and the dimension in the third direction (normal to page) is 
taken as unity. Assume that the center of the control volume is fixed with respect to the coor- 
dinate system and that the coordinate system is an inertial reference frame. Also assume that 
the control surfaces are fixed with respect to the coordinate system. The x-direction momen- 
tum equation is Eq. (6.7a), namely 


SF, = S| peaks > t= X my, 
cs cs 


where v, is the x-component of velocity of the fluid with respect to an inertial reference frame. 
In this derivation, the component velocities in the x- and y-directions are u and v, respectively. 
These velocities are referenced to the coordinate system, which is an inertial reference frame. 
The velocities at the control surface are also u and v since the control surfaces are fixed with 
respect to the coordinate system. 

The forces acting on the fluid are due to pressure, stress, and body force, as shown in 
Fig. 6.10. The pressure on the east face (the face to the right of the center of the element) is 
P|x+ax/2 and on the west face is p|,,_ 4,7. The net force acting in the x-direction due to pres- 
sure is 


Fop = (Ply aca Plea Ax/2 4Y (6.28) 


The pressures on the north and south faces do not contribute to the force in the x-direction. 
The body force due to gravity acting on the fluid in the control volume is 


F, g = 8,pAxAy (6.29) 


where g, is the component of the gravitational vector acting in the x-direction. 














Figure 6.10 y y j 
A 
Infinitesimal control fk 4x Tyxly + a2 purl, + ayi2 A 
volume. (==> 1 | (oe == s— | 44H- 
£ T | i | Px—Axi2 | | Px + Ax/2 | puul J2 
Ay v x + Ax 
i l a 2 ! pe | nica 
——> | : =_ b. T 2 
u — 
[ | l Talr-ax2 | Tyxly- Ay/2 |Texlx + Ax/2 puul,— ax2] l 
Lesl lL =| TEE E. EAEE, | 
= 
Tyxly — Ayl2 puvl, —ayi2 
Control volume yxly — Ay y~ Ay 





(a) (b) (c) 
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The evaluation of the net shear stress forces is somewhat more complicated. The shear 
stress acting in the x-direction on the north face is 7,,.|,, 4 4)/2- The subscripts on 7 refer to the 
face on which the force acts and to the direction of the force. Thus T, is the shear stress that 
acts on the y face in the x-direction. The face of a control surface is defined i in the same way 
as the area vector in Section 5.2; that is, the y face corresponds to the face with the area vector 
in the y-direction. The shear stress on the south face inside the control volume is 
T,x|y—Aay/2- However, the stress that acts on the south face outside the control volume is equal 
and opposite to the stress on the inside face. Thus, the stress on the fluid on the south face of 
the control volume is —7,,.|,,_ y/2- 

There is also a normal stress (other than pressure) that acts on the east and west faces. 
This stress is proportional to strain rate of the fluid in the control volume in the x-direction. 
The stress on the east face is T y | +Ax/2- The stress acting on the outside west face of the 
control volume is —1,,|,_,,/2 using the same argument as used for the shear stress on the 
south face. The net force in the x-direction due to shear and normal stresses is 


Far = (Tyr |y+Ay/2 J Tyx[y—Aay/2)JAX + (Tle 4 4x72 T Tyx|x-4x/2)AY (6.30) 


Applying Liebnitz theorem for the differentiation of an integral in the same fashion as 
done for the continuity equation, the rate of change of momentum in the x-direction of the 
fluid in the control volume can be expressed as 


d d 
a pu d¥ = |. ay (Pu) d¥ + X pu(V. - A) (6.31) 


where V, is the velocity of the control surface with respect to the coordinate system. For the 
control volume used in this derivation, V, = 0. Thus the rate of change of momentum of the 
fluid in the control volume becomes* 


d d d 
ail. pu d¥ = L 5 (Pu) dx dy = a (puyAxdy (6.32) 


The net efflux of momentum is obtained by summing the momentum flow from all four 

faces as shown in Fig. 6.10c. The flux of momentum outward from the east face is 

My + Ax/2My + Ax/2 OT (PUy 4 ax/2AV)Uy 4 ax/2° The momentum flux outward from the north face 

is m, + Ay/2Mx 4 ay/2 OF (PV; 4 Ay/2AX)Uy 4 ay/2- The moment flux inward from the west and 
south faces is calculated in the same fashion. Finally, the net efflux of momentum is 


>» Movo, — > miv; = (PUU arya PUM, ar/dAY 
(6.33) 


+ (PVH) ayy 7 PMU, ay adAX 


Collecting all the terms that Eq. (6.7a) comprises and dividing through by the product 
AxAy results in 


sit 1 0 
* In the limit, as Ax and Ay approach zero, lim aE ea | u) dx dy = —(pu 
y app Ae yg ATs 2o ) dx dy = + (pu) 
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1 d puu |i, acy 7 PUU, a72 
o dxdy + x+ Ax x— Ax 
reed Merion ane Ax 
+ pvu na- pvu| y— Ay/2 _ P san Phin (6.34) 
y 


Ta a PT F = 

eee yx| — Ay/2 Olay Gils a2 

+ — ee 6 g Oe + PZ, 
Ay Ax 


Taking the limit as Ax and Ay approach zero yields the differential form of the momentum 
equation in the x-direction: 


T EE eg 
(ou +2 (puu) +5 Zepu) at F X+ T + pg, (6.35) 


One further step is to use the differential form of the continuity equation for two-di- 
mensional flow [Eq. (5.31) with 0(pw)/dz = 0 ] to convert the equation to a different form. 
Through differentiation by parts, the left side of Eq. (6.35) can be written as 


Bia + Cr, + vee = p% + pu” + T 
ot ox oy ot ox K (636) 


op | 
+u t5 —(pu) +—(pv 
[22+ 2 (ou) + Zov 
Note that the last term is zero because of the continuity equation (Eq. 5.23), so the momen- 
tum equation in the x-direction at a point becomes 

du du du Op, WM xx | IT) 


Por’! ax PY op ae ox ay PS 





(6.37) 


The left side of this equation is the product of the density and the acceleration of a fluid ele- 
ment in the x-direction and is usually written in more compact form as pDu/Dt, so the equa- 
tion can be expressed as 


Du __ op OT,, OT, 
Pp; 7 + a o + pg, (6.38) 








By applying Eq. (6.7b) to the same control volume, the momentum equation in the 
y-direction at a point can be derived. The result is 
oT, OT 
pS, + ou Sr + ov = ppt = 24 Ba (6.39) 
The same approach can be used to derive the momentum equation in three dimensions. In 
this case the two-dimensional infinitesimal volume is extended to a three-dimensional vol- 
ume with depth Az and with a velocity component w in the z-direction. 

In order to complete the development of these equations, a relationship is needed be- 
tween the shear and normal stresses and the rate of strain of the fluid elements. These rela- 
tionships are called the “constitutive equations.” For a Newtonian fluid, by definition, the 
stress is proportional to the rate of strain. The rate of shear strain of a fluid element can be 
related to the gradients in velocity in the same way as the rate of rotation in Section 4.6. 
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With reference to Fig. 4.18, the shear strain of an element is A0} — A®z, so the rate of shear 
strain is 


AQ, AQ; 
lim eae 


ðu dv 
oe A (w) (6.40) 


2\dy ox 


The constant of proportionality between the shear stress and the rate of shear strain is 2p, 
where p is the coefficient of dynamic viscosity, so the shear stress T, is related to the veloc- 


ity gradients by 
ou +9) 
= 6.41 
vy = wa (6.41) 
The normal stress in the x-direction for an incompressible fluid* is given by 
= on du (6.42) 
P Jx 


Substituting the foregoing constitutive relations into Eq. (6.39) yields 


Du_ ə,  Əfy du), ə ðu , ov 
Pm ax (2 x) i sit (ge x)| + PEx Lea) 
If the dynamic viscosity is constant, the normal and shear stress terms can be written as 
0 ou d du , ðv du du Ə (du , ov 
= = = u| — .44 
(on) + 2fu( +2) |e Ey 2] ru2(4%) ay 


From the continuity equation for the planar flow of an incompressible fluid, the last term is 
zero, so Eq. (6.43) reduces to 





go es [32u 3u SiE (6.45) 
D ox ax’ oy” í 
The corresponding equation in the y-direction is 
E a paea Fp (6.46) 
D ay jæ a] ” 


The three-dimensional form for these equations can be found in Schlichting (3). These are 
called the Navier-Stokes equations after L. M. Navier (1785-1836) and G. G. Stokes (1819-— 
1903), who are credited with their development. 

Example 6.15 shows how the Navier-Stokes equations can be used to solve for the ver- 
tical flow of fluid between two plates. The equations are reduced to the only terms that apply, 
then integrated. 


* An additional term is needed for the normal stress equation for a compressible fluid, which is discussed in 
Schlichting (3). 
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EXAMPLE 6.15 APPLICATION OF THE NAVIER- 
STOKES EQUATIONS 


A two-dimensional (planar) flow is generated between a fixed 
and moving vertical plate as shown in the figure. The left 
plate is fixed, and the right plate moves with a velocity U. 
The distance between the plates is ò. The flow is steady and 
fully developed; that is, there is no change in the x-direction. 
The fluid is incompressible, and the pressure is constant. Use 
the Navier-Stokes equations to find the velocity distribution 
between the plates. 


Sketch: 





Problem Definition 


Situation: Flow between a fixed and moving vertical plate. 


Find: The velocity distribution between the plates, using the 
Navier-Stokes equations. 


Plan 
The following conditions are given: 
e Pressure is constant. 
e Flow is steady, du/dt = dv/dt = 0. 


Flow is fully developed in x-direction, < = 0 and 
x 


sea 


e Boundary conditions are 


u(0) = 0 
u(d) =U 
v(0) = v(8) = 0 


e Gravitational acceleration is g, = —g. 





1. Use continuity equation, Eq. (5.31), to evaluate velocity 
component v. 

2. Write out the x-component of Navier-Stokes equation, Eq. 
(6.45), and eliminate the terms that are zero. 


3. Integrate equation and substitute in boundary conditions 
for the velocity u. 


Solution 
1. Continuity equation 
ou , ov 
— + E 
ox oy 
But du/dx = 0, so dv/dy = 0, which means that v does 


not change with y. Thus v = v(0) = 0 everywhere. 
2. The Navier-Stokes equation in x-direction 


0 


Eliminate terms that are zero: 

ay” 
Since u is only a function of y, the partial derivative can be 
replaced by total derivatives. 


du _ eg 
d? H 
3. Integrate and solve for u. 
du _ pg 
E E 
dy A : 


2 
m= P OE 
2p. 


Substitute in boundary conditions. 





Review 


Note that, due to gravity, the velocity profile lies below the 
linear profile u/ U = (y/6). The linear profile is approached 
for closer plate spacing, higher kinematic viscosity, and larger 
velocity. 
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Summary 


The momentum principle is used to analyze problems involving forces and flow. It is 
expressed as 


d 
>r- a 


cv 


vp adk | vpV-dA 


cs 


where V is flow velocity relative to the control surface, and v is flow velocity relative to an 
inertial (nonaccelerating) reference frame. 


The physical interpretation of the momentum principle is that the sum of forces equals 
the rate of momentum change inside the control volume plus the net rate at which momentum 
flows out of the control volume. To apply the momentum equation, one selects a control vol- 
ume and then evaluates the forces, momentum accumulation, and momentum flow terms. 
These terms may be represented visually by using a force diagram and a momentum diagram. 

The force term represents all external forces that act on the material inside the control 
volume. These forces can be either body forces or surface forces. For most problems, the 
only body force is weight. There are three common types of surface forces: those caused by 
structural elements, those caused by pressure, and those caused by shear stress distributions. 

The momentum accumulation term (d/dt| cv VP dF) gives the rate at which the mo- 
mentum inside the control volume is changing with time. If flow is steady, and other mass in 
the control volume is stationary, the momentum accumulation is zero. Otherwise, the mo- 
mentum accumulation is evaluated by integration. 

The momentum flow term (J, vpV - dA) gives the net rate at which momentum is 
flowing outward across the control surface. If velocity varies across the control surface, inte- 
gration is needed to find the momentum flow. 

If mass enters and leaves the control volume through a number of ports, and if the ve- 
locity v is uniformly distributed across each port, the momentum equation simplifies to 


Fs vp d+ X mov,- S my, 


cv 
where subscripts o and i denote out and in, respectively. In this equation, m is the rate at 
which mass is crossing the control surface, and v is flow velocity evaluated at the control sur- 
face with respect to the inertial reference frame selected. 
Water hammer is due to a pressure wave in a duct that travels at the speed of sound. The 
pressure rise across the wave is 


Ap = pVc 


where V is the duct flow velocity and c is the speed of sound, given by 


fe 
C= — 
P 


Problems involving moments may be analyzed by applying the moment-of-momentum 
principle. If mass crosses the control surface through a number of inlet and outlet ports, and if 
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the properties are uniformly distributed across each port, the moment-of-momentum princi- 
ple is expressed as 


SM = FL exode rx han) = Sex 


where r is a position vector from the moment center. The physical interpretation is that the 
sum of moments equals the rate of angular-momentum change inside the control volume plus 
the net rate at which angular momentum flows out of the control volume. Application of the 


moment-of-momentum equation parallels the approaches used for the momentum equation. 

The Navier-Stokes equation is a differential form of Newton’s second law that applies 
to motion of a fluid element. The Navier-Stokes equation is a nonlinear, partial-differential 
equation that is widely used in advanced studies of fluid mechanics phenomena. 
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Problems 


Momentum Equation 


6.1 PQ< Using the Internet or some other source as refer- 
ence, define in your own words the meaning of “inertial ref- 
erence frame.” 

6.2 PQ< The surface of the earth is not a true inertial refer- 
ence frame because there is a centripetal acceleration due to 
the earth’s rotation. The earth rotates once every 24 hours 
and has a diameter of 8000 miles. What is the centripetal ac- 
celeration on the surface of the earth, and how does it com- 
pare to the gravitational acceleration? 

6.3 P.Q< Newton’s second law can be stated that the force is 
equal to the rate of change of momentum, F = d(mv)/dt. Tak- 
ing the derivative by parts yields F = m(dv) / (dt) +v(dm) / 
(dt). This does not correspond to F = ma. What is the source 
of the discrepancy? 


Jets 





6.4 PQ Give five examples of jets and how they are used in 
practice. 

6.5 A “balloon rocket” is a balloon suspended from a taut wire by 
a hollow tube (drinking straw) and string. The nozzle is formed 
of a 1 cm—diameter tube, and an air jet exits the nozzle with a 
speed of 40 m/s and a density of 1.2 kg/m’. Find the force F 
needed to hold the balloon stationary. Neglect friction. 

6.6 The balloon rocket is held in place by a force F. The pres- 
sure inside the balloon is 8 in-H,O, the nozzle diameter is 1.0 
cm, and the air density is 1.2 kg /m®. Find the exit velocity v 


3. Schlichting, H. Boundary Layer Theory. McGraw-Hill, New 
York, 1979. 


and the force F. Neglect friction and assume the air flow is in- 
viscid and irrotational. 














l 


BE 


<— <PF 


PROBLEM 6.5, 6.6 


6.7 A water jet of diameter 30 mm and speed v = 20 m/s is 
filling a tank. The tank has a mass of 20 kg and contains 20 li- 
ters of water at the instant shown. The water temperature is 
15°C. Find the force acting on the bottom of the tank and the 
force acting on the stop block. Neglect friction. 


Vv 


Stop 


aT ea 


PROBLEM 6.7, 6.8 
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6.8 A water jet of diameter 2 inches and speed v = 50 ft/s is 
filling a tank. The tank has a mass of 25 Ibm and contains 5 gal- 
lons of water at the instant shown. The water temperature is 
70°F. Find the minimum coefficient of friction such that the 
force acting on the stop block is zero. 

6.9 A design contest features a submarine that will travel at a 
steady speed of Vab = 1 m/s in 15°C water. The sub is pow- 
ered by a water jet. This jet is created by drawing water from an 
inlet of diameter 25 mm, passing this water through a pump and 
then accelerating the water through a nozzle of diameter 5 mm 
to a speed of Va- The hydrodynamic drag force (Fp) can be cal- 
culated using 


et’ 





2 
r 
F= cÊ 4, 


where the coefficient of drag is Cp = 0.3 and the projected area 
is A, = 0.28 m°. Specify an acceptable value of Viet: 











F, 


sub 





PROBLEM 6.9 


6.10 A horizontal water jet at 70°F impinges on a vertical- 
perpendicular plate. The discharge is 2 cfs. If the external force 
required to hold the plate in place is 200 lbf, what is the velocity 
of the water? 











PROBLEMS 6.10, 6.11 


6.11 A horizontal water jet at 70°F issues from a circular orifice 
in a large tank. The jet strikes a vertical plate that is normal to 
the axis of the jet. A force of 600 lbf is needed to hold the plate 
in place against the action of the jet. If the pressure in the tank is 
25 psig at point A, what is the diameter of the jet just down- 
stream of the orifice? 

6.12 An engineer, who is designing a water toy, is making pre- 
liminary calculations. A user of the product will apply a force 
F; that moves a piston (D = 80 mm) at a speed of Vi ign = 300 
mm/s. Water at 20°C jets out of a converging nozzle of diame- 
ter d= 15 mm. To hold the toy stationary, the user applies a 


force F, to the handle. Which force (F; versus F) is larger? Ex- 
plain your answer using concepts of the momentum principle. 
Then calculate F) and F,. Neglect friction between the piston 
and the walls. 
















y 


Fy piston 




















Fo 
PROBLEM 6.12 


6.13 A firehose on a boat is producing a 3 in—diameter water jet 
with a speed of V = 70 mph. The boat is held stationary by a 
cable attached to a pier, and the water temperature is 50°F. Cal- 
culate the tension in the cable. 

6.14A boat is held stationary by a cable attached to a pier. A 
firehose directs a spray of 5°C water at a speed of 
V = 50 m/s. If the allowable load on the cable is 5 kN, calcu- 
late the mass flow rate of the water jet. What is the correspond- 
ing diameter of the water jet? 




















PROBLEMS 6.13, 6.14 


6.15 A tank of water (15°C) with a total weight of 200 N (water 
plus the container) is suspended by a vertical cable. Pressurized 
air drives a water jet (d = 12 mm) out the bottom of the tank 
such that the tension in the vertical cable is 10 N. If 
H = 425 mm, find the required air pressure in units of atmo- 
spheres (gage). Assume the flow of water is irrotational. 





Vertical cable 


Pressurized air 





Jet diameter d 


PROBLEM 6.15 


6.16 A jet of water (60°F) is discharging at a constant rate of 2.0 cfs 
from the upper tank. If the jet diameter at section 1 is 4 in., what 
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forces will be measured by scales A and B? Assume the empty 
tank weighs 300 lbf, the cross-sectional area of the tank is 4 
f°, h = 1 ft, and H = 9 ft. 














PROBLEM 6.16 


6.17 A conveyor belt discharges gravel into a barge as shown at 
a rate of 50 yd? /min. If the gravel weighs 120 Ibf/ ft, what is 
the tension in the hawser that secures the barge to the dock? 


Conveyor belt 
V=10 ft/s 





PROBLEM 6. 17 


6.18 The hemicircular nozzle sprays a sheet of liquid through 
180° of arc as shown. The velocity is V at the efflux section 
where the sheet thickness is ¢. Derive a formula for the external 
force F (in the y-direction) required to hold the nozzle system in 
place. This force should be a function of p, V, r, and t. 


; 


Ri 
rF- 
pr = 


V 
F UE —_— 
fo y+ 


Section A-A Elevation view 





“< 


PROBLEM 6.18 


6.19 The expansion section of a rocket nozzle is often conical in 
shape; and because the flow diverges, the thrust derived from 


the nozzle is less than it would be if the exit velocity were ev- 
erywhere parallel to the nozzle axis. By considering the flow 
through the spherical section suspended by the cone and assum- 
ing that the exit pressure is equal to the atmospheric pressure, 
show that the thrust is given by 


T= nv + sn 


where m is the mass flow through the nozzle, V, is the exit veloc- 
ity, and a is the nozzle half-angle. 





PROBLEM 6.19 


Vanes 


6.20 Determine the external reactions in the x- and y-directions 
needed to hold this fixed vane, which turns the oil jet in a horizontal 
plane. Here V; is 18 m/s, V, = 17 m/s, and Q = 0.15 m/s. 


6.21 Solve Prob. 6.20 for V; = 90 ft/s, V, = 85 ft/s, and Q = 2 cfs. 


6.22 This planar water jet (60°F) is deflected by a fixed vane. 
What are the x- and y-components of force per unit width 
needed to hold the vane stationary? Neglect gravity. 


Oil (S = 0.90) 


V2 
PROBLEMS 6.20, 6.21 


0.2 ft 


60° 
40 ft/s 
— 





L 
x 





30° 


0.1 ft 
PROBLEM 6.22 
6.23 A water jet with a speed of 20 ft/s and a mass flow rate of 


25 lbm/⁄s is turned 30° by a fixed vane. Find the force of the 
water jet on the vane. Neglect gravity. 


PROBLEMS 
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20 ft/s 


NG 
30° 
PROBLEM 6.23 


6.24 Water (p = 1000 kg/ m? ) strikes a block as shown and is 
deflected 30°. The flow rate of the water is 1.5 kg/s, and the in- 
let velocity is V = 10 m/s. The mass of the block is 1 kg. The 
coefficient of static friction between the block and the surface is 
0.1 (friction force /normal force). If the force parallel to the sur- 
face exceeds the frictional force, the block will move. Deter- 
mine the force on the block and whether the block will move. 
Neglect the weight of the water. 






Vertical 





PROBLEMS 6.24, 6.25 


6.25 For the situation described in Prob. 6.24, find the maximum 
inlet velocity (V) such that the block will not slip. 

6.26 Plate A is 50 cm in diameter and has a sharp-edged orifice at 
its center. A water jet (at 10°C) strikes the plate concentrically 
with a speed of 30 m/s. What external force is needed to hold the 
plate in place if the jet issuing from the orifice also has a speed of 
30m/s? The diameters of the jets are D = 5 cmand d = 2 cm. 








PROBLEM 6.26 


6.27 A two-dimensional liquid jet impinges on a vertical wall. 
Assuming that the incoming jet speed is the same as the exiting 
jet speed (V; = V,), derive an expression for the force per unit 
width of jet exerted on the wall. What form do you think the up- 
per liquid surface will take next to the wall? Sketch the shape 


you think it will take, and explain your reasons for drawing it 
that way. 






Vertical 


V2 


PROBLEM 6.27 


6.28 A cone that is held stable by a wire is free to move in the 
vertical direction and has a jet of water (at 10°C) striking it from 
below. The cone weighs 30 N. The initial speed of the jet as it 
comes from the orifice is 15 m/s, and the initial jet diameter is 
2 cm. Find the height to which the cone will rise and remain sta- 
tionary. Note: The wire is only for stability and should not enter 
into your calculations. 


Wire for 
stability 














PROBLEM 6.28 


6.29 A horizontal jet of water (at 10°C) that is 6 cm in diameter 
and has a velocity of 20 m/s is deflected by the vane as shown. 
If the vane is moving at a rate of 7 m/s in the x-direction, what 
components of force are exerted on the vane by the water in the 
x- and y-directions? Assume negligible friction between the wa- 
ter and the vane. 

6.30A vane on this moving cart deflects a 10 cm water 
(p = 1000 kg/ m`) jet as shown. The initial speed of the water 
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in the jet is 20 m/s, and the cart moves at a speed of 3 m/s. If 
the vane splits the jet so that half goes one way and half the 
other, what force is exerted on the vane by the jet? 


Vy ) V, 
— 
— x 
3 Jas 


20 m/s 




















Elevation view 




















-y= 
20 m/s 
| 45° 3 m/s 
2234 i, 
t A Vane 
10 cm 90° 
diameter “> 
= | = 





Plan view 


PROBLEMS 6.30, 6.31 


6.31 Refer to the cart of Prob. 6.30. If the cart speed is constant 
at 5 ft/s, and if the initial jet speed is 60 ft/s, and jet 
diameter = 0.15 ft, what is the rolling resistance of the cart? 
(p = 62.4 lbm/ft*) 

6.32 The water (p = 1000 kg/m? ) in this jet has a speed of 25 
m/s to the right and is deflected by a cone that is moving to 
the left with a speed of 13 m/s. The diameter of the jet is 10 
cm. Determine the external horizontal force needed to move the 
cone. Assume negligible friction between the water and the 
vane. 

6.33 This two-dimensional water (at 50°F) jet is deflected by the 
two-dimensional vane, which is moving to the right with a 
speed of 60 ft/s. The initial jet is 0.30 ft thick (vertical dimen- 
sion), and its speed is 100 ft/s. What power per foot of the jet 
(normal to the page) is transmitted to the vane? 

6.34 Assume that the scoop shown, which is 20 cm wide, is used 
as a braking device for studying deceleration effects, such as 


those on space vehicles. If the scoop is attached to a 1000 kg 
sled that is initially traveling horizontally at the rate of 100 
m/s, what will be the initial deceleration of the sled? The scoop 
dips into the water 8 cm (d = 8 cm). (T = 10°C) 
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PROBLEMS 6.32, 6.33 
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PROBLEM 6.34 


6.35 This snowplow “cleans” a swath of snow that is 4 in. deep 
(d = 4 in.) and 2 ft wide (B = 2 ft). The snow leaves the blade 
in the direction indicated in the sketches. Neglecting friction be- 
tween the snow and the blade, estimate the power required for 
just the snow removal if the speed of the snowplow is 40 ft/s. 






Snow (S = 0.20) 











a} 


Elevation view 








Plan view 


PROBLEM 6.35 


6.36 A finite span airfoil can be regarded as a vane as shown in 
the figure. The cross section of air affected is equal to the circle 
with the diameter of the wing span, b. The wing deflects the air 
by an angle a and produces a force normal to the free-stream 
velocity, the lift Z, and in the free-stream direction, the drag D. 
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The airspeed is unchanged. Calculate the lift and drag for a 30 ft 
wing span in a 300 ft/s airstream at 14.7 psia and 60°F for flow 
deflection of 2°. 


ct 


Side view 





PROBLEM 6.36 


6.37 The “clam shell” thrust reverser sketched in the figure is 
often used to decelerate aircraft on landing. The sketch shows 
normal operation (a) and when deployed (b). The vanes are ori- 
ented 20° with respect to the vertical. The mass flow through 
the engine is 150 Ibm/s, the inlet velocity is 300 ft/s and the exit 
velocity is 1400 ft/s. Assume that when the thrust reverser is de- 
ployed, the exit velocity of the exhaust is unchanged. Assume 
the engine is stationary. Calculate the thrust under normal oper- 
ation (lbf) and when the thrust reverser is deployed. 


T 
U, U, 
— —— 
(a) 


20°77 i Tr 


(b) 
PROBLEM 6.37 


Pipes 


6.38 A hot gas stream enters a uniform-diameter return bend as 
shown. The entrance velocity is 100 ft/s, the gas density is 
0.02 lbm/fť, and the mass flow rate is 1 lbm/s. Water is 
sprayed into the duct to cool the gas down. The gas exits with 
a density of 0.06 lbm/ft*. The mass flow of water into the gas 
is negligible. The pressures at the entrance and exit are the same 
and equal to the atmospheric pressure. Find the force required to 
hold the bend. 


100 ft/s 
=e Water spray 


PROBLEM 6.38 


6.39 Assume that the gage pressure p is the same at sections 1 
and 2 in the horizontal bend shown in the figure. The fluid flow- 
ing in the bend has density p, discharge Q, and velocity V. The 
cross-sectional area of the pipe is A. Then the magnitude of the 
force (neglecting gravity) required at the flanges to hold the 
bend in place will be (a) pA, (b) pA + pQV, (c) 2pA + pOV, or 
(d) 2pA + 2pQV. 

6.40 The pipe shown has a 180° vertical bend in it. The diameter 
Dis 1 ft, and the pressure at the center of the upper pipe is 15 psig. 
If the flow in the bend is 20 cfs, what external force will be re- 
quired to hold the bend in place against the action of the water? 
The bend weighs 200 lbf, and the volume of the bend is 3 ft. As- 
sume the Bernoulli equation applies. (p = 62.4 Ibm/ fe ) 

6.41 The pipe shown has a 180° horizontal bend in it as shown, 
and D is 20 cm. The discharge of water (p = 1000 kg/m 3) j in the 
pipe and bend is 0.30 m/s, and the pressure in the pipe and 
bend is 100 kPa gage. If the bend volume is 0.10 m° and the 
bend itself weighs 500 N, what force must be applied at the 
flanges to hold the bend in place? 








PROBLEMS 6.39, 6.40, 6.41 


6.42 Water (at 50°F) flows in the horizontal bend at a rate of 12 
cfs and discharges into the atmosphere past the downstream 
flange. The pipe diameter is 1 ft. What force must be applied at 
the upstream flange to hold the bend in place? Assume that the 
volume of water downstream of the upstream flange is 4 f? and 
that the bend and pipe weigh 100 lbf. Assume the pressure at the 
inlet section is 4 psig. 

6.43 The gage pressure throughout the horizontal 90° pipe bend 
is 300 kPa. If the pipe diameter is 1 m and the water (at 10°C) 
flow rate is 10 m*/s, what x-component of force must be ap- 
plied to the bend to hold it in place against the water action? 
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PROBLEMS 6.42, 6.43 


6.44 This 30° vertical bend in a pipe with a 2 ft diameter carries 
water (p = 62.4 Ibm/ ft’) at a rate of 31.4 cfs. If the pressure p, 
is 10 psi at the lower end of the bend, where the elevation is 100 
ft, and p, is 8.5 psi at the upper end, where the elevation is 103 
ft, what will be the vertical component of force that must be ex- 
erted by the “anchor” on the bend to hold it in position? The 
bend itself weighs 300 lb, and the length Z is 4 ft. 


Flow direction 








Expansion joints to 
eliminate force transfer 
between pipe and 





Bend anchor 














PROBLEM 6.44 


6.45 This bend discharges water (p = 1000 kg/ m? ) into the at- 
mosphere. Determine the force components at the flange re- 
quired to hold the bend in place. The bend lies in a horizontal 
plane. Assume viscous forces are negligible. The interior vol- 
ume of the bend is 0.25 m’, D, = 60 cm, D, = 30 cm, and 
V, = 10 m/s. The mass of the bend material is 250 kg. 


Dy y 








PROBLEM 6.45 


6.46 This nozzle bends the flow from vertically upward to 30° 
with the horizontal and discharges water (y = 62.4 lbf/ fi?) at a 
speed of V = 130 ft/s. The volume within the nozzle itself is 1.8 
ft, and the weight of the nozzle is 100 lbf. For these conditions, 
what vertical force must be applied to the nozzle at the flange to 
hold it in place? 








Vertical 


A=0.50 ft? 
Volume = 1.8 ft? 


Flange 


‘A = 1.0 ft? 
PROBLEM 6.46 


6.47 A pipe | ft in diameter bends through an angle of 135°. The ve- 
locity of flow of gasoline (S = 0.8) is 20 ft/s, and the pressure is 
10 psig in the bend. What external force is required to hold the bend 
against the action of the gasoline? Neglect the gravitational force. 
6.48 A 6 in. horizontal pipe has a 180° bend in it. If the rate of 
flow of water (60°F) in the bend is 6 cfs and the pressure therein 
is 20 psig, what external force in the original direction of flow is 
required to hold the bend in place? 

6.49 A pipe 15 cm in diameter bends through 135°. The velocity 
of flow of gasoline (S = 0.8) is 8m/s, and the pressure is 100 kPa 
gage throughout the bend. Neglecting gravitational force, deter- 
mine the external force required to hold the bend against the ac- 
tion of the gasoline. 

6.50A horizontal reducing bend turns the flow of water 
(p = 1000 kg/m? ) through 60°. The inlet area is 0.001 m?, and 
the outlet area is 0.0001 m°. The water from the outlet dis- 
charges into the atmosphere with a velocity of 50 m/s. What 
horizontal force (parallel to the initial flow direction) acting 
through the metal of the bend at the inlet is required to hold the 
bend in place? 

6.51 Water (at 10°C) flows in a duct as shown. The inlet water 
velocity is 10 m/s. The cross-sectional area of the duct is 0.1 m?. 
Water is injected normal to the duct wall at the rate of 500 kg/s 
midway between stations 1 and 2. Neglect frictional forces on 
the duct wall. Calculate the pressure difference (p, — p2) between 
stations | and 2. 

6.52 For this wye fitting, which lies in a horizontal plane, the 
cross-sectional areas at sections 1, 2, and 3 are 1 ft’, 1 ft’, and 
0.25 ft’, respectively. At these same respective sections the pres- 
sures are 1000 psfg, 900 psfg, and 0 psfg, and the water discharges 
are 20 cfs to the right, 12 cfs to the right, and exits to atmo- 
sphere at 8 cfs. What x-component of force would have to be ap- 
plied to the wye to hold it in place? 
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500 kg/s 
PROBLEM 6.51 
20 cfs 12 cfs 








PROBLEM 6.52 


6.53 Water (p = 62.4 Ibm/ ft’) flows through a horizontal bend 
and T section as shown. The mass flow rate entering at section 
ais 12 lbm/s, and those exiting at sections b and c are 6 
Ibm /s each. The pressure at section a is 5 psig. The pressure at 
the two outlets is atmospheric. The cross-sectional areas of the 
pipes are the same: 5 in’. Find the x-component of force neces- 
sary to restrain the section. 


PROBLEMS 6.53, 6.54 


6.54 Water (p = 1000 kg/ m? ) flows through a horizontal bend 
and T section as shown. At section a the flow enters with a ve- 
locity of 6 m/s, and the pressure is 4.8 kPa. At both sections b 
and c the flow exits the device with a velocity of 3 m/s, and the 
pressure at these sections is atmospheric (p = 0). The cross- 
sectional areas at a, b, and c are all the same: 0.20 m?. Find the x- 
and y-components of force necessary to restrain the section. 
6.55 For this horizontal T through which water (p = 1000 kg/m’) 
is flowing, the following data are given: Q} = 0.25 m°/s, Q, = 
0.10 m?/s, pı = 100 kPa, p, = 70 kPa, p, = 80 kPa, D, = 15 cm, 
D, =7 cm, and D} = 15 cm. For these conditions, what external 
force in the x-y plane (through the bolts or other supporting de- 
vices) is needed to hold the T in place? 


Nozzles 


6.56 PO Firehoses are fitted with special nozzles. Use the In- 
ternet or contact your local fire department to find information on 
operational conditions and typical hose and nozzle sizes used. 

6.57 High-speed water jets are used for speciality cutting appli- 
cations. The pressure in the chamber is approximately 60,000 
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PROBLEM 6.55 








psig. Using the Bernoulli equation, estimate the water speed ex- 
iting the nozzle exhausting to atmospheric pressure. Neglect 
compressibility effects and assume a water temperature of 60°F. 
6.58 Water at 60°F flows through a nozzle that contracts from a 
diameter of 3 in. to 1 in. The pressure at section 1 is 2500 psfg, 
and atmospheric pressure prevails at the exit of the jet. Calcu- 
late the speed of the flow at the nozzle exit and the force re- 
quired to hold the nozzle stationary. Neglect weight. 

6.59 Water at 15°C flows through a nozzle that contracts from a 
diameter of 10 cm to 2 cm. The exit speed is v, = 25 m/s, and 
atmospheric pressure prevails at the exit of the jet. Calculate the 
pressure at section | and the force required to hold the nozzle 
stationary. Neglect weight. 

6.60 Write a computer program that models the nozzle de- 
scribed in Prob. 6.59. Apply your computer program to solve 
Probs. 6.59 and 6.15 and compare answers. 


> 


PROBLEMS 6.58, 6.59, 6.60 





6.61 Water (at 50°F) flows through this nozzle at a rate of 15 cfs 
and discharges into the atmosphere. D, = 12 in., and D, = 9 in. 
Determine the force required at the flange to hold the nozzle in 
place. Assume irrotational flow. Neglect gravitational forces. 
6.62 Solve Prob. 6.61 using the following values: Q = 0.30 m3/s, 
D, = 30cm, and D, = 10 cm. (p = 1000 kg/m’) 


(©) © 
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PROBLEMS 6.61, 6.62 


6.63 This “double” nozzle discharges water (p = 62.4 lbm/ ft’) 
into the atmosphere at a rate of 16 cfs. If the nozzle is lying in a 
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horizontal plane, what x-component of force acting through the 
flange bolts is required to hold the nozzle in place? Note: As- 
sume irrotational flow, and assume the water speed in each jet to 
be the same. Jet A is 4 in. in diameter, jet B is 4.5 in. in diameter, 
and the pipe is | ft in diameter. 








30° 


Z 


PROBLEMS 6.63, 6.64 


6.64 This “double” nozzle discharges water (at 10°C) into the 
atmosphere at a rate of 0.50 m°/s. If the nozzle is lying in a 
horizontal plane, what x-component of force acting through the 
flange bolts is required to hold the nozzle in place? Note: As- 
sume irrotational flow, and assume the water speed in each jet to 
be the same. Jet A is 10 cm in diameter, jet B is 12 cm in diame- 
ter, and the pipe is 30 cm in diameter. 

6.65 A rocket-nozzle designer is concerned about the force re- 
quired to hold the nozzle section on the body of a rocket. The 
nozzle section is shaped as shown in the figure. The pressure 
and velocity at the entrance to the nozzle are 1.5 MPa and 100 
m/s. The exit pressure and velocity are 80 kPa and 2000 m/s. 
The mass flow through the nozzle is 220 kg/s. The atmospheric 
pressure is 100 kPa. The rocket is not accelerating. Calculate the 
force on the nozzle-chamber connection. Note: The given pres- 
sures are absolute. 


V, = 2000 m/s 







2| m= 220 kg/s 
—> 





A=1m 





Chamber Nozzle Pe = 80 kPa 


Po = 100 kPa 


PROBLEM 6.65 


6.66 A 15 cm nozzle is bolted with six bolts to the flange of a 30 
cm pipe. If water (p = 1000 kg/ m? ) discharges from the nozzle 
into the atmosphere, calculate the tension load in each bolt when 
the pressure in the pipe is 200 kPa. Assume irrotational flow. 
6.67 Water (p = 62.4 lbm/ ft’) is discharged from the two- 
dimensional slot shown at the rate of 8 cfs per foot of slot. De- 
termine the pressure p at the gage and the water force per foot 
on the vertical end plates A and C. The slot and jet dimensions B 
and b are 8 in. and 4 in., respectively. 


6.68 Water (at 10°C) is discharged from the two-dimensional 
slot shown at the rate of 0.40 m?/s per meter of slot. Determine 
the pressure p at the gage and the water force per meter on the 
vertical end plates A and C. The slot and jet dimensions B and b 
are 20 cm and 7 cm, respectively. 








PROBLEMS 6.67, 6.68 


6.69 This spray head discharges water (p = 62.4 Ibm/ ft’) at a 
rate of 4 ft/s. Assuming irrotational flow and an efflux 
speed of 65 ft/s in the free jet, determine what force acting 
through the bolts of the flange is needed to keep the spray head 
on the 6 in. pipe. Neglect gravitational forces. 


p 





\e 
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PROBLEM 6.69 


6.70 Two circular water (p = 62.4 Ilbm/ ft’) jets of 1 in. diameter 
(d = 1 in.) issue from this unusual nozzle. If the efflux speed is 
80.2 ft/s, what force is required at the flange to hold the nozzle in 
place? The pressure in the 4 in. pipe (D = 4 in.) is 43 psig. 














30° 
PROBLEM 6.70 


6.71 Liquid (S = 1.2) enters the “black sphere” through a 2 in. 
pipe with velocity of 50 ft/s and a pressure of 60 psig. It 
leaves the sphere through two jets as shown. The velocity in the 
vertical jet is 100 ft/s, and its diameter is 1 in. The other jet’s 
diameter is also 1 in. What force through the 2 in. pipe wall is 
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required in the x- and y-directions to hold the sphere in place? 
Assume the sphere plus the liquid inside it weighs 200 Ibf. 

6.72 Liquid (S = 1.5) enters the “black sphere” through a 5 cm 
pipe with a velocity of 10 m/s and a pressure of 400 kPa. It 
leaves the sphere through two jets as shown. The velocity in the 
vertical jet is 30 m/s, and its diameter is 25 mm. The other jet’s 
diameter is also 25 mm. What force through the 5 cm pipe wall 
is required in the x- and y-directions to hold the sphere in place? 
Assume the sphere plus the liquid inside it weighs 600 N. 


j (vertical) 


—_ x 





"Black sphere" 


PROBLEMS 6.71, 6.72 
Applications (Stationary) 


6.73 Assume that you have access to a laboratory that includes a 
sluice gate as shown in Example (6.9). Design an experiment 
utilizing the sluice gate to verify the analytic approach. In your 
design you may attach instruments or drill holes in the sluice 
gate, etc., to facilitate the taking of data. In any case describe 
what is to be done to achieve a workable experiment. 

6.74 Neglecting viscous resistance, determine the force of the 
water per unit of width acting on a sluice gate for which the up- 
stream depth is 5 ft and the downstream depth is 0.6 ft. 

6.75 For laminar flow in a pipe, wall shear stress (Tọ) causes 
the velocity distribution to change from uniform to parabolic 
as shown. At the fully developed section (section 2), the veloc- 
ity is distributed as follows: u = umaxl | — (”/ro) ]. Derive a 
formula for the force on the wall due to shear stress, F,, be- 
tween | and 2 as a function of U (the mean velocity in the 
pipe), Pp, Pi» P2, and D (the pipe diameter). 
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PROBLEM 6.75 


6.76 The propeller on a swamp boat produces a slipstream 3 ft 
in diameter with a velocity relative to the boat of 100 ft/s. If 
the air temperature is 80°F, what is the propulsive force when 
the boat is not moving and also when its forward speed is 30 
ft/s? Hint: Assume that the pressure, except in the immediate 
vicinity of the propeller, is atmospheric. 















































PROBLEM 6.76 


6.77 A windmill is operating in a 10 m/s wind that has a den- 
sity of 1.2 kg/m*. The diameter of the windmill is 4 m. The 
constant-pressure (atmospheric) streamline has a diameter of 3 
m upstream of the windmill and 4.5 m downstream. Assume 
that the velocity distributions are uniform and the air is incom- 
pressible. Determine the thrust on the windmill. 
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PROBLEM 6.77 


4.5m 
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6.78 The figure illustrates the principle of the jet pump. Derive a 
formula for p, — p, as a function of D, V;, Do, Vo, and p. Assume 
that the fluid from the jet and the fluid initially flowing in the pipe 
are the same, and assume that they are completely mixed at sec- 
tion 2, so that the velocity is uniform across that section. Also as- 
sume that the pressures are uniform across both sections 1 and 2. 
What is p, — p; if the fluid is water, A4;/Aọ = 1/3, V; = 15 m/s, 
and V) = 2 m/s? Neglect shear stress. 
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PROBLEM 6.78 


6.79 Jet-type pumps are sometimes used for special purposes, 
such as to circulate the flow in basins in which fish are being 
reared. The use of a jet-type pump eliminates the need for me- 
chanical machinery that might be injurious to the fish. The ac- 
companying figure shows the basic concept for this type of 
application. For this type of basin the jets would have to in- 
crease the water surface elevation by an amount equal to 
6V? /2g, where V is the average velocity in the basin (1 ft/s as 
shown in this example). Propose a basic design for a jet system 
that would make such a recirculating system work for a channel 
8 ft wide and 4 ft deep. That is, determine the speed, size, and 
number of jets. 
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PROBLEM 6.79 


6.80 An engineer is measuring the lift and drag on an airfoil sec- 
tion mounted in a two-dimensional wind tunnel. The wind tun- 
nel is 0.5 m high and 0.5 m deep (into the paper). The upstream 
wind velocity is uniform at 10 m/s, and the downstream ve- 
locity is 12 m/s and 8 m/sas shown. The vertical component 
of velocity is zero at both stations. The test section is 1 m long. 
The engineer measures the pressure distribution in the tunnel 
along the upper and lower walls and finds 


P„ = 100 — 10x — 20x(1 —x)(Pa gage) 
Pp; = 100 - 10x + 20x(1 —x)(Pa gage) 





where x is the distance in meters measured from the beginning 
of the test section. The gas density is homogeneous throughout 
and equal to 1.2 kg/m’. The lift and drag are the vectors indi- 
cated on the figure. The forces acting on the fluid are in the op- 
posite direction to these vectors. Find the lift and drag forces 
acting on the airfoil section. 
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PROBLEM 6.80 





6.81 A torpedo-like device is tested in a wind tunnel with an air 
density of 0.0026 slugs / ft. The tunnel is 3 ft in diameter, the 
upstream pressure is 0.24 psig, and the downstream pressure is 
0.10 psig. If the mean air velocity V is 120 ft/s, what are the 
mass rate of flow and the maximum velocity at the downstream 
section at C? If the pressure is assumed to be uniform across the 
sections at A and C, what is the drag of the device and support 
vanes? Assume viscous resistance at the walls is negligible. 
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PROBLEM 6.81 


6.82 A ramjet operates by taking in air at the inlet, providing 
fuel for combustion, and exhausting the hot air through the exit. 
The mass flow at the inlet and outlet of the ramjet is 60 kg/s 
(the mass flow rate of fuel is negligible). The inlet velocity is 
225 m/s. The density of the gases at the exit is 0.25 kg/m’, 
and the exit area is 0.5 m°. Calculate the thrust delivered by the 
ramjet. The ramjet is not accelerating, and the flow within the 
ramjet is steady. 
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PROBLEM 6.82 


6.83 A modern turbofan engine in a commercial jet takes in air, 
part of which passes through the compressors, combustion 
chambers, and turbine, and the rest of which bypasses the com- 
pressor and is accelerated by the fans. The mass flow rate of by- 
pass air to the mass flow rate through the compressor- 
combustor-turbine path is called the “bypass ratio.” The total 
flow rate of air entering a turbofan is 300 kg/s with a velocity 
of 300 m/s. The engine has a bypass ratio of 2.5. The bypass 
air exits at 600 m/s, whereas the air through the compressor- 
combustor-turbine path exits at 1000 m/s. What is the thrust of 
the turbofan engine? Clearly show your control volume and ap- 
plication of momentum equation. 
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PROBLEM 6.83 





Applications (Nonstationary) 


6.84 PO< A large tank of liquid is resting on a frictionless 
plane as shown. Explain in a qualitative way what will happen 
after the cap is removed from the short pipe. 





PROBLEM 6.84 


6.85 Consider a tank of water (p = 1000 kg/m? ) in a container 
that rests on a sled. A high pressure is maintained by a compres- 
sor so that a jet of water leaving the tank horizontally from an 
orifice does so at a constant speed of 25 m/s relative to the 
tank. If there is 0.10 m°? of water in the tank at time ¢ and the 
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diameter of the jet is 15 mm, what will be the acceleration of the 
sled at time ¢ if the empty tank and compressor have a weight of 
350 N and the coefficient of friction between the sled and the 
ice is 0.05? 

6.86 A cart is moving along a track at a constant velocity of 5 m/s 
as shown. Water (p = 1000 kg/m? ) issues from a nozzle at 10 
m/s and is deflected through 180° by a vane on the cart. The 
cross-sectional area of the nozzle is 0.0012 m?. Calculate the re- 
sistive force on the cart. 














5 m/s 
= 
10 m/s 
noze __ CY CY 





PROBLEM 6.86 


6.87 A water jet is used to accelerate a cart as shown. The dis- 
charge (Q) from the jet is 0.1 m>/s, and the velocity of the jet ( Vi) 
is 10 m/s. When the water hits the cart, it is deflected normally 
as shown. The mass of the cart (M) is 10 kg. The density of water 
(p)is 1000 kg / m°. There is no resistance on the cart, and the initial 
velocity of the cart is zero. The mass of the water in the jet is much 
less than the mass of the cart. Derive an equation for the acceler- 
ation of the cart as a function of Q, p, V., M, and y, Evaluate the 
acceleration of the cart when the velocity is 5 m/s. 

6.88 A water jet strikes a cart as shown. After striking the cart, 
the water is deflected vertically with respect to the cart. The cart 
is initially at rest and is accelerated by the water jet. The mass in 
the water jet is much less than that of the cart. There is no resis- 
tance on the cart. The mass flow rate from the jet is 10 kg/s. The 
mass of the cart is 100 kg. Find the time required for the cart to 
achieve a speed one-half of the jet speed. 
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PROBLEMS 6.87, 6.88 


6.89 It is common practice in rocket trajectory analyses to ne- 
glect the body-force term and drag, so the velocity at burnout is 
given by 
M, 
= T 2 
Vbo À "M, 
Assuming a thrust-to-mass-flow ratio of 3000 N-s/kgand a 
final mass of 50 kg, calculate the initial mass needed to estab- 
lish the rocket in an earth orbit at a velocity of 7200 m/s. 


6.90 A very popular toy on the market several years ago was the 
water rocket. Water (at 10°C) was loaded into a plastic rocket 
and pressurized with a hand pump. The rocket was released and 
would travel a considerable distance in the air. Assume that a 
water rocket has a mass of 50 g and is charged with 100 g of wa- 
ter. The pressure inside the rocket is 100 kPa gage. The exit area 
is one-tenth of the chamber cross-sectional area. The inside di- 
ameter of the rocket is 5 cm. Assume that Bernoulli’s equation 
is valid for the water flow inside the rocket. Neglecting air fric- 
tion, calculate the maximum velocity it will attain. 





PROBLEM 6.90 


Water Hammer 


6.91 A valve at the end of a gasoline pipeline is rapidly closed 
(assume it is closed instantaneously). If the gasoline velocity 
was initially 12 m/s, what will be the water-hammer pressure 
rise? The bulk modulus of elasticity of the gasoline is 715 
MPa, and the density of gasoline is 680 kg/m’, 

6.92 Estimate the maximum water-hammer pressure that i iş gen- 
erated in a rigid pipe if the initial water (p = 1000 kg/ m? ) ve- 
locity is 4 m/s and the pipe is 10 km long with a valve at the 
downstream end that is closed in 10 s. 

6.93 The length of a 20 cm rigid pipe carrying 0.15 m° /s of water 
(at 10°C) is estimated by instantaneously closing a valve at the 
downstream end and noting the time required for the pressure 
fluctuation to complete a cycle. If the time interval is 3 s, what 
is the pipe length? 

6.94 Estimate the maximum water-hammer pressure that i is gen- 
erated in a rigid pipe if the initial water (p = 62.4 lbm/ ft ) ve- 
locity is 8 ft/s and the pipe is 5 mi long with a valve at the 
downstream end that is closed in 10 s. 

6.95 A rigid pipe 4 km jong and 12 cm in ianei discharges 
water (p = 1000 kg/m 2) at the rate of 0.03 m?/s. If a valve at 
the end of the pipe is closed in 3 s, what is the maximum force 
that will be exerted on the valve as a result of the pressure rise? 
Assume that the water temperature is 10°C. 

6.96 By letting the control volume move with the water-hammer 
wave, steady-flow conditions are established. Using the mo- 
mentum and continuity equations and the steady-flow approach, 
derive Eq. (6.19). 

6.97 The 60-cm pipe carries water (at 10°C) with an initial ve- 
locity, Vp, of 0.10 m/s. If the valve at C is instantaneously 
closed at time ¢ = 0, what will the pressure-versus-time trace 
look like at point B for the next 5 s? Graph your results and 
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indicate significant quantitative relations or values from ¢ = 0 
to t = 5 s. What does the pressure versus the position along the 
pipe look like at ¢ = 1.5 s? Plot your results and indicate the ve- 
locity or velocities in the pipe. 


==] — Elevation = 10 m 





Water 
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PROBLEM 6.97 


6.98 Steady flow initially occurs in this 1 m steel pipe. There is 
a rapid-acting valve at the end of the pipe at point B, and there 
are pressure transducers at both points Æ and B. If the valve is 
closed at B and the p-versus-/ traces are made as shown, esti- 
mate the initial discharge and the length Z from A to B. 
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PROBLEM 6.98 


Moment-of-Momentum 


6.99 Water (p = 1000 kg/ m`) is discharged from the slot in 
the pipe as shown. If the resulting two-dimensional jet is 100 
cm long and 15 mm thick, and if the pressure at section A-A is 
30 kPa, what is the reaction at section A-A? In this calculation, 
do not consider the weight of the pipe. 

6.100 Two small liquid-propellant rocket motors are mounted at 
the tips of a helicopter rotor to augment power under emergency 
conditions. The diameter of the helicopter rotor is 7 m, and it 
rotates at 1 rev/s. The air enters at the tip speed of the rotor, 
and exhaust gases exit at 500 m/s with respect to the rocket 
motor. The intake area of each motor is 20 cm’, and the air 
density is 1.2 kg/m’. Calculate the power provided by the 
rocket motors. Neglect the mass rate of flow of fuel in this 
calculation. 
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Diameter = 8 cm 
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PROBLEM 6.100 


6.101 Design a rotating lawn sprinkler to deliver 0.25 in. of 
water per hour over a circle of 50 ft radius. Make the simplify- 
ing assumptions that the pressure to the sprinkler is 50 psig and 
that frictional effects involving the flow of water through the 
sprinkler flow passages are negligible (the Bernoulli equation is 
applicable). However, do not neglect the friction between the 
rotating element and the fixed base of the sprinkler. 

6.102 What is the force and moment reaction at section 1? Water 
(at 50°F) is flowing in the system. Neglect gravitational forces. 


30° 





V = 50 ft/s 


© p = 20 psi 


Pipe area___1 


= 0.6 ft? 
|. 36 in 


PROBLEM 6.102 











6.103 What is the reaction at section 1? Water (p = 1000 kg/ m? ) 
is flowing, and the axes of the two jets lie in a vertical plane. The 
pipe and nozzle system weighs 90 N. 

6.104 A reducing pipe bend is held in place by a pedestal as 
shown. There are expansion joints at sections 1 and 2, so no 
force is transmitted through the pipe past these sections. The 
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t’ 60°, 4=0.01 m2 
Q? = 200 kPa Wy Vv =20 mis 
| Í 





Pipe area 
=0.10m 








A = 0.02 m? 
p 100 cm > V= 20 m/s 


PROBLEM 6.103 


pressure at section 1 is 20 psig, and the rate of flow of water 
(p = 62.4 Ibm/ft*) is 2 cfs. Find the force and moment that 
must be applied at section 3 to hold the bend stationary. Assume 
the flow is irrotational and neglect the influence of gravity. 
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PROBLEM 6.104 


6.105 A centrifugal fan is used to pump air. The fan rotor is 1 ft 
in diameter, and the blade spacing is 2 in. The air enters with no 
angular momentum and exits radially with respect to the fan ro- 
tor. The discharge is 1500 cfm. The rotor spins at 3600 rev/min. 
The air is at atmospheric pressure and a temperature of 60°F. 
Neglect the compressibility of the air. Calculate the power (hp) 
required to operate the fan. 


\e = 3600 rpm 


1 ft 


Spyro 


PROBLEM 6.105 





Navier-Stokes Equation 


6.106 Show how the momentum equation can be applied to de- 
rive Euler’s equation for the flow of inviscid fluids. Hint: Select 
an arbitrary control volume of length As enclosed by a stream 
tube in an unsteady, nonuniform flow as shown. The volume of 
the control volume is [A + (0A/0s)(As/2)]As. First derive the 
continuity equation by applying the continuity principle to the 
flow through the control volume. Then apply the momentum 


equation along the stream-tube direction, and use the continuity 
equation to reduce it to Euler’s equation. 

6.107 Using a three-dimensional, infinitesimal parallelepiped with 
dimensions Ax, Ay, and Az and velocity components u, v, and w, 
show that, as the volume approaches zero, (a) the rate of mo- 
mentum change in the x-direction per unit volume in the control 
volume plus the next efflux of momentum from the six surfaces 
per unit volume is 


d d 0 d 
PAOLA) + FOLL) + ane + 5,(Puw) 


Stream tube 





PROBLEM 6.106 


(b) the forces due to pressure, normal, and shear stresses per 
unit volume are 

dp A OT y+ E OT, : IT 

ox ox oy az 
and (c) the body force per unit volume is pg,. Assemble these 
three components to obtain the momentum equation in the 


x-direction at a point and use the continuity equation to arrive at 
the form 


ðu ðu ou ou 
+v +w 


ot. ox. oy. OZ 


E Oey ay es ae 


ox ox oy az 








PROBLEM 6.107 
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6.108 Using the constitutive relations (stress proportional to rate 6.109 A flow with rectilinear streamlines adjacent to a wall is 
of strain) for an incompressible liquid, shown. The y-direction is normal to the wall. Apply the Navier- 
Stokes equation in the y-direction, Eq. (6.46), to show that the 


T= 2 wee piezometric pressure is constant in the y-direction. The relation- 
i ox ship between Ay and Az is shown on the figure. 
ou >) 
Ty, = pl—+— , 
ma Hl dy Ox : 
_ (du, dw 
Tağ = „(2 + a) 
Zz 
show for a liquid with constant dynamic viscosity that a\) Àz | 
Ota | ye | Mex f O'u , Ow, Oa 
ox oy az Ax ay az? PROBLEM 6.109 


C H A P T E R 


The Energy Equation 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Explain the meaning of energy, work, and power. 
e Describe various type of head terms (pressure head, pump head, velocity head, turbine head, etc.). 
e Explain the meaning of pump, turbine, efficiency, and head loss. 
e List the steps used to derive the energy equation. 


Procedural Knowledge 
e Apply the energy equation to predict variables such as pressure drop and head loss. 
e Apply the power equation to find the power required for a pump or power supplied by a turbine. 
e Sketch an Energy Grade Line (EGL) or a Hydraulic Grade Line (HGL) and explain the trends. 


Applications (Typical) 
e Fora centrifugal pump or an axial fan, determine the requirements (e.g., energy, head, flow rate). 
e Fora turbine, establish how much power can be produced. 
e For a piping system, identify locations of cavitation by sketching an HGL. 


— 4 


Chapters 4 to 6 have introduced important (i.e., commonly applied) equations such as the flow 
rate equations, the continuity equation, the momentum equation, and the Bernoulli equation. 
To complete this list, this chapter introduces the energy equation, which is used in many ap- 
plications. This chapter also introduces equations for determining power and efficiency. 


Energy, Work, and Power 


The energy equation involves energy, work, and power as well as machines that interact with 
flowing fluids. These topics are introduced in this section. 


When matter has energy, the matter can be used to do work. A fluid can have several 
forms of energy. For example a fluid jet has kinetic energy, water behind a dam has gravita- 
tional potential energy, and hot steam has thermal energy. Work is force acting through a dis- 
tance when the force is parallel to the direction of motion. For example, for the spray bottle 
shown in Fig. 7.1, work is done when a finger exerts a force that acts through a distance as 
the trigger is depressed. Similarly, work is done when the piston exerts a pressure force that 
acts on the liquid over a distance. Another example of work involves wind passing over the 
blades of a wind turbine as shown in Figure 7.2. The wind exerts a force on the blades; this 
force produces a torque and work is given by 


work = force x distance = torque X angular displacement 
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Figure 71 
In a spray bottle, a piston 
pump does work on the 
fluid thereby increasing 
the energy in the liquid. 





Figure 7.2 








When air passes across 
the rotor of a wind 
turbine, the air exerts 
forces that result in a net 
torque. This torque does 
work on the blades. 


A machine is any device that transmits or modifies energy, typically to perform or as- 
sist in a human task. In fluid mechanics, a turbine is a machine that is used to extract energy 
from a flowing fluid.* Examples of turbines include the horizontal-axis wind turbine shown 
in Fig. 7.2, the gas turbine, the Kaplan turbine, the Francis turbine, and the Pelton wheel. 
Similarly, a pump is a machine that is used to provide energy to a flowing fluid. Examples of 
pumps include the piston pump shown in Fig. 7.1, the centrifugal pump, the diaphragm 
pump, and the gear pump. 

Work and energy both have the same primary dimensions, and the same units, and both 
characterize an amount or quantity. For example, | calorie is the amount of thermal energy 
needed to raise the temperature of 1 gram of water by 1°C. Other common units include the 
joule (J), newton-meter, kilowatt-hour (kWh), foot-pound-force (ft-lbf), calorie (cal), and the 
British thermal unit (Btu). 

Power, which expresses a rate of work or energy, is defined by 


p= quantity of work (or energy) _ lim AW _ W (7.1) 
interval of time At— 0 At l 
Equation (7.1) uses a derivative because power can vary with each instant in time. To derive 
an equation for power, let the amount of work be given by the product of force and displace- 
ment AW = FAx: 

P= lim Fy (7.2a) 


At—>0 


where V is velocity of a moving body. When a shaft is rotating (e.g., Fig. 7.2), the amount of 
work is given by the product of torque and angular displacement AW = TAQ. In this case, 
the power equation is 


P= lim 22 = To (7.2b) 


where wis the angular speed. Common units are radians per second (s!), revolutions per 
minute (rpm), and revolutions per second (rps). 

Equations (7.2a) and (7.2b) may be combined to show the relationships between power 
associated with linear motion and power associated with rotational motion: 


P=FV=To (7.3) 


Common units for power are the watt (W), horsepower (hp), and the ft-lbf/s. Other 
units are given in Table F.1. Watts and horsepower are related by 1 kW = 1.34 hp. Similarly, 
1 hp = 550 ft-lbf/s. It is useful to know some typical values of power. A 60-watt light bulb 
uses 60 J/s of electrical energy. A well-conditioned athlete can sustain a power output of 
about 300 W = 0.4 hp for one hour. A 1970 Volkswagen bug has an engine that is rated at 
about 50 hp. The Bonneville Dam on the Columbia River 40 miles east of Portland, Oregon, 
has a rated power of about 1080 MW. 


* The engine on a jet, which is called a gas turbine, is a notable exception. The jet engine adds energy to a 
flowing fluid, thereby increasing the momentum of a fluid jet and producing thrust. 
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Energy Equation: General Form 





This section derives the energy equation for a control volume by applying the Reynolds 
transport theorem to the system equation. The energy equation for a system is (1, 2): 


o> (7.4) 


Equation (7.4), also called the first law of thermodynamics, can be stated in words: 


net rate of net rate at which rate of change of 
thermal energy f~ 3 system does work fp =) energy of the matter 
entering system on environment within the system 


Recall that a system is a body of matter that is under consideration. By definition, a sys- 
tem always contains the same matter. An imaginary boundary separates the system from all 
other matter, which is called the environment (or surroundings). 

Equation (7.4) involves sign conventions. Thermal energy is positive when there is an 
addition of thermal energy to the system and negative when there is a removal. Work is posi- 
tive when the system is doing work on the environment and negative when work is done on 
the system. 

To extend Eq. (7.4) to a control volume, apply the Reynolds transport theorem Eq. 
(5.21). Let the extensive property be energy (By; = E) and let b = e to obtain 


o-w= 5! epd¥+ | epV:dA (7.5) 


where e is energy per mass in the fluid. Let e = e, + e, + u where e; is the kinetic energy per 
unit mass, e, is the gravitational potential energy per unit mass, and u is the thermal energy 
(or internal energy) per unit mass. 


o-w=5| (erte, +upd¥E+| (e+ e,+u)pV dA (7.6) 


To simplify Eq. (7.6), let* 





EE kinetic energy ofa fluid particle _ m V7/2 _ y? (7.7) 
mass of this fluid particle m 2 f 
Similarly, let 
a= gravitational potential energy of a fluid particle _ mgz _ gz (7.8) 
á mass of this fluid particle m 


* It is assumed that the control surface is not accelerating, so V, which is referenced to the control surface, is 
also referenced to an inertial reference frame. 
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Figure 7.3 





Sketch for deriving flow 
work. 


where z is the elevation measured relative to a datum. When Eqs. (7.7) and (7.8) are substi- 
tuted into Eq. (7.6), the result is 


2 


0-w=4) (Csectulpars| (K+ez+ujov-da (7.9) 


Shaft and Flow Work 


Work is classified into two categories: 
(work) = (flow work) + (shaft work) 


Each work term involves force acting over a distance. When this force is associated with a 
pressure distribution, then the work is called flow work. Alternatively, shaft work is any work 
that is not associated with a pressure force. Shaft work is usually done through a shaft (from 
which the term originates) and is commonly associated with a pump or turbine. According to 
the sign convention for work (see p. 219), pump work is negative. Similarly, turbine work is 
positive. Thus, 


Wenat = Weurbines = W pumps = W, = Wp (7.10) 


To derive an equation for flow work, use the idea that work equals force times distance. 
For example, Fig. 7.3 defines a control volume that is situated inside a converging pipe. At 
section 2, the fluid that is inside the control volume will push on the fluid that is outside of 
the control volume. The magnitude of the pushing force is p,A,. During a time interval Aż, 
the displacement of the fluid at section 2 is Ax, = V,At. Thus, the amount of work is 


AW, = (Fy)(Ax2) = (p7A2)(V2AD) (7.11) 
Convert the amount of work given by Eq. (7.11) into a rate of work: 
: _ AW. . 
W= lim ——2 = p,A, V, = (oara = (2) (1.12) 
Ar—>o At p P 


This work is positive because the fluid inside the control volume is doing work on the envi- 
ronment. In a similar manner, the flow work at section 1 is negative and is given by 


nf 


Control surface © 





we 
a 
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P 
Pa 


Flow 
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The net flow work for the situation pictured in Fig. 7.3 is 


Wow = Wo + Wi = af? a af 2 (7.13) 


Equation (7.13) can be generalized to a situation involving multiple streams of fluid passing 
across a control surface: 


Waow = 5 Pa -5 in| (7.14) 


outlets inlets 


To develop a general form of flow work, use integrals to account for velocity and pressure 
variation across the control surface. Also, use the dot product to account for flow direction. 
The general equation for flow work is 


Waow = | (8) pV * dA (7.15) 


cs 


In summary, the work term is the sum of flow work [Eq. (7.15)] and shaft work [Eq. (7.10)]: 


W = Wirow T W shaft = | (8) pV: aa) g Whati (7.16) 


cs 


Final Steps in the Derivation of the Energy Equation _ 
Introduce the work term from Eq. (7.16) into Eq. (7.9) and let Wshan = Ws: 


O-W.-| ZPV: dA 


cs 


3 j (7.17) 
=< E sessu pav | V vertu pV dA 
dtl (2 ME 
In Eq. (7.17), combine the last term on the left side with the last term on the right side: 
ae 2 2 
Q-W,=5/ Vseztu pav | Y veers 2 pV:dA (7.18) 
© Ge eek es\ 2 P 


Replace p/p + u by the specific enthalpy, A. The integral form of the energy principle is: 


x $ d y? y? 
aa ek a pars | rar pV:dA (7.19) 


If the flow crossing the control surface occurs through a series of inlet and outlet ports and if 
the velocity V is uniformly distributed across each port, then a simplified form of the Rey- 
nolds transport theorem, Eq. (5.21), can be used to derive the following form of the energy 
equation: 
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. . 2 
O-W,= A [Ca geeulpav 
(7.20) 
2 


2 
IY AT, 
+ ` h tez +h) - 5 hErenn] 


where the subscripts o and i refer to the outlet and inlet ports, respectively. 


— i 


Energy Equation: Pipe Flow 


Section 7.2 showed how to derive the general form of the energy equation for a control 
volume. Now, this section will simplify this general form to give an equation that is much 
easier to use yet still applicable to most situations. The first step is to develop a way to 
account for the kinetic energy distribution in the flowing fluid. 


Kinetic Energy Correction Factor 


Figure 7.4 shows fluid that is pumped through a pipe. At sections 1 and 2, kinetic energy is 
transported across the control surface by the flowing fluid. To derive an equation for this ki- 
netic energy, start with the mass flow rate equation. 


i = pA? = [pvda 
A 


This integral can be conceptualized as adding up the mass of each fluid particle that is cross- 
ing the section area and then dividing by the time interval associated with this crossing. To 
convert this integral to kinetic energy (KE), multiply the mass of each fluid particle by 
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Rate of KE y? 3 
transported p = | p aus dA= | pE a 
across a section A a2 


The kinetic energy correction factor is defined as 


w= actual KE/time that crosses a section _ 
KE/time by assuming a uniform velocity distribution oV 34 





For a constant density fluid, this equation simplifies to 


1p (VY 
aril z| (1.21) 


In most cases, a takes on a value of 1 or 2. When the velocity profile in a pipe is uniformly 
distributed, then a = 1. When flow is laminar, the velocity distribution is parabolic and 
a = 2. When flow is turbulent, the velocity profile is plug-like and a = 1.05. For turbulent 
flow it is common practice to let a = 1. 

To establish a value for a, integrate the velocity profile using Eq. (7.21). This approach 
is illustrated in Example 7.1. 


Derivation of a Simplified Form of the Energy Equation 

Now that the KE correction factor is available for representing the distribution of kinetic en- 
ergy, the derivation may by completed. Begin by applying Eq. (7.18) to the control volume 
shown in Fig. 7.4. Assuming steady flow, Eq. (7.18). simplifies to: 


3 

a a V 

-w+ | 2 sez enor dA, + | Cl ga, 
AP A, 2 


(7.22) 


3 
y. 
A \ P A, 


As explained in Chapter 4, (see p. 87), piezometric head p/p + gz is constant across 
sections | and 2 because the streamlines are straight and parallel. If temperature is also as- 
sumed constant across each section, then p/p + gz+ u can be taken outside the integral to 
yield 

3 
> y Pı vi 
Q-Ws+|— +gz +u; pV, dA + | p= dA, 
p A a 2 


(7.23) 
3 


y. 
= (2+ 222+0 | pV, dA, + | ‘Za dA, 
p Ay Ay 
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EXAMPLE 7.1 KINETIC ENERGY CORRECTION 


FACTOR FOR LAMINAR FLOW 


The velocity distribution for laminar flow in a pipe is given 
by the equation 


2 


-ra 


Here rọ is the radius of the pipe and r is the radial distance 
from the center. Find the kinetic-energy correction factor a. 


Problem Definition 

Situation: Laminar flow in a round pipe. Velocity profile is 
given. 

Find: Kinetic-energy correction factor a (no units). 
Sketch: 




















dA = 27r dr 





Plan 


1. Find dA using the above sketch. 


2. Find the mean velocity V using the flow rate equation 
(5.8). 
3. Find o using Eq. (7.21). 


Solution 


1. Differential area 


e From the sketch, dA can be visualized as a rectangular 
strip of length 27r and width dr. Thus, dA = 27r dr. 





2. Mean velocity 


Fo 2 4r 
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| Faw =| 2h ar 
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J r 3 
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= —|-—--—|/=V,,,/2 
ro J 4 max 





Interpretation: For laminar flow in a round pipe, the mean 
velocity is one-half of the maximum (centerline) velocity. 


3. Kinetic-energy correction factor (a). 


«= Ale) # 


r, 


Pe 8 
= all PO Tm ar | 





TV 

ro 2 

| Voal 1-5 || 20r dr 
0 r 

3 

rdr 


To evaluate the integral, make a change of variable by 
letting u = (1 — r/ r). The integral becomes 


a= (19(-3)((te a) = (pe a) 
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Next, factor out | p} VdA=pVA=m from each term in Eq. „0. 23). Since m does not appear 
as a factor of |(p V 3/2) dA, express l(p V 3/2) dA as a(pV °/2)A, where a is the kinetic en- 
ergy correction factor: 





y? y? 
O-W, + Prem te Ti a = (Ps gent uot | (7.24) 
p p 
Divide through by m: 
—2 =2 
os V V 
TO- We) + Ph gay uy + ay = PP gz, ty (7.25) 
p p 
Introduce Eq. (7.10) into Eq. (7.25): 
9 2 
V = 
WO Pi Seg Oh WA +z, +0) A Bee my _ OD (7.26) 
mg Y 2g mg Y 2g g mg 
Introduce pump head and turbine head: 
Pimp hoad = h, = We = work/time done by pump on flow 
mg weight/time of flowing fluid 
‘ (7.27) 
Turbine head = h, = W: z work/time done by flow on turbine 
mg weight/time of flowing fluid 
Equation (7.26) becomes 
—2 =2 : 
Big +2, +h, EP agp 2 +2, +h,+ E ee (7.28) 
y 28 y “28 g~ m 


Equation (7.28) is separated into terms that represent mechanical energy (nonbracketed 
terms) and terms that represent thermal energy (the bracketed term). This bracketed term is 
always positive because of the second law of thermodynamics. This term is called head loss 
and is represented by A;. Head loss is the conversion of useful mechanical energy to waste 
thermal energy through viscous action between fluid particles. Head loss is analogous to 
thermal energy (heat) that is produced by Coulomb friction. When the bracketed term is re- 
place by head loss h,, Eq. (7.28) becomes the energy equation. 


Vi V3 
aoe rajen Bron rath +h, (7.29) 


Equation (7.29) is based on three main assumptions: (a) the flow is steady; (b) the control vol- 
ume has one inlet port and one exit port; and (c) the density of the flow is constant. 
In words, Eq. (7.29) can be stated as 


head head head head head 
carried by +| added by | = carried b +] extracted by| +| loss due to 
flow into the cv pumps flow out of the cv turbines viscous effects 


Terms in Eq. (7.29) use the concept of head. A head term has a primary dimension of length, 
and it represents an energy or work concept. Head is related to energy or work: 


energy/time or work/time 


head = 
ae weight/time of flowing fluid 
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yns = iy Thus, another way to interpret Eq. (7.29) is that work and energy flows are balanced as 
E m aa turbines shown in Fig. 7.5. Energy can enter the control volume in two ways: energy can be trans- 

Ea cy! Êrw@ ported across the control surface by the flowing fluid* or a pump can do work on the fluid 
Etion@ ~~~ a k and thereby add energy to the fluid. Energy can leave the cv in three ways. Energy within the 
Figure 7.5 "ados flow can be used to do work on a turbine, energy can be transported across the control sur- 





Equation (7.29) involves 
a balance of work and 
energy terms. 


EXAMPLE 7.2 PRESSURE IN A PIPE 


A horizontal pipe carries cooling water at 10°C for a thermal 
power plant from a reservoir as shown. The head loss in the 
pipe is 
_ 0.02(L/D)V° 

2g 
where L is the length of the pipe from the reservoir to the 
point in question, V is the mean velocity in the pipe, and D is 
the diameter of the pipe. If the pipe diameter is 20 cm and the 


rate of flow is 0.06 m?/s, what is the pressure in the pipe at 
L = 2000 m. Assume a = 1. 


h; 


Problem Definition 


Situation: Cooling water for a power plant is flowing in a 
horizontal pipe. 


Find: Pressure (kPa) in the pipe at section 2. 
Sketch: 


=| — Elevation = 100 m 


Elevation = 20 m 








Assumptions: a, = 1.0. 
Properties: Water (10°C), Table A.5: y = 9810 N/m’. 


Plan 

1. Write the energy equation from Eq. (7.29) between 
section 1 and section 2. 

2. Analyze each term in the energy equation. 

3. Solve for pz. 





face by the flowing fluid, or mechanical energy can be converted to waste heat via head loss. 
The recommended way to apply the energy equation is to start with Eq. (7.29) and 
then analyze each term in a stepwise fashion as shown in Example 7.2. 


Solution 


1. Energy equation (general form) 


2. Term-by-term analysis 

e pı = 0 because the pressure at top of a reservoir is 
Pam = 0 gage. 

e V, ~ 0 because the level of the reservoir is constant or 
changing very slowly. 

e z = 100 m; z, = 20m. 

e h,= h, = 0 because there are no pumps or turbines in 
the system. 

e Find V, using the flow rate equation (5.3). 


_Q_ 0.06 m’/s 


e Head loss is 

_ 0.02(L/D)V" _ 0.02(2000 m/0.2 m)(1.910 m/s)? 
2g 2(9.81 m/s’) 

= 37.2 m 


h; 


3. Combine steps 1 and 2. 


2 
a al 1 o L210 mis) 


80 m = 5 
y 2(9.81 m/s“) 


+37.2 m 


80 m = £2 + (0.186 m) + (37.2 m) 
y 


Po = Y(42.6 m) = (9810 N/m?) (42.6 m) =|418 kPa 


* The term “Eflow ” includes a work term, namely flow work. 
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DES- E 


Power Equation 


EXAMPLE 7.3 POWER NEEDED BY A PUMP 


A pipe 50 cm in diameter carries water (10°C) at a rate of 
0.5 m/s. A pump in the pipe is used to move the water from 
an elevation of 30 m to 40 m. The pressure at section | is 

70 kPa gage and the pressure at section 2 is 350 kPa gage. 
What power in kilowatts and in horsepower must be supplied 
to the flow by the pump? Assume h, = 3 m of water and 


Ch = 6h = Il, 


The last section showed how to find the head of a pump or turbine. This section shows how 
to relate head to power and efficiency. These parameters are used for applications such as 
selecting a motor for operating a centrifugal pump, calculating the amount of power that can 
supplied by a proposed hydroelectric plant, and estimating the pump size for a piping system. 


An equation for pump power follows from the definition of pump head given in Eq. 
(7.27): 


Wp = yOh, = mgh, (7.30a) 
Similarly, the power delivered from a flow to a turbine is 
W, = yOh, = mgh, (7.30b) 


Equations (7.30a) and (7.30b) can be generalized to give an equation called the power 
equation: 

P = mgh = yQh (7.31) 

Both pumps and turbines lose energy due to factors such as mechanical friction, vis- 


cous dissipation, and leakage. These losses are accounted for by the efficiency, which is de- 
fined as the ratio of power output to power input: 


n= power output from a machine or system _ P output (7.32) 
power input to a machine or system Pinput 


If the mechanical efficiency of the pump is n,, the power output Wp delivered by the pump 
to the flow is 

Wp = MW; (7.33a) 
where Ws is the power supplied to the pump, usually by a rotating shaft that is connected to 
a motor. For a turbine, the output power Wsnaft is usually delivered by a rotating shaft to a 
generator. If the mechanical efficiency of the turbine is 1,, the output power supplied by the 
turbine is 

Ws = nW; (7.33b) 


where W is the power input to the turbine from the flow. Example 7.3 shows how to apply 
the power equation. 


Problem Definition 


Situation: A pump is used to increase the elevation and 
pressure of water. 


Find: Power (kW and hp) that is supplied to the water. 
Properties: Water (10°C), Table A.5: y = 9810 N/m’. 
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Sketch: 2. Term-by-term analysis 
e Velocity head cancels because V| = V}. 
e h, = 0 because there are no turbines in the system. 


e All other head terms are given. 


© 








Zz2=40m 
P2 = 350 kPa gage 
œ= 1.0 


e Inserting terms into the general equation gives 


P P2 
Sp yh 


z,=30m 
Pı = 70 kPa gage 
a, = 1.0 


3. Pump head (from step 2) 
P2—P 
Ly = a. PPh) ey) +h 


_ “Su - 70,000) N/m? 
9810 N/m? 


= (28.5 m) + (10 m) + (3 m) = 41.5 m 





J+aom+6 m) 
Plan 


1. Write the energy equation between section 1 and section 2. 
2. Analyze each term in the energy equation. 

3. Calculate the head of the pump /,,. 

4. Find the power by applying the power equation (7.30a). 


Interpretation: The head provided by the pump (41.5 m) is 
balanced by the increase in pressure head (28.5 m) plus the 
increase in elevation head (10 m) plus the head loss (3 m). 


4. Power equation 
JE = OO 
= (9810 N/m°)(0.5 m°/s)(41.5 m) 


= BOAEW]= (204 (e pa) E 


Solution 


1. Energy equation (general form) 


Fi Fo 
A pA Zy Ei =P gy 2 +z, +h, + hy, 
y 2g ny 2g 





Example 7.4 shows how efficiency enters into a calculation of power. 





EXAMPLE 7.4 POWER PRODUCED BY Sketch: 
A TURBINE 


At the maximum rate of power generation, a small Elevation = 61m Q) 
hydroelectric power plant takes a discharge of 14.1 m?/s 
through an elevation drop of 61 m. The head loss through the 
intakes, penstock, and outlet works is 1.5 m. The combined 
efficiency of the turbine and electrical generator is 87%. 
What is the rate of power generation? 





Penstock 


Problem Definition 


Situation: A small hydroelectric plant is producing electrical 
power. 


Powerhouse 


Find: Electrical power generation (in kW). 


Turbine 


Elevation = 0 
Z © 








Properties: Water (10°C), Table A.5: y = 9810 N/m’. 
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Plan ° h, = 0 because there is no pump in the system. 
1. Write the energy equation (7.29) between section 1 and ° Elevation head terms are given. 
section 2. 3. Combine steps 1 and 2: 
2. Analyze each term in the energy equation. A= (Goa, 
3. Solve for the head of the turbine h,. 


: i , ; = (6l m= (15 wm) = S mm 
4. Find the input power to the turbine using the power 


equation (7.30a). Interpretation: Head supplied to the turbine (59.5 m) is 
5. Find the output power from generator by using the equal to the net elevation change of the dam (61 m) minus 
efficiency equation (7.32). the head loss (1.5 m). 
4. P ti 
Solution ower equation ' , 
1. Energy equation (general form) PP vant toni = WOR, = CSIC N/m’ )(14.1 m°/s)(59.5 m) 
= = = 8.23 MW 
Pi wa — 2a Wa 
y e 2g SaS y +a 2g a 5. Efficiency equation 


P output from generator = mF input to turbine ~ = 0.87 ( 8.23 MW) 


2. Term-by-term analysis 


e Velocity heads are negligible because V, = 0 and =|7.16 MW 


V, = 0. 
e Pressure heads are zero because p, = p, = 0 gage. 





Contrasting the Bernoulli Equation and the Energy Equation 


While the Bernoulli equation given in Eq. (4.18b) and the energy equation from Eq. (7.29) 
have a similar form and several terms in common, they are not the same equation. This 
section explains the differences between these two equations. This information is important 
for conceptual understanding of these two very important equations. 


The Bernoulli equation and the energy equation are derived in different ways. The Ber- 
noulli equation was derived by applying Newton’s second law to a particle and then integrat- 
ing the resulting equation along a streamline. The energy equation was derived by starting 
with the first law of thermodynamics and then using the Reynolds transport theorem. Conse- 
quently, the Bernoulli equation involves only mechanical energy, whereas the energy equa- 
tion includes both mechanical and thermal energy. 

The two equations have different methods of application. The Bernoulli equation is ap- 
plied by selecting two points on a streamline and then equating terms at these points: 

— + 1 Pa +z ms a2 4724 Z3 
2 y y 
In addition, these two points can be anywhere in the flow field for the special case of irrota- 
tional flow. The energy equation is applied by selecting an inlet section and an outlet section 
in a pipe and then equating terms as they apply to the pipe: 
2 


P| Eh n pP 


Vv; 
= P2 
aj +H +z + p = a5 + i a: 
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—@-- 


Transitions 


Figure 7.6 





Flow through an abrupt 
expansion. 


The two equations have different assumptions. The Bernoulli equation applies to 
steady, incompressible, and inviscid flow. The energy equation applies to steady, viscous, in- 
compressible flow in a pipe with additional energy being added through a pump or extracted 
through a turbine. 

Under special circumstances the energy equation can be reduced to the Bernoulli equa- 
tion. If the flow is inviscid, there is no head loss; that is, i, = 0. If the “pipe” is regarded as a 
small stream tube enclosing a streamline, then a = 1. There is no pump or turbine along a 
streamline, so h, = h, = 0. In this case the energy equation is identical to the Bernoulli equa- 
tion. Note that the energy equation cannot be developed starting with the Bernoulli equation. 

In summary, the energy equation is not the Bernoulli equation. 


The purpose of this section is to illustrate how the energy, momentum, and continuity 
equations can be used together to analyze (a) head loss for an abrupt expansion and (b) forces 
on transitions. These results are useful for designing systems, especially those with large 
pipes such as the penstock in a dam. 


Abrupt Expansion 

An abrupt or sudden expansion in a pipe or duct is a change from a smaller section area to a 
larger section area as shown in Fig. 7.6. Notice that a confined jet of fluid from the smaller 
pipe discharges into the larger pipe and creates a zone of separated flow. Because the stream- 
lines in the jet are initially straight and parallel, the piezometric pressure distribution across 
the jet at section 1 will be uniform. This same uniform pressure distribution will also occur in 
the zone of separated flow. Apply the energy equation between sections 1 and 2: 


2 


P Vy p k 

1 1 2 2 

— +a +2, =—+0,-4+2,t+h (7.34) 
12g 1 y 22g 2 È 


L a 











® Zone of separation 
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Assume turbulent flow conditions so a, = a, =~ 1. The momentum equation for the fluid in 
the large pipe between section 1 and section 2, written for the s direction, is 


X F, = mV,- mV, 


Neglect the force due to shear stress to give 





. 2 2 
P4- P24, —- YAL sin a = pV,A, - p V4] 
9 2 
V, ViA 
or Pı P2 (z,-2,)= 2-2 2 (7.35) 


The continuity equation simplifies to 
VA, = VPA, (7.36) 


Combining Eqs. (7.34) to (7.36) gives an equation for the head loss h, caused by a sud- 
den expansion: 


2 
-y 
h, = ae (7.37) 


If a pipe discharges fluid into a reservoir, then V, = 0 and the sudden-expansion head 
loss simplifies to 
ae 
p= 
2g 


which is the velocity head of the liquid in the pipe. This energy is dissipated by the viscous 
action of the fluid in the reservoir. 


Forces on Transitions 


To find forces on transitions in pipes, apply the momentum equation in combination with the 
energy equation, the flow rate equations, and head loss equations. This approach is illustrated 
by Example 7.5. 





EXAMPLE 7.5 FORCE ON A CONTRACTION IN Problem Definition 
A PIPE 


A pipe 30 cm in diameter carries water (10°C, 250 kPa) at a 
rate of 0.707 m?/s. The pipe contracts to a diameter of 20 
cm. The head loss through the contraction is given by 


Situation: Water flows through a contraction in a round pipe. 
Find: The horizontal force F, (newtons) required to hold the 
contraction stationary. 


Sketch: 
2 


7 
h, = 0.1 


2g 30 cm diameter 








20 cm diameter 


























where V; is the velocity in the 20 cm pipe. What horizontal 
force is required to hold the transition in place? Assume 
Ch = 6h = Il, 
























































Water | 
Q = 0.707 m3s 








Pı = 250 kPa gage 
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Assumptions: a, = a, = 1. 3. Pressure at section 2 

Properties: Water (10°C), Table A.5: y = 9810 N ym: e Find velocities using the flow rate equation. 
3 

Plan eee EU INE say 


. . A, (1/4) x (0.3 m)? 
1. Develop an equation for F, by applying the momentum 


‘ 3 
equation (6.6). l N i= 2S ms 5 = 22.5 m/s 
2. Develop an equation for p, by applying the energy A, (1/4) x (0.2 m) 
equation (7.29). 
3. Calculate pə. e Calculate head loss. 
4. Calculate F, . ; OA oix (22.5 m/s)? nA 
L 5 a O ĆI I MUMU k m 
Solution 2g  2x(9.81 m/s”) 
1. Momentum equation (horizontal direction) e Calculate pressure. 
eG l ti 
eneral equa F E ( 4) y? Ki 
IF- 2| pvdk+ X rov,- iy, a 
dtlev cs cs 


= 250 kPa — 9.81 kN/m? 
e Force terms (see force diagram) 

















2 2 
SF, = pA, + F,=prAr- x p sy ee a +2.58 m) 
2(9.81 m/s’) 2(9.81 m/s”) 
= 21.6 kPa 
ly 
Si 4. Calculate F,. 
—| 
F = e E A pA 
=== = POV, —V,) + pA, — pA, 
=z = (1000 kg/m°)(0.707 m°/s)(22.5 — 10)(m/s) 
Ei (0.2 m)? 
m(0.2 m 
- Control surface ate (21,600 Pa)( 4 ) = (250,000 Pa) 
e Momentum accumulation is zero because flow is mB ae 
steady. x ai, 


e Momentum efflux is 
= (8837 + 677 — 17,670)N = -8.16 kN 


Dutt > mhiy, Tae F, = 8,16 kN applied in the negative x direction 
cs 


e Substitute force and momentum terms into the 
momentum equation. 





al rely et, = A = 14 
Fy = pQ(V,—V,) + prA2 — pi Ay 


2. Energy equation (from section 1 to section 2) 
° Since a, = a, = 1,z, = z, andh, = h, = 0, Eq. 
(7.29) simplifies to 


2 2 
Di p A a la 
Y 2g Y 2 


+h, 
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S 


Hydraulic and Energy Grade Lines 


Figure 7.7 


EGL and HGL in a 
straight pipe. 





This section introduces the hydraulic grade line (HGL) and the energy grade line (EGL), 
which are graphical representations that show head in a system. This visual approach 
provides insights and helps one locate and correct trouble spots in the system (usually points of 
low pressure). 


The EGL, shown in Fig. 7.7, is a line that indicates the total head at each location in a 
system. The EGL is related to terms in the energy equation by 


2 
= Eo (Presa) Ce) a ae ee ( pal) 
BaL ( head )*\ head /™\ head “Zg j y a head (28) 
Notice that total head, which characterizes the energy that is carried by a flowing fluid, 
is the sum of velocity head, the pressure head, and the elevation head. 
The HGL, shown in Fig. 7.7, is a line that indicates the piezometric head at each loca- 
tion in a system: 


= pressure) (Pranon =T = ( iezometric) 

HGL ( head /*\ head y es head 7:39) 

Since the HGL gives piezometric head, the HGL will be coincident with the liquid sur- 

face in a piezometer as shown in Fig. 7.7. Similarly, the EGL will be coincident with the liq- 
uid surface in a stagnation tube. 


Tips for Drawing HGLs and EGLs 


1. Ina lake or reservoir, the HGL and EGL will coincide with the liquid surface. Also, 
both the HGL and EGL will indicate piezometric head. For example, see Fig. 7.7. 

2. A pump causes an abrupt rise in the EGL and HGL by adding energy to the flow. For 
example, see Fig. 7.8. 

3. For steady flow in a pipe of constant diameter and wall roughness, the slope (Ah, /AL) 
of the EGL and the HGL will be constant. For example, see Fig. 7.7. 





















Piezometer 
zı Stagnation tube 








V Datum y 
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Figure 7.8 


Rise in EGL and HGL due 
to pump. 





Figure 7.9 


Drop in EGL and HGL 
due to turbine. 





Figure 7.10 


Change in HGL and 
EGL due to flow through 
a nozzle. 





4. Locate the HGL below the EGL by a distance of the velocity head (a V?/2 g). 

5. Height of the EGL decreases in the flow direction unless a pump is present. 

6. A turbine causes an abrupt drop in the EGL and HGL by removing energy from the 
flow. For example, see Fig. 7.9. 

7. Power generated by a turbine can be increased by using a gradual expansion at the tur- 
bine outlet. As shown in Fig. 7.9, the expansion converts kinetic energy to pressure. If the 
outlet to a reservoir is an abrupt expansion, as in Fig. 7.11, this kinetic energy is lost. 

8. When a pipe discharges into the atmosphere the HGL is coincident with the system be- 
cause p/y = Oat these points. For example, in Figures 7.10 and 7.12, the HGL in the liquid 
jet is drawn through the jet itself. 

9. When a flow passage changes diameter, the distance between the EGL and the HGL 
will change (see Fig. 7.10 and Fig. 7.11) because velocity changes. In addition, the slope on 
the EGL will change because the head loss per length will be larger in the conduit with the 
larger velocity (see Fig. 7.11). 

10. Ifthe HGL falls below the pipe, then p/y is negative, indicating subatmospheric pres- 
sure (see Fig. 7.12) and a potential location of cavitation. 


EGL 






Abrupt rise in 
EGL equal 
to hy 





EGL 


N 


[RIX 








>l 
l 





sj 


h, head given 
up to turbine 

















Gradual expansion of conduit allows 
kinetic energy to be converted to pressure 
head with much smaller A; at the outlet; 
hence the HGL approaches the EGL. 





S 2 
HGL Ne Fo increases because 
2 : : 
x E diameter of conduit decreases, 
{ causing V to increase. 





À C = HGL 


= 
< 
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Figure 7.11 HGL and EGL 


































EGL 
Change in E GL and (oo eo p 2 
HGL due to change in Large z, because 
diameter of pipe. smaller pipe here 
Steeper EGL and HGL 
because greater h; 
per length of pipe 
Head loss 
at outlet 
EGL and HGL 
zZ 
= 7=0 
Figure 7.12 HGL and EGL 





P 
Positive — 
SITIVE 7 


Subatmospheric pressure 
when pipe is above HGL. 











The recommended procedure for drawing an EGL and HGL is shown in Example 7.6. 
Notice how the tips from pp. 233-234 are applied. 





EXAMPLE 7.6 EGL AND HGL FOR A SYSTEM Problem Definition 


A pump draws water (50°F) from a reservoir, where the Situation: Water is pumped from a lower reservoir to a 
water-surface elevation is 520 ft, and forces the water through higher reservoir. 

a pipe 5000 ft long and 1 ft in diameter. This pipe then Find: 

discharges the water into a reservoir with water-surface 


elevation of 620 ft. The flow rate is 7.85 cfs, and the head loss 1. Pump head (in ft). 


in the pipe is given by 2. Power (in hp) supplied to the flow. 
R 3. Draw HGL. Draw EGL. 
Pmi oi) (£) Properties: Water (50°F), Table A.5: y = 62.4 lbf/ft°. 
i AES ONE 


Determine the head supplied by the pump, /,, and the power 
supplied to the flow, and draw the HGL and EGL for the 
system. Assume that the pipe is horizontal and is 510 ft in 
elevation. 
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Sketch: 





=| (2) z2 = 620 ft 





= 7.85 cfs 
7 =5200t OF fel 














— Pump 
Pipe, D = 1 ft 


L = 5000 ft 

















Plan 

1. Apply the energy equation (7.29) between sections 1 and 
section 2. 

2. Calculate terms in the energy equation. 

3. Find the power by applying the power equation (7.30a). 

4. Draw the HGL and EGL by using the tips given on p. 270. 


Solution 
1. Energy equation (general form) 


Bin E Ls 

1 1 2 2 

— = h, == = h,+h 

os oe eat n e ra! ith; 

e Velocity heads are negligible because V, = 0 and 
Vy = 0. 

e Pressure heads are zero because p, = p) = 0 gage. 


e h, = 0 because there are no turbines in the system. 


la, = (ZB 


—Z,)+h, 
Interpretation: Head supplied by the pump provides the 
energy to lift the fluid to a higher elevation plus the energy 
to overcome head loss. 

2. Calculations of terms in the energy equation 


e Calculate V using the flow rate equation. 


A Ei f? 





e Calculate head loss. 


2 2 
7 L\(v 5000 ft)(  (10ft/s) 
n = 00l é = 0.01 eal 
4 (5 (£)- ( 1.0 ft aes). x (32.2 ft/s?) 


= 77.6 ft 
e Calculate M 


— z4) +h, = (620 ft — 520 ft) + 77.6 ft =|178ft 


h, = (2) 


3. Power 


tp = 10hy = (Re are (i T 
Ba 


4. HGL and EGL 

e From Tip 1 on p. 233, locate the HGL and EGL along 
the reservoir surfaces. 

e From Tip 2, sketch in a head rise of 178 ft correspond- 
ing to the pump. 

e From Tip 3, sketch the EGL from the pump outlet to the 
reservoir surface. Use the fact that the head loss is 
77.6 ft. Also, sketch EGL from the reservoir on the left 
to the pump inlet. Show a small head loss. 

e From Tip 4, sketch the HGL below the EGL by a 
distance of V /2g = 1.6 ft. 

e From Tip 5, check the sketches to ensure that EGL and 
HGL are decreasing in the direction of flow (except at 
the pump). 

Sketch: HGL (dashed black line) and EGL (solid blue line) 





f= 178 ft 



































Summary 


The energy equation relates the rate of change of energy of a system to the rate of heat 
transfer to the system and the rate at which the system does work on the surroundings. 
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Applying the energy equation to a control volume with steady and uniform flow at the 
control surfaces results in 


2 


2 
= IF, IV; 
O-W,= yal es h, +e) Saa + h+ ez 
cs cs 
where Q is the rate of heat transfer to the control volume, W; is the rate at which shaft work 
is done on the surroundings, and A is the enthalpy of the fluid. 
Further simplification of the energy equation for the flow of an incompressible fluid in 
a pipe yields 
2 2 
_ P2 V3 
= — oe ee 
where a is the kinetic-energy correction factor, h, is the head provided by a pump, A, is the 
head removed by a turbine, and A; is the head loss. Station 1 is always upstream, and station 
2 is downstream. For laminar flow, a = 2 and for turbulent flow, a= 1. The increase in head 
across a pump is related to the pump power by 


Wp = yQh, 
and the power delivered by a turbine is given by 
W, = yOh, 


The actual power required by the pump is Ws = Wp/n,, and the actual power delivered 
by a turbine is Ws = y,W;, where n, and n, are the pump and turbine efficiencies. 

The head loss is always positive and represents the irreversible conversion of mechani- 
cal energy to thermal energy through the viscous action of the fluid. The head loss due to a 
sudden expansion is 


UHAI 


2g 
where V} and V, are the upstream and downstream velocities. 

The hydraulic grade line (HGL) is the profile of the piezometric head, p/y + z, along a 
pipe. The energy grade line (EGL) is a plot of the total head, ae 2g +p/y +z, along a pipe. 
If the hydraulic grade line falls below the elevation of a pipe, subatmospheric pressure exists in 
the pipe at that location, giving rise to the possibility of cavitation or leakage into the pipe. 


h; = 
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Problems 


Energy and Power 


7.1 PQ< From the list below, select one topic that is interest- 
ing to you. Then, use references such as the Internet to research 
your topic and prepare one page of documentation that you 
could use to present your topic to your peers. d 


a. Explain how hydroelectric power is produced. 
b. Explain how a Kaplan turbine works, how a Francis turbine 
works, and the differences between these two types of turbines. 
c. Explain how a horizontal-axis wind turbine is used to pro- 
duce electrical power. 
. Explain how a steam turbine is used to produce electrical power. 
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7.2 PQ4< Skim this chapter and identify three real-world appli- 

cations that are motivating to you. For each application, write a 

paragraph that describes what you already know about the ap- 

plication and why this application has appeal to you. 

7.3 PQ<4 Using Section 7.1 and other resources, answer the 

following questions. Strive for depth, clarity, and accuracy. 

Also, strive for effective use of sketches, words, and equations. 

a. What are the common forms of energy? Which of these 
forms are relevant to fluid mechanics? 

b. What is work? Describe three example of work that are rele- 
vant to fluid mechanics. 

c. What are the most common units of power? 

d. List three significant differences between power and energy. 

7.4 PQ< Apply the grid method to each situation. 

a. Calculate the energy in joules used by a 1 hp pump that is op- 
erating for 6 hours. Also, calculate the cost of electricity for this 
time period. Assume that electricity costs $0.15 per kW-hr. 

b. A motor is being to used to turn the shaft ofa centrifugal pump. 
Apply Eq. (7.2b) to calculate the power in watts corresponding 
to a torque of 100 Ibf-in and a rotation speed of 850 rpm. 

c. A turbine produces a power of 7500 ft-lbf/s. Calculate the 
power in hp and in watts. 

7.5 PQ Estimate the power required to spray water out of the 

spray bottle that is pictured in Fig. 7.1. Hint: Make appropriate 

assumptions about the number of sprays per unit time and the 
force exerted by the finger. 

7.6 The sketch shows a common consumer product called the 

Water Pik. This device uses a motor to drive a piston pump 

that produces a jet of water (d = 3 mm, T = 10°C) with a 

speed of 25 m/s. Estimate the minimum electrical power in 

watts that is required by the device. Hints: (a) Assume that the 
power is used only to produce the kinetic energy of the water in 
the jet; and (b) in a time interval Aż, the amount of mass that 
flows out the nozzle is Am, and the corresponding amount of ki- 
netic energy is (Am V?/2). 


LA 
2 


High-speed 


Water reservoir : 
water jet 

















Motor and 
pump 














PROBLEM 7.6 


7.7 An engineer is considering the development of a small wind 
turbine (D = 1.25 m) for home applications. The design wind 
speed is 15 mph at T = 10°C and p = 0.9 bar. The efficiency of 
the turbine is n = 20%, meaning that 20% of the kinetic energy 
in the wind can be extracted. Estimate the power in watts that 


can be produced by the turbine. Hint: In a time interval Aż, the 
amount of mass that flows through the rotor is Am = mAtand 
the corresponding amount of kinetic energy in this flow is 
(AmV’/2). 




















— 
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PROBLEM 7.7 


Kinetic Energy Correction Factor (Q) 


7.8 PQ< Using Section 7.3 and other resources, answer the 

questions below. Strive for depth, clarity, and accuracy while 

also combining sketches, words, and equations in ways that en- 

hance the effectiveness of your communication. 

a. What is the kinetic-energy correction factor? Why do engi- 
neers use this term? 

b. What is the meaning of each variable (a, 4, V, V) that ap- 
pears in Eq. 7.21? 

c. What values of a are commonly used? 

7.9 For this hypothetical velocity distribution in a wide rectan- 

gular channel, evaluate the kinetic-energy correction factor a. 








PROBLEM 7.9 


7.10 For these velocity distributions in a round pipe, indicate 
whether the kinetic-energy correction factor a is greater than, 
equal to, or less than unity. 

7.11 Calculate a for case (c) in Prob. 7.10. 

7.12 Calculate a for case (d) in Prob. 7.10. 

















(a) Uniform (b) Parabolic 
(c) Linear (d) Linear 


PROBLEMS 7,10, 7.11, 7.12 
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7.13 An approximate equation for the velocity distribution in a 
pipe with turbulent flow is 





SI 
= 
lI 
—— 
ols 
eae, 
= 


max 


where V nax 18 the centerline velocity, y is the distance from the 
wall of the pipe, rọ is the radius of the pipe, and n is an exponent 
that depends on the Reynolds number and varies between 1/6 
and 1/8 for most applications. Derive a formula for œ as a func- 
tion ofn. What is a ifn = 1/7? 

7.14 An approximate equation for the velocity distribution in a 
rectangular channel with turbulent flow is 


n 


wl? 
U max d 


where Umax 1S the velocity at the surface, y is the distance from 
the floor of the channel, d is the depth of flow, and n is an expo- 
nent that varies from about 1/6 to 1/8 depending on the Rey- 
nolds number. Derive a formula for a as a function of n. What is 
the value of a for n = 1/7? 

7.15 The following data were taken for turbulent flow in a circu- 
lar pipe with a radius of 3.5 cm. Evaluate the kinetic energy cor- 
rection factor. The velocity at the pipe wall is zero. 








r(cm) V(m/s) r(cm) V(m⁄s) 

0.0 32.5 2.8 22.03 
0.5 32.44 PO 21.24 
1.0 32.27 3.0 20.49 
i5 2 Sal 19.6 

2.0 28.21 3:2 18.69 
225 26.51 325 18.16 
25 24.38 3.3 17.54 
2.6 237 DBS 17.02 
2.7 22.88 3.4 16.14 

Energy Equation 


7.16 PO< Using Section 7.3 and other resources, answer the 

questions below. Strive for depth, clarity, and accuracy. Also, 

strive for effective use of sketches, words, and equations. 

a. What is conceptual meaning of the first law of thermody- 
namics for a system? 

b. What is flow work? How is the equation for flow work (Eq. 
7.15) derived? 

c. Whatis shaft work? How is shaft work different than flow work? 

7.17 PQ< Using Section 7.3 and other resources, answer the 

questions below. Strive for depth, clarity, and accuracy. Also, 

strive for effective use of sketches, words, and equations. 

a. What is head? How is head related to energy? To power? 


b. What is head of a turbine? 

c. How is head of a pump related to power? To energy? 

d. What is head loss? 

7.18 PQ<4 Using Sections 7.3 and 7.6 and using other re- 

sources, answer the following questions. Strive for depth, clar- 

ity, and accuracy. Also, strive for effective use of sketches, 
words and equations. 

a. What are the five main terms in the energy equation (7.29)? 
What does each term mean? 

b. How are terms in the energy equation related to energy? To 
power? 

c. What assumptions are required for using the energy equation 
(7.29)? 

d. How is the energy equation (7.29) similar to the Bernoulli 
equation? How is it different? Give three important similari- 
ties and three important differences. 

7.19 Using the energy equation (7.29), prove that fluid in a pipe 

will flow from a location with high piezometric head to a loca- 

tion with low piezometric head. Assume there are no pumps or 
turbines and that the pipe has a constant diameter. 

7.20 Water flows at a steady rate in this vertical pipe. The pres- 

sure at A is 10 kPa, and at B it is 98.1 kPa. Then the flow in the 

pipe is (a) upward, (b) downward, or (c) no flow. (Hint: see 


problem 7.19). 





LP 








© 8 
PROBLEM 7.20 


7.21 Determine the discharge in the pipe and the pressure at point 
B. Neglect head losses. Assume a = 1.0 at all locations. 


40 cm diameter 








20 cm-—diameter nozzle 
PROBLEM 7.21 


7.22 A pipe drains a tank as shown. Ifx = 10 ft,y = 4 ft, and head 
losses are neglected, what is the pressure at point A and what is the 
velocity at the exit? Assume a = 1.0 at all locations. 
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PROBLEMS 7.22, 7.23 


7.23 A pipe drains a tank as shown. Ifx = 10 m, y = 1.5 m, and 
head losses are neglected, what is the pressure at point A and 
what is the velocity at the exit? Assume a = 1.0 at all locations. 
7.24For this system, the discharge of water is 0.1 m?/s, 
x= 1.0 m, y= 2.0 m, z = 7.0 m, and the pipe diameter is 30 
cm. Neglecting head losses, what is the pressure head at point 2 
if the jet from the nozzle is 10 cm in diameter? Assume a = 1.0 
at all locations. 








PROBLEM 7.24 


7.25If D, = 20 cm, Dg = 12 cm, and L = 1 m, and if crude oil 
(S = 0.90) is flowing at a rate of 0.06 m?/s, determine the differ- 
ence in pressure between sections A and B. Neglect head losses. 








Dg B 
A 
z (vertical) 
L 1 
A 
Ys! D4 A 
PROBLEM 7.25 


7.26 Gasoline having a specific gravity of 0.8 is flowing in the 
pipe shown at a rate of 5 cfs. What is the pressure at section 2 
when the pressure at section | is 18 psig and the head loss is 6 ft 
between the two sections? Assume a = 1.0 at all locations. 
7.27 Water flows from a pressurized tank as shown. The pres- 
sure in the tank above the water surface is 100 kPa gage, and the 
water surface level is 8 m above the outlet. The water exit ve- 
locity is 10 m/s. The head loss in the system varies as 
h; = K,V*/2g, where K, is the minor-loss coefficient. Find the 
value for K,;. Assume a = 1.0 at all locations. 


@ | Vertical 





‘Ay = 0.20 ft? 
PROBLEM 7.26 


7.28 A reservoir with water is pressurized as shown. The pipe 
diameter is 1 in. The head loss in the system is given by 
h; = 5V?/2g. The height between the water surface and the 
pipe outlet is 10 ft. A discharge of 0.10 ft?/s is needed. What 
must the pressure in the tank be to achieve such a flow rate? As- 
sume a = 1.0 at all locations. 


Air under 
pressure 











Partly open valve 


PROBLEMS 7.27, 7.28 


7.29 In the figure for Probs. 7.27 and 7.28, suppose that the res- 
ervoir is open to the atmosphere at the top. The valve is used to 
control the flow rate from the reservoir. The head loss across the 
valve is given as h, = 5 V/ 2g, where V is the velocity in the 
pipe. The cross-sectional area of the pipe is 9 cm”. The head loss 
due to friction in the pipe is negligible. The elevation of the wa- 
ter level in the reservoir above the pipe outlet is 11 m. Find the 
discharge in the pipe. Assume a = 1.0 at all locations. 

7.30 As shown a microchannel is being designed to transfer fluid in 
a MEMS (microelectricalmechanical system) application. The 
channel is 200 micrometers in diameter and is 5 cm long. Ethy] al- 
cohol is driven through the system at the rate of 0.1 microliters/s 
(wL/s) with a syringe pump, which is essentially a moving piston. 
The pressure at the exit of the channel is atmospheric. The flow is 
laminar, so a = 2. The head loss in the channel is given by 


_ 32pLV 


hy, 
yD’ 





where L is the channel length, D the diameter, V the mean veloc- 
ity, u the viscosity of the fluid, and y the specific weight of the 
fluid. Find the pressure in the syringe pump. The velocity head 
associated with the motion of the piston in the syringe pump is 
negligible. 
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200 um 




















I< 5cm 


PROBLEM 7.30 





7.31 Fire-fighting equipment requires that the exit velocity of 
the firehose be 40 m/s at an elevation of 50 m above the hy- 
drant. The nozzle at the end of the hose has a contraction ratio 
of 4: 1 (A.7Apose = 1/4). The head loss in the hose is 
10V/ 2g, where V is the velocity in the hose. What must the 
pressure be at the hydrant to meet this requirement? The pipe 
supplying the hydrant is much larger than the firehose. 

7.32 The discharge in the siphon is 2.80 cfs, D = 8 in., 
L, =3 ft,and L, = 3 ft. Determine the head loss between the 
reservoir surface and point C. Determine the pressure at point B 
if three-quarters of the head loss (as found above) occurs be- 
tween the reservoir surface and point B. Assume a = 1.0 at all 
locations. 

















PROBLEM 7.32 


7.33 For this siphon the elevations at A, B, C, and D are 30 m, 
32 m, 27 m, and 26 m, respectively. The head loss between the 
inlet and point B is three-quarters of the velocity head, and the 
head loss in the pipe itself between point B and the end of the 
pipe is one-quarter of the velocity head. For these conditions, 
what is the discharge and what is the pressure at point B? The 
pipe diameter = 25 cm. Assume a = 1.0 at all locations. 

7.34 For this system, point B is 10 m above the bottom of the upper 
reservoir. an head loss from A to Bis 1.8V7/2 g, and the pipe area 
is 10“ m’. Assume a constant discharge of 8 x 10 ~* m’/s. For 
these conditions, what will be the depth of water in the upper res- 
ervoir for which cavitation will begin at point B? Vapor 
pressure = 1.23 kPa and atmospheric pressure = 100 kPa. As- 
sume a = 1.0 at all locations. 

7.35In this system, d= 6 in., D = 12 in., Az, = 6 ft, and 
Az, = 12 ft. The discharge of water in the system is 10 cfs. Is 
the machine a pump or a turbine? What are the pressures at 
points A and B? Neglect head losses. Assume a = 1.0 at all 
locations. 













Discharge (submerged) 
into lower reservoir 
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PROBLEMS 7.33. 7.34 





Same D 
elevation A 









Machine 











PROBLEM 7.35 


7.36 The pipe diameter D is 30 cm, d is 15 cm, and the atmo- 
spheric pressure is 100 kPa. What is the maximum allowable 
discharge before cavitation occurs at the throat of the venturi 
meter if H = 5 m? Assume a = 1.0 at all locations. 





PROBLEM 7.36 


7.37 In this system d = 25 cm, D = 40 cm, and the head loss 
from the venturi meter to the end of the pipe is given by 
h; = 0.9 V/ 2g, where V is the velocity in the pipe. Neglecting 
all other head losses, determine what head H will first initiate 
cavitation if the atmospheric pressure is 100 kPa absolute. What 
will be the discharge at incipient cavitation? Assume a = 1.0 at 
all locations. 

7.38 A pump is used to fill a tank 5 m in diameter from a river as 
shown. The water surface in the river is 2 m below the bottom 
of the tank. The pipe diameter i is 5 cm, and the head loss in the 
pipe is given by h; = = 10V7/ 2g, where V is the mean velocity 
in the pipe. The flow in the pipe is turbulent, so a = 1. The 
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PROBLEM 7.37 


head provided by the pump yaries with discharge through the 
pump as h,=20-4x 10° 0; where the discharge is given in 
cubic meters per second (m/s s) and h,, is in meters. How long 
will it take to fill the tank to a depth of 10 m? 








PROBLEM 7.38 


Power Equation 


7.39 As shown, water at 15°C is flowing in a 15 cm-diameter by 
60 m—long run of pipe that is situated horizontally. The mean 
velocity is 2 m/s, and the head loss is 2 m. Determine the pres- 
sure drop and the required pumping power to overcome head 
loss in the pipe. 














Component 
Pump ~y a p 
=— 
—_ 
Water 60 m 
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PROBLEM 7.39 


7.40 A fan produces a pressure rise of 6 mm of water to move air 
through a hair dryer. The mean velocity of the air at the exit is 10 
m/s, and the exit diameter is 44 mm. Estimate the electrical 
power in watts that needs to be supplied to operate the fan. As- 
sume that the fan/motor combination has an efficiency of 60%. 





PROBLEM 7.40 


7.41 As shown in the figure, the pump supplies energy to the 
flow such that the upstream pressure (12 in. pipe) is 5 psi and 
the downstream pressure (6 in. pipe) is 90 psi when the flow of 
water is 5.0 cfs. What horsepower is delivered by the pump to 
the flow? Assume a = 1.0 at all locations. 


Pa Pg 
D o 
— 
E.) 
| Mesias 
PROBLEM 7.41 


7.42 A water discharge of 8 m?/s is to flow through this hori- 
zontal pipe, which is 1 m in diameter. If the head loss is given as 
W/ 2g (V is velocity in the pipe), how much power will have 
to be supplied to the flow by the pump to produce this dis- 
charge? Assume a = 1.0 at all locations. 


=== Elevation = 40 m 





— Elevation = 20 m 
— Elevation = 10 m 


|- 300 m +. 


300 m -| 
PROBLEM 7.42 





7.43 An engineer is making an estimate for a home owner. This 
owner has a small stream (Q = 1.4 cfs, T = 40°F) that is lo- 
cated at an elevation H = 34 ft above the owner’s residence. 
The owner is proposing to dam the stream, diverting the flow 
through a pipe (penstock). This flow will spin a hydraulic tur- 
bine, which in turn will drive a generator to produce electrical 
power. Estimate the maximum power in kilowatts that can be 
generated if there is no head loss and both the turbine and gener- 
ator are 100% efficient. Also, estimate the power if the head 
loss is 5.5 ft, the turbine is 70% efficient, and the generator is 
90% efficient. 






Penstock 








H 
Turbine and 
generator 
y NN 





PROBLEM 7.43 


7.44 A pump draws water through an 8 in. suction pipe and dis- 
charges it through a 4 in. pipe in which the velocity is 12 ft/s. 
The 4 in. pipe discharges horizontally into air at C. To what 
height h above the water surface at A can the water be raised if 25 
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hp is delivered to the pump? Assume that the pump operates at 
60% efficiency and that the head loss in the pipe between 4 and 
C is equal to 2 Ve/2g. Assume a = 1.0 at all locations. 

7.45 A pump draws water (20°C) through a 20 cm suction pipe and 
discharges it through a 10 cm pipe in which the velocity is 3 m/s. 
The 10 cm pipe discharges horizontally into air at point C. To what 
height / above the water surface at A can the water be raised if 35 
kW is delivered to the pump? Assume that the pump operates at 
60% efficiency, and that the head loss in the pipe between A and C 
is equal to 2 Vol 2g. Assume a = 1.0 at all locations. 


Q 


> 














PROBLEMS 7.44, 7.45 


7.46 An engineer is designing a subsonic wind tunnel. The test 
section is to have a cross-sectional hie’ of 4 m° and an airspeed 
of 60 m/s. The air density is 1.2 kg/m’. The area of the tunnel 
exit is 10 m’. The head loss through the tunnel is given by 
h; = (0.025) ( ye 7/2g), where V7 is the airspeed in the test sec- 
fan, Calculate the power needed to operate the wind tunnel. 
Hint: Assume negligible energy loss for the flow approaching 
the tunnel in region A, and assume atmospheric pressure at the 
outlet section of the tunnel. Assume a = 1.0 at all locations. 


Test section 


PROBLEM 7.46 











7.47 Neglecting head losses, determine what horsepower the 
pump must deliver to produce the flow as shown. Here the 
elevations at points A, B, C, and D are 110 ft, 200 ft, 110 ft, 
and 90 ft, respectively. The nozzle area is 0.10 ft’. 

7.48 Neglecting head losses, determine what power the pump 
must deliver to produce the flow as shown. Here the elevations 
at points A, B, C, and D are 40 m, 65 m, 35 m, and 30 m, respec- 
tively. The nozzle area is 25 cm’. 

7.49 A pumping system is to be designed to pump crude oil a 
distance of 1 mile in a 1 foot-diameter pipe at a rate of 3500 
gpm. The pressures at the entrance and exit of the pipe are at- 
mospheric, and the exit of the pipe is 200 feet higher than the 
entrance. The pressure loss in the system due to pipe friction is 
60 psi. The specific weight of the oil is 53 lbf/ft*. Find the 
power, in horsepower, required for the pump. 





PROBLEMS 7.47, 7.48 


7.50 Water (10°C) is flowing at a rate of 0.35 m?/s, and it is as- 
sumed that h, = 2 V/2 g from the reservoir to the gage, where 
V is the velocity in the 30-cm pipe. What power must the pump 
supply? Assume a = 1.0 at all locations. 


= 100 kPa 


Elevation = 10 m on — pa 


D= alia 


— Elevation = 6 m 


40 cm diameter 


T = 10%C FA Elevation = 2 m 


PROBLEM 7.50 




















7.51 In the pump test shown, the rate of flow is 6 cfs of oil 
(S = 0.88). Calculate the horsepower that the pump supplies to 
the oil if there is a differential reading of 46 in. of mercury in the 
U-tube manometer. Assume a = 1.0 at all locations. 


D=6in 











PROBLEM 7.51 
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7.52 If the discharge is 500 cfs, what power output may be ex- 
pected from the turbine? Assume that the turbine efficiency is 
90% and that the overall head loss is 1.5 7° /2g, where V is the 
velocity in the 7 ft penstock Assume a = 1.0 at all locations. 





Turbine 














PROBLEM 7.52 


7.53 A small-scale hydraulic power system is shown. The eleva- 
tion difference between the reservoir water surface and the pond 
water surface downstream of the reservoir, H, is 15 m. The ve- 
locity of the water exhausting into the pond is 5 m/s, and the 
discharge through the system is 1 m*/s. The head loss due to 
friction in the penstock is negligible. Find the power produced 
by the turbine in kilowatts. 








PROBLEM 7.53 


7.54 A pump is used to transfer SAE-30 oil from tank A to tank 
B as shown. The tanks have a diameter of 12 m. The initial 
depth of the oil in tank A is 20 m, and in tank B the depth is 1 m. 
The pump delivers a constant head of 60 m. The connecting 
pipe has a diameter of 20 cm, and the head loss due to friction in 
the pipe is 20V 7 2g. Find the time required to transfer the oil 
from tank A to B; that is, the time required to fill tank B to 20 m 
depth. 

















Pump j 


PROBLEM 7.54 














7.55 A pump is used to pressurize a tank to 300 kPa abs. The 
tank has a diameter of 2 m and a height of 4 m. The initial level 
of water in the tank is 1 m, and the pressure at the water surface 
is 0 kPa gage. The atmospheric pressure is 100 kPa. The pump 
operates with a constant head of 50 m. The water is drawn from 
a source that is 4 m below the tank bottom. The pipe connecting 
the source and the tank is 4 cm in diameter and, the head loss, in- 
cluding the expansion loss at the tank, is 10V 7 2g. The flow is 
turbulent. 

Assume the compression of the air in the tank takes place iso- 
thermally, so the tank pressure is given by 

a3 
Pr~ jz”? 


t 





where z, is the depth of fluid in the tank in meters. Write a 
computer program that will show how the pressure varies in 
the tank with time, and find the time to pressurize the tank to 
300 kPa abs. 



































PROBLEM 7.55 


Sudden Expansions and Other Components 


7.56 What is the head loss at the outlet of the pipe that dis- 
charges water into the reservoir at a rate of 10 cfs if the diameter 
of the pipe is 12 in.? 

7.57 What is the head loss at the outlet of the pipe that dis- 
charges water into the reservoir at a rate of 0.5 m?/s if the diam- 
eter of the pipe is 50 cm? 


























PROBLEMS 7.56, 7.57 


7.58 An 8 cm pipe carries water with a mean velocity of 2 m/s. 
If this pipe abruptly expands to a 15 cm pipe, what will be the 
head loss due to the abrupt expansion? 

7.59 A 6 in. pipe abruptly expands to a 12 in. size. If the dis- 
charge of water in the pipes is 5 cfs, what is the head loss due to 
abrupt expansion? 

7.60 Water is draining from tank A to tank B. The elevation differ- 
ence between the two tanks is 10 m. The pipe connecting the two 
tanks has a sudden-expansion section as shown. The cross- 
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sectional area of the pipe from A is 8 cm7, and the area of the pipe 
into B is 25 cm’. Assume the head loss in the system consists only 
of that due to the sudden-expansion section and the loss due to 
flow into tank B. Find the discharge between the two tanks. 











PROBLEM 7.60 


7.61 A 40 cm pipe abruptly expands to a 60 cm size. These 
pipes are horizontal, and the discharge of water from the smaller 
size to the larger is 1.0 m?/s. What horizontal force is required 
to hold the transition in place if the pressure in the 40 cm pipe is 
70 kPa gage? Also, what is the head loss? Assume a = 1.0 at 
all locations. 

7.62 Water (y = 62.4 lbf/ ft’) flows through a horizontal con- 
stant diameter pipe with a cross-sectional area of 9 in’. The ve- 
locity in the pipe is 15 ft/s, and the water discharges to the 
atmosphere. The head loss between the pipe joint and the end of 
the pipe is 3 ft. Find the force on the joint to hold the pipe. The 
pipe is mounted on frictionless rollers. Assume a = 1.0 at all 
locations. 


























© (a) 
PROBLEM 7.62 





7.63 This abrupt expansion is to be used to dissipate the high- 

energy flow of water in the 5 ft-diameter penstock. Assume 

a = 1.0 at all locations. 

a. What power (in horsepower) is lost through the expansion? 

b. If the pressure at section 1 is 5 psig, what is the pressure at 
section 2? 

c. What force is needed to hold the expansion in place? 


© © 
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PROBLEM 7.63 


7.64 This rough aluminum pipe is 6 in. in diameter. It weighs 
1.5 Ib per foot of length, and the length Z is 50 ft. If the dis- 
charge of water is 6 cfs and the head loss due to friction from 
section | to the end of the pipe is 10 ft, what is the longitudinal 
force transmitted across section | through the pipe wall? 

7.65 Water flows in this bend at a rate of 5 m?/s, and the pressure 
at the inlet is 650 kPa. If the head loss in the bend is 10 m, what 
will the pressure be at the outlet of the bend? Also estimate the 








<a 


Í Vertical 


D > eK 
mo — 


PROBLEM 7.64 











force of the anchor block on the bend in the x direction required 
to hold the bend in place. Assume a = 1.0 at all locations. 


| (vertical) 








Elevation view 


Plan view d=50cm 


PROBLEM 7.65 


7.66Fluid flowing along a pipe of diameter D accelerates 
around a disk of diameter d as shown in the figure. The velocity 
far upstream of the disk is U, and the fluid density is p. Assum- 
ing incompressible flow and that the pressure downstream of 
the disk is the same as that at the plane of separation, develop an 
expression for the force required to hold the disk in place in 
terms of U, D, d, and p. Using the expression you developed, 
determine the force when U = 10 m/s, D = 5 cm, d= 4 cm, 
and p = 1.2 kg/m’. Assume a = 1.0 at all locations. 











PROBLEM 7.66 


EGL and HGL 


7.67 PQ Using resources such as the Internet and Section 7.7, 
identify two real-world applications of HGLs and EGLs that are 
interesting to you. For each application, write a paragraph in 
which you describe how and why HGLs and EGLs are used. 
7.68 PQ< Using Section 7.7 and other resources, answer the 
following questions. Strive for depth, clarity, and accuracy 
while also combining sketches, words, and equations in ways 
that enhance the effectiveness of your communication. 
a. What are three important reasons that engineers use the HGL 
and the EGL? 
b. What factors influence the magnitude of the HGL? What 
factors influence the magnitude of the EGL? 
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c. How are the EGL and HGL related to the piezometer? To the 
stagnation tube? 

d. How is the EGL related to the energy equation? 

e. Howcan youuse an HGL oran EGL to determine the direction 
of flow? 

7.69 The energy grade line for steady flow in a uniform-diameter 

pipe is shown. Which of the following could be in the “black box”? 

(a) a pump, (b) a partially closed valve, (c) an abrupt expansion, or 

(d) a turbine. Choose all valid answer(s) and state your rationale. 


EGL 


PROBLEM 7.69 


7.70 If the pipe shown has constant diameter, is this type of HGL 
possible? If so, under what additional conditions? If not, why not? 


HGL 





y Datum 





PROBLEM 7.70 


7.71 For the system shown, 

What is the flow direction? 

What kind of machine is at A? 

Do you think both pipes, AB and CA, are the same diameter? 
Sketch in the EGL for the system. 

Is there a vacuum at any point or region of the pipes? If so, 
identify the location. 


enoge 











PROBLEM 7.71 


7.72 The HGL and the EGL are as shown for a certain flow system. 
Is flow from A to E or from £ to A? 

b. Does it appear that a reservoir exists in the system? 

c. Does the pipe at E have a uniform or a variable diameter? 

d. Is there a pump in the system? 


S 


e. Sketch the physical setup that could yield the conditions 
shown between C and D. 
f. Is anything else revealed by the sketch? 






EGL and HGL 


PROBLEM 7.72 


7.73 Sketch the HGL and the EGL for this conduit, which tapers 
uniformly from the left end to the right end. 





Uniformly tapered pipe 




















PROBLEM 7.73 


7.74 The HGL and the EGL for a pipeline are shown in the figure. 

a. Indicate which is the HGL and which is the EGL. 

b. Are all pipes the same size? If not, which is the smallest? 

c. Is there any region in the pipes where the pressure is below 
atmospheric pressure? If so, where? 

d. Where is the point of maximum pressure in the system? 

e. Where is the point of minimum pressure in the system? 

f. What do you think is located at the end of the pipe at point £? 

g. Is the pressure in the air in the tank above or below atmo- 
spheric pressure? 

h. What do you think is located at point B? 

7.75 Assume that the head loss in the pipe is given by h; = 

0.014(L/D)(V7/2g), where L is the length of pipe and D is the 

pipe diameter. Assume a = 1.0 at all locations. 

Determine the discharge of water through this system. 

Draw the HGL and the EGL for the system. 

Locate the point of maximum pressure. 

Locate the point of minimum pressure. 

Calculate the maximum and minimum pressures in the system. 


oprog 
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PROBLEM 7.74 


Elevation = 100 m 





KN <—— Elevation = 100 m 
Lo om 
LO N 
DZ DS Io, 
xs “0 
l 60 
—— Elevation = 95 m n Nozzle 
Elevation = 30 m —— 


30 cm-diameter jet 
PROBLEM 7.75 


7.76 Sketch the HGL and the EGL for the reservoir and pipe of 
Example 7.2. 

7.77 The discharge of water through this turbine is 1000 cfs. 
What power is generated if the turbine efficiency is 85% and the 
total head loss is 4 ft? H = 100 ft. Also, carefully sketch the 
EGL and the HGL. 








PROBLEM 7.77 


7.78 Water flows from the reservoir through a pipe and then dis- 
charges from a nozzle as shown. The head loss in the pipe itself 
is given as h; = 0.025(L/D)(V 2/28), where L and D are the 
length and HRA of the pipe and V is the velocity in the 
pipe. What is the discharge of water? Also draw the HGL and 
EGL for the system. Assume a = 1.0 at all locations. 

7.79 Refer to Fig. 7.11. Assume that the head loss in the pipes is 
given by h, = 0.02(L/D)( /2g), where V is the mean veloc- 
ity in the pipe, D is the pipe diameter, and L is the pipe length. 


Elevation = 100 ft 
Elevation = 60 ft 


D y ft 6 in diameter jet a 
|« 7, = 1000 ft es 


PROBLEM 7.78 











The water surface elevations of the upper and lower reservoirs 
are 100 m and 70 m, respectively. The respective dimensions for 
upstream and downstream pipes are D, = 30 cm, and L, = 200 
m, and D; = 15 cm, and Ly = 100 m. Determine the discharge 
of water in the system. 

7.80 What horsepower must be supplied to the water to pump 
3.0 cfs at 68°F from the lower to the upper reservoir? Assume 
that the head loss in the pipes is given by A; = 0.018 (L/D) 
(V?/2g), where L is the length of the pipe in feet and D is the 
pipe diameter in feet. Sketch the HGL and the EGL. 


Elevation = 140 ft 






Elevation = 90 ft 














PROBLEM 7.80 


7.81 Water flows from reservoir A to reservoir B. The water 
temperature in the system is 10°C, the pipe diameter D is | m, 
and the pipe length Z is 300 m. If H = 16 m, h = = 2 m, and the 
pipe head loss is given by h; = 0.01 (L/D) V */22), where V 
is the velocity in the pipe, wha will be the discharge in the 
pipe? In your solution, include the head loss at the pipe outlet, 
and sketch the HGL and the EGL. What will be the pressure at 
point P halfway between the two reservoirs? Assume a = 1.0 at 
all locations. 





























-_ . | 
1 f f j ha 
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7.82 Water flows from the reservoir on the left to the reservoir 
on the right at a rate of 16 cfs. The, formula for the head losses in 
the pipes is h; = 0. 0x(L/D(V? /2g). What elevation in the 
left reservoir is required to produce this flow? Also carefully 
sketch the HGL and the EGL for the system. Note: Assume the 
head-loss formula can be used for the smaller pipe as well as for 
the larger pipe. Assume a = 1.0 at all locations. 


— Elevation =? 











Elevation 
= 110 ft 





T 300 ft 


D, = 1.128 ft 
2 
4,=1ft 








D, = 1.596 ft 
2 
Ay = 2 ft 


PROBLEM 7.82 


7.83 What power is required to pump water at a rate of 3 m°/s 

from the lower to the upper reservoir? Assume the pipe head loss 
is given by h, = 0.018(L/D)(V */28), where L is the length of 
pipe, D is hes pipe diameter, and V is the velocity in the pipe. The 
water temperature is 10°C, the water surface elevation in the 
lower reservoir is 150 m, and the surface elevation in the upper res- 
ervoir is 250 m. The pump elevation is 100 m, Z, = 100 m, 


L, = 1000 m, D; = 1 m, andD, = 50 cm. Assume the pump 
and motor efficiency is 74%. In your solution, include the head 
loss at the pipe outlet and sketch the HGL and the EGL. Assume 
a = 1.0 at all locations. 

















PROBLEM 7.83 


7.84 Refer to Fig. 7.12. Assume that the head loss in the pipe is 
given by h; = 0.02(L/D)(V */22), where V is the mean veloc- 
ity in the pipe, D is the pipe diameter, and L is the pipe length. The 
elevations of the reservoir water surface, the highest point in the 
pipe, and the pipe outlet are 200 m, 200 m, and 185 m, respec- 
tively. The pipe diameter is 30 cm, and the pipe length is 200 m. 
Determine the water discharge in the pipe, and, assuming that the 
highest point in the pipe is halfway along the pipe, determine the 
pressure in the pipe at that point. Assume a = 1.0 at all locations. 


C H A P T E R 


Dimensional Analysis 
and Similitude 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e State the Buckingham II theorem. 
e Identify and explain the significance of the common 7-groups. 
e Distinguish between model and prototype. 
e Explain the concepts of dynamic and geometric similitude. 


Procedural Knowledge 
e Apply the Buckingham IT theorem to determine number of dimensionless variables. 
e Apply the step-by-step procedure to determine the dimensionless m-groups. 
e Apply the exponent method to determine the dimensionless 7 -groups. 
e Distinguish the significant m-groups for a given a flow problem. 


Typical Applications 
e Drag force on a blimp from model testing. 
e Ship model tests to evaluate wave and friction drag. 
e Pressure drop in a prototype nozzle from model measurements. 


Because of the complexity of fluid mechanics, the design of fluid systems relies heavily on 
experimental results. Tests are typically carried out on a subscale model, and the results are 
extrapolated to the full-scale system (prototype). The principles underlying the correspon- 
dence between the model and the prototype are addressed in this chapter. 

The ideas of primary dimensions, dimensionless groups, and dimensional homogeneity 
were introduced in Chapter 1. In this chapter, the procedures for obtaining the significant di- 
mensionless groups are outlined, and the requirements for model testing to have correspon- 
dence between the model and prototype are presented. 


DS- 


Need for Dimensional Analysis 


Fluid mechanics is more heavily involved with experimental testing than other disciplines 
because the analytical tools currently available to solve the momentum and energy equations 
are not capable of providing accurate results. This is particularly evident in turbulent, 
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Figure 8.1 


separating flows. The solutions obtained by utilizing techniques from computational fluid 
dynamics with the largest computers available yield only fair approximations for turbulent 
flow problems—hence the need for experimental evaluation and verification. 


For analyzing model studies and for correlating the results of experimental research, it is 
essential that researchers employ dimensionless groups. To appreciate the advantages of using 
dimensionless groups, consider the flow of water through the unusual orifice illustrated in Fig. 
8.1. Actually, this is much like a nozzle used for flow metering except that the flow is in the op- 
posite direction. An orifice operating in this flow condition will have a much different perfor- 
mance than one operating in the normal mode. However, it is not unlikely that a firm or city 
water department might have such a situation where the flow may occur the “right way” most 
of the time and the “wrong way” part of the ttime—hence the need for such knowledge. 

Because of size and expense it is not always feasible to carry out tests on a full-scale 
prototype. Thus engineers will test a subscale model and measure the pressure drop across 
the model. The test procedure may involve testing several orifices, each with a different 
throat diameter dọ. For purposes of discussion, assume that three nozzles are to be tested. The 
Bernoulli equation, introduced in Chapter 4, suggests that the pressure drop will depend on 
flow velocity and fluid density. It may also depend on the fluid viscosity. 

The test program may be carried out with a range of velocities and possibly with fluids 
of different density (and viscosity). The pressure drop, p; — p3 , is a function of the velocity 
V,, density p, and diameter dọ. By carrying out numerous measurements at different values of 
V, and p for the three different nozzles, the data could be plotted as shown in Fig. 8.2a for 
tests using water. In addition, further tests could be planned with different fluids at consider- 
ably more expense. 

The material introduced in this chapter leads to a much better approach. Through di- 
mensional analysis it can be shown that the pressure drop can be expressed as 


Pi -P2 =f do PVido 
d? p 
2 
(pv?)/2 


which means that dimensionless group for pressure, (p; — p>) pV" /2), is a function of the 
dimensionless throat/pipe diameter ratio d)/d, and the dimensionless group, (pV,;d))/w, 
which will be identified later as the Reynolds number. The purpose of the experimental pro- 
gram is to establish the functional relationship. As will be shown later, if the Reynolds num- 
ber is sufficiently large, the results are independent of Reynolds number. Then 


P\—P2 do 
a Sl (8.2) 
(pV?)/2 (3) 


(8.1) 


Thus for any specific orifice design (same d,/d,) the pressure drop, p, — p>, divided by 
pV; /2 for the model is same for the prototype. Therefore the data collected from the model 











Flow through inverted 
flow nozzle. 


do 
A | tJ 2 
—_ dy P2 

PY | yo A 
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Figure 8.2 





Relations for pressure, 
velocity, and diameter. 
(a) Using dimensional 
variables. (b) Using 

dimensionless groups. 


DE -- E 

















P1\~P2 
P1-P2 pVv7/2 
A A 
40,1 do2  do3 
e 
° 
x 
Fluid-water Diameter 
>V; > ratio, do/d, 
(a) (b) 


tests can be applied directly to the prototype. Only one test is needed for each orifice design. 
Consequently only three tests are needed, as shown in Fig. 8.25. The fewer tests result in 
considerable savings in effort and expense. 

The identification of dimensionless groups that provide correspondence between model 
and prototype data is carried out through dimensional analysis. 


Buckingham II Theorem 


In 1915 Buckingham (1) showed that the number of independent dimensionless groups of 
variables (dimensionless parameters) needed to correlate the variables in a given process is 
equal to n- m, where n is the number of variables involved and m is the number of basic 
dimensions included in the variables. 


Buckingham referred to the dimensionless groups as IT, which is the reason the theorem 
is called the II theorem. Henceforth dimensionless groups will be referred to as 7-groups. If 
the equation describing a physical system has n dimensional variables and is expressed as 


V1 =F 2s Y3» +++ Yn) 
then it can be rearranged and expressed in terms of (n — m) m-groups as 
mi = Plna 73... Tym) 
Thus if the drag force F of a fluid flowing past a sphere is known to be a function of the ve- 
locity V, mass density p, viscosity u, and diameter D, then five variables (F, V, p, u, and D) 


and three basic dimensions (L, M, and T) are involved.* By the Buckingham II theorem there 
will be 5-3 = 2 m-groups that can be used to correlate experimental results in the form 


Ti = P(T) 


* Note that only three basic dimensions will be considered here. Temperature will not be included. 
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Dimensional Analysis 





Dimensional analysis is the process used to obtain the 7-groups for experimental design. There are 
two methods: the step-by-step method and the exponent method. Both are addressed in this section. 


The Step-by-Step Method 
Several methods may be used to carry out the process of finding the 7-groups, but the step- 
by-step approach, very clearly presented by Ipsen (2), is one of the easiest and reveals much 
about the process. The procedure for the step-by-step method follows in Table 8.1. 

The final result can be expressed as a functional relationship of the form 


TT, =f Ty To, ...7,,) (8.3) 


The selection of the dependent and independent m-groups depends on the application. Also 
the selection of variables used to eliminate dimensions is arbitrary. 





Table 8.1 THE STEP-BY-STEP APPROACH 








Step Action Taken During This Step 

1 Identify the significant dimensional variables and write out the primary dimensions of each. 

2 Apply the Buckingham II theorem to find the number of 7-groups.* 

3 Set up table with the number of rows equal to the number of dimensional variables and the 
number of columns equal to the number of basic dimensions plus one (m + 1 ). 

4 List all the dimensional variables in the first column with primary dimensions. 

5) Select a dimension to be eliminated, choose a variable with that dimension in the first column, 


and combine with remaining variables to eliminate the dimension. List combined variables in 
the second column with remaining primary dimensions. 

6 Select another dimension to be eliminated, choose from variables in the second column that 
has that dimension, and combine with the remaining variables. List the new combinations with 
remaining primary dimensions in the third column 

7 Repeat Step 6 until all dimensions are eliminated. The remaining dimensionless groups are the 
7-groups. List the 7-groups in the last column 





* Note that, in rare instances, the number of m-groups may be one more than predicted by the Buckingham II theorem. 
This anomaly can occur because it is possible that two-dimensional categories can be eliminated when dividing (or 
multiplying) by a given variable. See Ipsen (2) for an example of this. 


Example 8.1 shows how to use the step-by-step method to find the m-groups for a body 
falling in a vacuum. 





EXAMPLE 8.1 II-GROUPS FOR BODY FALLING Problem Definition 
IN A VACUUM 


Situation: Body falling in vacuum, V = f(g, h). 
There are three significant dimensional variables for a body 
falling in a vacuum (no viscous effects): the velocity V; the 
acceleration due to gravity, g; and the distance through which | Plan 
the body falls, 4. Find the m-groups using the step-by-step 
method. 


Find: a-groups. 


Follow procedure for step-by-step method in Table 8.1. 
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Solution 5. Select h to eliminate L. Divide g by h, enter in second 
column with dimension 1/T°. Divide V by A, enter in 
second column with dimension 1/7. 


A) = Lear 6. Select g/h to eliminate T. Divide V/h by ./g/h and enter in 


1. Significant variables and dimensions 


= 2 third column. 
Leen As expected, there is only one T-group, 
h]=L 
2 E 
There are only two dimensions, L and T. Jgh 


2. From the Buckingham TI theorem, there is only one 


The final functional fi f tion of th tion i 
(tiree arables iwo dimensisne meron e final functional form of equation of the equation is 





3. Set up table with three rows (number of variables) and wane 
three (dimensions + 1) columns. Jgh 
4. List variables and primary dimensions in first column. 
Review 
Variable | [] | Variable | [] | Variable | [] Tig! son basic phin C 2. , , 
2. The proper relationship between V, h, and g is found with 
prop p g 
L r 1 LE dimensionless analysis. If the value of C were not known 
y 0 i sue ; 
If h I Jgh from basic physics, it could be determined from 
L g 1 experiment. 
g ze È ae 
T? h T? 
h L 











Example 8.2 illustrates the application of the step-by-step method for finding 7-groups 
for a problem with five variables and three primary dimensions. 





EXAMPLE 8.2 7-GROUPS FOR DRAG ON A 2. Number of 7-groups, 5 — 3 = 2. 
SPHERE USING STEP-BY-STEP METHOD 3. Set up table with five rows and four columns. 


The drag Fp of a sphere in a fluid flowing past the sphere is a 4. Write variables and dimensions in first column. 


function of the viscosity u, the mass density p, the velocity of 























flow V, and the diameter of the sphere D. Use the step-by-step Variable!| (| variable|| (i) | variabte!|" [iy | Variable I] 
method to find the m-groups. 
7 ME fm M % 1 |, 
Problem Definition x T? D T? p Di T? 5 y D 
Situation: Given Fp = f(V, p, w, D). i V 1 V 1 
V = == = = = 
Find: The m-groups using the step-by-step method. r D r D T 
M 
Plan p Z pD? M 
Use the step-by-step procedure from Table 8.1. 
M M u 1 u 
Solution Ls ime up TF pD? T pVD 
1. Dimensions of significant variables 
D L 
ML It M M DES 





Ip a) yV = Pp =M Fm? 
T? IF ie JIE 
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5. Eliminate L using D and write new variable combinations The functional equation can be written as 
with corresponding dimensions in the second column. F 
6. Eliminate Musing pD? and write new variable 2 a= eo ) 
combinations with dimensions in the third column. pV D pV. 
7. Eliminate Tusing V/D and write new combinations in the r 
fourth column. Review 
The final two m-groups are The functional relationship between the m-groups is obtained 
F from experiment. 
=z- = 
Ty = 79 and T = SYD 
pV D) Pp 





The form of the m-groups obtained will depend on the variables selected to eliminate 
dimensions. For example, if in Example 8.2, ~/pD* had been used to eliminate the time di- 
mension, the two m-groups would have been 


F 
PD and T, = 2 
pVD 
The result is still valid but may not be convenient to use. The form of any 7-group can be al- 
tered by multiplying or dividing by another m-group. Multiplying the m, by the square of 
m, yields the original m in Example 8.2. 


PF (te)? = Fo 
2 pr’ D 





m pVD 
By so doing the two 7-groups would be the same as in Example 8.2. 


The Exponent Method 


An alternative method for finding the m-groups is the exponent method. This method in- 
volves solving a set of algebraic equations to satisfy dimensional homogeneity. The proce- 
dural steps for the exponent method follow. 





Table 8.2 THE EXPONENT METHOD 





Step Action Taken During This Step 





1 Identify the significant dimensional variables, y,, and write out the primary dimensions of each, [y,]. 
2 Apply the Buckingham II theorem to find the number of 7-groups. 


3 Write out the product of the primary dimensions in the form 


aed k 
Wl- bol spi X ooo 38 [ell 
where n is the number of dimensional variables and a, b, etc. are exponents. 


4 Find the algebraic equations for the exponents that satisfy dimensional homogeneity (same power for 
dimensions on each side of equation). 


5 Solve the equations for the exponents. 


6 Express the dimensional equation in the form y; = y y vE y% and identify the m-groups. 
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Example 8.3 illustrates how to apply the exponent method to find the 7-groups of the 
same problem addressed in Example 8.2. 


EXAMPLE 8.3 T7-GROUPS FOR DRAG ON A 
SPHERE USING EXPONENT METHOD 


The drag ofa sphere, Fp, ina flowing fluid is a function of the 
velocity V, the fluid density p, the fluid viscosity u, and the 
sphere diameter D. Find the 7-groups using the exponent 
method. 


Problem Definition 
Situation: Given Fp = f (V, p, w, D). 


Find: The m-groups using exponent method. 


Plan 
Follow the procedure for the exponent method in Table 8.2. 


Solution 
1. Dimensions of significant variables are 
M 


ee ae 


ML L M 
C a o So I= 
T? T E 
2. Number of m-groups is 5-3 = 2. 
3. Form product with dimensions. 
ML IE Fae My d 
wee = |= ae ee ik 
= Fl ý [5] Š fal xI] 


E OE yE 


ate 
T 


4. Dimensional homogeneity. Equate powers of dimensions 
on each side. 


L: a—3b—c+d=1 
M. b+c=1 
T: a+c=2 





. Solve for exponents a, b, and c in terms of d. 


il =3 =í a l=! 
Oi i ib | = 1 
I @ il C 2 


The value of the determinant is —1 so a unique solution is 
achievable. Solution is a =d, b=d—1, c=2-d 





. Write dimensional equation with exponents. 


pe io n Da 
2 d 
p= p (ere) 
p\ p 
Hips ee 
2 
p H 


There are two T-groups: 
wy = 2p and m, = p 
D H 
By dividing 77, by the square of m, , the m, group can be 


written as Fp/(p VD ), so the functional form of the 
equation can be written as 


Fe. elf (OD 
F 
pV'D p 
Review 
1. The group of variables raised to the power forms a m- 


Ds 


group. 
The functional relationship between the two 1-groups is 
obtained from experiment. 


Selection of Significant Variables 

All the foregoing procedures deal with straightforward situations. However, some problems 
do occur. In order to apply dimensional analysis one must first decide which variables are 
significant. If the problem is not sufficiently well understood to make a good choice of the 
significant variables, dimensional analysis seldom provides clarification. 

A serious shortcoming might be the omission of a significant variable. If this is done, 
one of the significant m-groups will likewise be missing. In this regard, it is often best to 
identify a list of variables that one regards as significant to a problem and to determine if 
only one dimensional category (such as M or L or T) occurs. When this happens, it is likely 
that there is an error in choice of significant variables because it is not possible to combine 
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two variables to eliminate the lone dimension. Either the variable with the lone dimension 
should not have been included in the first place (it is not significant), or another variable 
should have been included. 

How does one know if a variable is significant for a given problem? Probably the tru- 
est answer is by experience. After working in the field of fluid mechanics for several years, 
one develops a feel for the significance of variables to certain kinds of applications. How- 
ever, even the inexperienced engineer will appreciate the fact that free-surface effects have 
no significance in closed-conduit flow; consequently, surface tension, o, would not be in- 
cluded as a variable. In closed-conduit flow, if the velocity is less than approximately one- 
third the speed of sound, compressibility effects are usually negligible. Such guidelines, 
which have been observed by previous experimenters, help the novice engineer develop 
confidence in her or his application of dimensional analysis and similitude. 


Common 7T-Groups 


The most common t-groups can be found by applying dimensional analysis to all the 
variables that might be significant in a general flow situation, The purpose of this section is 
to develop these common 7-groups and discuss their significance. 


Variables that have significance in a general flow field are the velocity V, the density p, 
the viscosity u, and the acceleration due to gravity g. In addition, if fluid compressibility 
were likely, then the bulk modulus of elasticity, £,, should be included. If there is a liquid- 
gas interface, the surface tension effects may also be significant. Finally the flow field will be 
affected by a general length, L, such as the width of a building or the diameter of a pipe. 
These variables will be regarded as the independent variables. The primary dimensions of the 
significant independent variables are 


[VI=L/T [p]=M/ [yp] = M/LT 
[e] =L/T? [E,])=M/LT? [co] =M/T? [LJ =L 


There are several other independent variables that could be identified for thermal ef- 
fects, such as temperature, specific heat, and thermal conductivity. Inclusion of these vari- 
ables is beyond the scope of this text. 

Products that result from a flowing fluid are pressure distributions (p), shear stress dis- 
tributions (T), and forces on surfaces and objects (F) in the flow field. These will be identified 
as the dependent variables. The primary dimensions of the dependent variables are 


[p] = M/LT? [7] = [Ap] = M/LT? [F] = (ML)/ T? 


There are other dependent variables not included here, but they will be encountered and in- 
troduced for specific applications. 

Altogether there are 10 significant variables, which, by application of the Buckingham 
II theorem, means there are seven m-groups. Utilizing either the step-by-step method or the 
exponent method yields 
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p y p y p Vr 
pyL å vo pk r 
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The first three groups, the dependent m-groups, are identified by specific names. For 
these groups it is common practice to use the kinetic pressure, p°, instead of eV’. In 
most applications one is concerned with a pressure difference, so the pressure 7 -group is ex- 
pressed as 

on _P Po 
Ly? 
7 p 


where C, is called the pressure coefficient and py is a reference pressure. The pressure coef- 
ficient was introduced earlier in Chapter 4 and Section 8.1. The m-group associated with 
shear stress is called the shear-stress coefficient and defined as 


T 





C 
f 1 2 
ar 


where the subscript f denotes “friction.” The m-group associated with force is referred to, 
here, as a force coefficient and defined as 


Cr = 





F 
1 ake 
2P 


This coefficient will be used extensively in Chapter 11 for lift and drag forces on airfoils and 
hydrofoils. 

The independent m-groups are named after earlier contributors to fluid mechanics. The 
a-group VLp/wis called the Reynolds number, after Osborne Reynolds, and designated by 
Re. The group V/(,/E,,/p) is rewritten as (V/c), since ,/E\,/p is the speed of sound, c. This 
a-group is called the Mach number and designated by M. The 7-group pLV */@ is called the 
Weber number and designated by We. The remaining m-group is usually expressed as 
V/ J/gL and identified as the Froude (rhymes with “food”) number* and written as Fr. 

The general functional form for all the 7-groups is 


Cp Cp Cr = f (Re, M, We, Fr) (8.4) 


which means that either of the three dependent m-groups are functions of the four independent 
a-groups; that is, the pressure coefficient, the shear-stress coefficient, or the force coefficient 
are functions of the Reynolds number, Mach number, Weber number, and Froude number. 
The a-groups, their symbols, and their names are summarized in Table 8.3. Each inde- 
pendent m-group has an important interpretation as indicated by the ratio column. The Rey- 
nolds number can be viewed as the ratio of kinetic to viscous forces. The kinetic forces are 
the forces associated with fluid motion. The Bernoulli equation indicates that the pressure 


* Sometimes the Froude number is written as V/,/(AygLl)/y and called the densimetric Froude number. It 
has application in studying the motion of fluids in which there is density stratification, such as between salt 
water and fresh water in an estuary or heated-water effluents associated with thermal power plants. 
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Table 8.3 COMMON II-GROUPS 





Tm-Group Symbol Name Ratio 
P n G Pee oii Pressure difference 
(pV y2 Kinetic pressure 
— Cy Shear-stress coefficient _ Shear stress _ 
(p y? )/2 Kinetic pressure 
— Cr Force coefficient pee Oe 
(oy bays Kinetic force 
LV ineti 
p= Re Reynolds number K mouc torce, 
H Viscous force 
K M Mach number eae einige oem 
ë Compressive force 
3 ae 
ZLA We Weber number eee — 
o Surface-tension force 
z Fr Froude number POMS we 
[gL Gravitational force 





difference required to bring a moving fluid to rest is the kinetic pressure, pV? 2,so the 
kinetic forces,* F, , should be proportional to 


F= pV’ 
The shear force due to viscous effects, Fis proportional to the shear stress and area 
Fi« TA œ +L’ 
and the shear stress is proportional to 
dV uV 


wei a 
so F,% u VL. Taking the ratio of the kinetic to the viscous forces 


Fr PIL _ 
F p 


v 


Re 


yields the Reynolds number. The magnitude of the Reynolds number provides important in- 
formation about the flow. A low Reynolds number implies viscous effects are important; a 
high Reynolds number implies kinetic forces predominate. The Reynolds number is one of 
the most widely used m-groups in fluid mechanics. It is also often written using kinematic 
viscosity, Re = pVL/p = VL/v. 

The ratios of the other independent m-groups have similar significance. The Mach 
number is an indicator of how important compressibility effects are in a fluid flow. If the 
Mach number is small, then the kinetic force associated with the fluid motion does not cause 


* Traditionally the kinetic force has been identified as the “inertial” force. 
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Similitude 


a significant density change, and the flow can be treated as incompressible (constant density). 
On the other hand, if the Mach number is large, there are often appreciable density changes 
that must be considered in model studies. 

The Weber number is an important parameter in liquid atomization. The surface tension 
of the liquid at the surface of a droplet is responsible for maintaining the droplet’s shape. If a 
droplet is subjected to an air jet and there is a relative velocity between the droplet and the 
gas, kinetic forces due to this relative velocity cause the droplet to deform. If the Weber num- 
ber is too large, the kinetic force overcomes the surface-tension force to the point that the 
droplet shatters into even smaller droplets. Thus a Weber-number criterion can be useful in 
predicting the droplet size to be expected in liquid atomization. The size of the droplets re- 
sulting from liquid atomization is a very significant parameter in gas-turbine and rocket 
combustion. 

The Froude number is unimportant when gravity causes only a hydrostatic pressure dis- 
tribution, such as in a closed conduit. However, if the gravitational force influences the pat- 
tern of flow, such as in flow over a spillway or in the formation of waves created by a ship as 
it cruises over the sea, the Froude number is a most significant parameter. 


Scope of Similitude 


Similitude is the theory and art of predicting prototype performance from model observations. 
Whenever it is necessary to perform tests on a model to obtain information that cannot be 
obtained by analytical means alone, the rules of similitude must be applied. The theory of 
similitude involves the application of m-groups, such as the Reynolds number or the Froude 
number, to predict prototype performance from model tests. The art of similitude enters the 
problem when the engineer must make decisions about model design, model construction, 
performance of tests, or analysis of results that are not included in the basic theory. 


Present engineering practice makes use of model tests more frequently than most people re- 
alize. For example, whenever a new airplane is being designed, tests are made not only on the gen- 
eral scale model of the prototype airplane but also on various components of the plane. Numerous 
tests are made on individual wing sections as well as on the engine pods and tail sections. 

Models of automobiles and high-speed trains are also tested in wind tunnels to predict 
the drag and flow patterns for the prototype. Information derived from these model studies 
often indicates potential problems that can be corrected before the prototype is built, thereby 
saving considerable time and expense in development of the prototype. 

In civil engineering, model tests are always used to predict flow conditions for the spill- 
ways of large dams. In addition, river models assist the engineer in the design of flood-con- 
trol structures as well as in the analysis of sediment movement in the river. Marine engineers 
make extensive tests on model ship hulls to predict the drag of the ships. Much of this type of 
testing is done at the David Taylor Model Basin, Naval Surface Warfare Center, Carderock 
Division, near Washington, D.C. (see Fig. 8.3). Tests are also regularly performed on models 
of tall buildings to help predict the wind loads on the buildings, the stability characteristics of 
the buildings, and the airflow patterns in their vicinity. The latter information is used by the 
architects to design walkways and passageways that are safer and more comfortable for pe- 
destrians to use. 
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Figure 8.3 





Ship-model test at the 
David Taylor Model 
Basin, Naval Surface 
Warfare Center, 
Carderock Division. 


Figure 8.4 





(a) Prototype. (b) Model. 





Geometric Similitude 


Geometric similitude means that the model is an exact geometric replica of the prototype.* 
Consequently, if a 1:10 scale model is specified, all linear dimensions of the model must be 
1/10 of those of the prototype. In Fig. 8.4 if the model and prototype are geometrically simi- 
lar, the following equalities hold: 


ee (8.5) 


Here €, w, and c are specific linear dimensions associated with the model and prototype, and 
L,, is the scale ratio between model and prototype. It follows that the ratio of corresponding 





| 








* For most model studies this is a basic requirement. However, for certain types of problems, such as river 
models, distortion of the vertical scale is often necessary to obtain meaningful results. 


8.5 SIMILITUDE 


261 





areas between model and prototype will be the square of the length ratio: 4, = lim The ratio 
of corresponding volumes will be given by ¥,,,/¥, = L,. 


Dynamic Similitude 

Dynamic similitude means that the forces that act on corresponding masses in the model and 
prototype are in the same ratio (F „/F, = constant) throughout the entire flow field. For ex- 
ample, the ratio of the kinetic to viscous forces must be the same for the model and the proto- 
type. Since the forces acting on the fluid elements control the motion of those elements, it 
follows that dynamic similarity will yield similarity of flow patterns. Consequently, the flow 
patterns for the model and the prototype will be the same if geometric similitude is satisfied 
and if the relative forces acting on the fluid are the same in the model as in the prototype. 
This latter condition requires that the appropriate 7-groups introduced in Section 8.4 be the 
same for the model and prototype, because these m-groups are indicators of relative forces 
within the fluid. 

A more physical interpretation of the force ratios can be illustrated by considering the 
flow over the spillway shown in Fig. 8.5a. Here corresponding masses of fluid in the model 
and prototype are acted on by corresponding forces. These forces are the force of gravity F,,, 
the pressure force F,, and the viscous resistance force F, These forces add vectorially as 
shown in Fig. 8.5 to yield a resultant force Fg, which will in turn produce an acceleration of 
the volume of fluid in accordance with Newton’s second law of motion. Hence, because the 
force polygons in the prototype and model are similar, the magnitudes of the forces in the 
prototype and model will be in the same ratio as the magnitude of the vectors representing 
mass times acceleration: 





or 
3 3 
Pim Vm tm) _ Ymlm 
3 3 
PpLp( V/ tp) YpLp 
which reduces to 











Vn = Vp 
Em!m 8plp 
But 
Ln 4 Ln Vi 
p Lo” 
so 
2 2 
y 
See (8.6) 
oe SyLy 
Taking the square root of each side of Eq. (8.6) gives 
y, y, 
2 = or Fr, = Fr (8.7) 








N Enlin N ae i 


Thus the Froude number for the model must be equal to the Froude number for the prototype 
to have the same ratio of forces on the model and the prototype. 
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Figure 8.5 Forces on 
fluid element Prototype force polygon 
Model-prototype 
relations: prototype view 
(a) and model view (b). 











Model force polygon 






Pm 
Fom 
Fp, = Mpa, 
m 


mom 


vm 


(b) 


Equating the ratio of the forces producing acceleration to the ratio of viscous forces, 


Män E 








m vm 
(8.8) 
map Fy 
where F, œ w VL leads to 
Re,, = Re, 


The same analysis can be carried out for the Mach number and the Weber number. To sum- 
marize, if the independent 7-groups for the model and prototype are equal, then the condition 
for dynamic similitude is satisfied. 

Referring back to Eq. (8.4) for the general functional relationship, 


pP Cr, Cr = f (Re, M, We, Fr) 


if the independent m-groups are the same for the model and the prototype, then dependent m- 
groups must also be equal so 


Cp,m = Cip Chm 7 Cfp Crm = Crp (8.9) 


To have complete similitude between the model and the prototype, it is necessary to have 
both geometric and dynamic similitude. 

In many situations it may not be possible nor necessary to have all the independent m- 
groups the same for the model and the prototype to carry out useful model studies. For the 
flow of a liquid in a horizontal pipe, for example, in which the fluid completely fills the pipe 
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(no free surface), there would be no surface tension effects, so the Weber number would be 
inappropriate. Compressibility effects would not be important, so the Mach number would 
not be needed. In addition, gravity would not be responsible for the flow, so the Froude num- 
ber would not have to be considered. The only significant m-group would be the Reynolds 
number; thus dynamic similitude would be achieved by matching the Reynolds number be- 
tween the model and the prototype. 

On the other hand if a model test were to be done for the flow over a spillway, the 
Froude number would be a significant m-group because gravity is responsible for the motion 
of the fluid. Also, the action of viscous stresses due to the spillway surface could possibly af- 
fect the flow pattern, so the Reynolds number may be a significant 7-group. In this situation, 
dynamic similitude may require that both the Froude number and the Reynolds number be 
the same for the model and prototype. 

The choice of significant m-groups for dynamic similitude and their actual use in pre- 
dicting prototype performance are considered in the next two sections. 


Model Studies for Flows Without Free-Surface Effects 


EXAMPLE 8.4 REYNOLDS-NUMBER SIMILITUDE 


The drag characteristics of a blimp 5 m in diameter and 60 m 
long are to be studied in a wind tunnel. If the speed of the 
blimp through still air is 10 m/s, and if a 1/10 scale model is 
to be tested, what airspeed in the wind tunnel is needed for 
dynamically similar conditions? Assume the same air pressure 
and temperature for both model and prototype. 


Problem Definition 


Situation: Wind tunnel test of a 1/10 scale model blimp. 
Prototype speed is 10 m/s. 


Find: Speed (in m/s) in wind tunnel for dynamic similitude. 


Assumptions: Same air pressure and temperature for model 
and prototype, therefore v,, = v,,. 


Free-surface effects are absent in the flow of liquids or gases in closed conduits, including 
control devices such as valves, or in the flow about bodies (e.g., aircraft) that travel through 
air or are deeply submerged in a liquid such as water (submarines). Free-surface effects are 
also absent where a structure such as a building is stationary and wind flows past it. In all 
these cases, given relatively low Mach numbers, the Reynolds-number criterion is the most 
significant for dynamic similarity. That is, the Reynolds number for the model must equal the 
Reynolds number for the prototype. 


Example 8.4 illustrates the application of Reynolds-number similitude for the flow over 
a blimp. 


Plan 

The only m-group that is appropriate is the Reynolds number 

(there are no compressibility effects, free-surface effects, or 

gravitation effects). Thus equating the model and prototype 

Reynolds number satisfies dynamic similitude. 

1. Equate the Reynolds number of the model and the 
prototype. 

2. Calculate model speed. 


Solution 
1. Reynolds-number similitude 





RET, = ING, 
Vlg ol 
4 Vy, Vo 
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Example 8.4 shows that the airspeed in the wind tunnel must be 100 m/s for true Reynolds- 
number similitude. This speed is quite large, and in fact Mach-number effects may start to be- 
come important at such a speed. However, it will be shown in Section 8.9 that it is not always 
necessary to operate models at true Reynolds-number similitude to obtain useful results. 

If the engineer feels that it is essential to maintain Reynolds-number similitude, then 
only a few alternatives are available. One way to produce high Reynolds numbers at nominal 
airspeeds is to increase the density of the air. A NASA wind tunnel at the Ames Research 
Center at Moffett Field in California is one such facility. It has a 12 ft-diameter test section; 
it can be pressurized up to 90 psia (620 kPa); it can be operated to yield a Reynolds number 
per foot up to 1.2 x 10’, and the maximum Mach number at which a model can be tested in 
this wind tunnel is 0.6. The airflow in this wind tunnel is produced by a single-stage, 20- 
blade axial-flow fan, which is powered by a 15,000-horsepower, variable-speed, synchronous 
electric motor (3). There are several problems that are peculiar to a pressurized tunnel. First, 
a shell (essentially a pressurized bottle) must surround the entire tunnel and its components, 
adding to the cost of the tunnel. Second, it takes a long time to pressurize the tunnel in prepa- 
ration for operation, increasing the time from the start to the finish of runs. In this regard it 
should be noted that the original pressurized wind tunnel at the Ames Research Center was 
built in 1946; however, because of extensive use, the tunnel’s pressure shell began to deterio- 
rate, so a new facility (the one previously described) was built and put in operation in 1995. 
Improvements over the old facility include a better data collection system, very low turbu- 
lence, and capability of depressurizing only the test section instead of the entire 620,000 ft 
wind tunnel circuit when installing and removing models. The original pressurized wind tun- 
nel was used to test most models of U.S. commercial aircraft over the past half-century, in- 
cluding the Boeing 737, 757, and 767; Lockheed L-1011; and McDonnell Douglas DC-9 and 
DC-10. 

The Boeing 777 was tested in the low-speed, pressurized 5 m—by—5 m tunnel in Farn- 
borough, England. This tunnel, operated by the Defence Evaluation and Research Agency 
(DERA) of Great Britain, can operate at three atmospheres with Mach numbers up to 0.2. 
Approximately 15,000 hours of total testing time was required for the Boeing 777 (4). 

Another method of obtaining high Reynolds numbers is to build a tunnel in which the 
test medium (gas) is at a very low temperature, thus producing a relatively high-density— 
low-viscosity fluid. NASA has built such a tunnel and operates it at the Langley Research 
Center. This tunnel, called the National Transonic Facility, can be pressurized up to 9 atmo- 
spheres. The test medium is nitrogen, which is cooled by injecting liquid nitrogen into the 
system. In this wind tunnel it is possible to reach Reynolds numbers of 108 based on a model 
size of 0.25 m (5). Because of its sophisticated design, its initial cost of approximately 
$100,000,000 (6), and its operating expenses are high. 

Another modern approach in wind-tunnel technology is the development of magnetic 
or electrostatic suspension of models. The use of the magnetic suspension with model air- 
planes has been studied (6), and the electrostatic suspension for the study of single-particle 
aerodynamics has been reported (7). 

The use of wind tunnels for aircraft design has grown significantly as the size and so- 
phistication of aircraft have increased. For example, in the 1930s the DC-3 and B-17 each 
had about 100 hours of wind-tunnel tests at a rate of $100 per hour of run time. By contrast 
the F-15 fighter required about 20,000 hours of tests at a cost of $20,000 per hour (6). The 
latter test time is even more staggering when one realizes that a much greater volume of data 
per hour at higher accuracy is obtained from the modern wind tunnels because of the high- 
speed data acquisition made possible by computers. 

Example 8.5 illustrates the use of Reynolds-number similitude to design a test for a 
valve. 
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EXAMPLE 8.5 REYNOLDS-NUMBER SIMILITUDE 
OF A VALVE 


The valve shown is the type used in the control of water in 
large conduits. Model tests are to be done, using water as the 
fluid, to determine how the valve will operate under wide- 
open conditions. The prototype size is 6 ft in diameter at the 
inlet. What flow rate is required for the model if the prototype 
flow is 700 cfs? Assume that the temperature for model and 
prototype is 60°F and that the model inlet diameter is 1 ft. 


Sketch: 


Movable 


needle 





Situation: A 1/6 scale model of valve tested in water tunnel. 
Prototype flow rate is 700 cfs. 


Find: Flow rate through model. 
Assumptions: 
1. No compressibility, free surface or gravitational effects. 


2. Temperature of water in model and prototype is the same. 
Therefore kinematic viscosity of model and prototype are 
equal. 


DE- 


Model-Prototype Performance 





Plan 

Dynamic similitude is obtained by equating the model and 

prototype Reynolds number. The model/prototype area ratio 

is the square of the scale ratio. 

1. Equate Reynolds number of model and prototype. 

2. Calculate the velocity ratio. 

3. Calculate the discharge ratio using model/prototype area 
ratio. 

Solution 

1. Reynolds-number similitude 


Re,, = Re, 
Val Vly 
Po, v, 
2. Velocity ratio 
Do 
p Snt 
Since By = Deze 
E 
o “a 
3. Discharge 
p h4 m` Lp p 
Om = 700 cfs x ; =|117 cfs 


Review 


This discharge is very large and serves to emphasize that very 
few model studies are made that completely satisfy the 
Reynolds-number criterion. This subject will be discussed 
further in the next sections. 


Geometric (scale model) and dynamic (same m-groups) similitude mean that the dependent 
m-groups are the same for both the model and the prototype. For this reason, measurements 
made with the model can be applied directly to the prototype. Such correspondence is 


illustrated in this section. 


Example 8.6 shows how the pressure difference measured in a model test can be used 
to find the pressure difference between the corresponding two points on the prototype. 
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EXAMPLE 8.6 APPLICATION OF PRESSURE 
COEFFICIENT 


A 1/10 scale model of a blimp is tested in a wind tunnel 
under dynamically similar conditions. The speed of the blimp 
through still air is 10 m/s. A 17.8 kPa pressure difference is 
measured between two points on the model. What will be the 
pressure difference between the two corresponding points on 
the prototype? The temperature and pressure in the wind tunnel 
is the same as the prototype. 


Problem Definition 


Situation: A 1/10 scale of a blimp is tested in a wind tunnel 
under dynamically similar conditions. A pressure difference 
of 17.8 kPa is measured on model. 


Find: Corresponding pressure difference (Pa) on prototype. 
Properties: Pressure and temperature are the same for wind 


tunnel test and prototype, so v,, = vp- 


Plan 


Reynolds number is the only significant 7-group. Thus Eq. 
(8.4) reduces to 


Ca = f(Re) 
For dynamic similitude, Re,, = Re,. Then with geometric 


similitude, C,,,, = Cpp. 





1. Calculate the model/prototype velocity ratio. 
2. Calculate pressure difference on prototype. 


Solution 


1. Reynolds-number similitude 





IG = Ike, 
Pola ols 
Vn Vp 
aal 
Vin Lig 10 


2. Pressure coefficient correspondence 

Aba _ APp 
1 » Il 2 
zPm Vin 3? Vy 


moe le) =a 
Ap, V, E 100 


m 








Pressure difference on prototype 


Ap 
Ap Se 19 P 
D 


Example 8.7 illustrates calculating the fluid dynamic force on a prototype blimp from 


wind tunnel data using similitude. 





EXAMPLE 8.7 
TUNNEL TESTING 


DRAG FORCE FROM WIND 


A 1/10 scale of a blimp is tested in a wind tunnel under 
dynamically similar conditions. If the drag force on the model 
blimp is measured to be 1530 N, what corresponding force 
could be expected on the prototype? The air pressure and 
temperature are the same for both model and prototype. 


Problem Definition 


Situation: A 1/10 scale model of blimp is tested in a wind 
tunnel, and a drag force of 1530 N is measured. 


Find: The drag force (in newtons) on the prototype. 


Properties: Pressure and temperature are the same, v,, = v,. 


Plan 

Reynolds number is the only significant 7-group, so Eq. (8.4) 
reduces to Cp = f(Re). For dynamic similtude, 

Re,, = Re,. Thus with geometric similitude Cp m = Cpp- 
1. Find velocity ratio by equating Reynolds numbers. 

2. Find the force ratio from force coefficient. 


Solution 


1. Reynolds-number similitude 





Re, = ING, 
PE 
p v, 
lo cfaa d 
y, L 10 
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2. Force coefficient correspondence Therefore 
Ja Ž if. KATSON 
1 po i 2 
pee Yok Pm Ymm Review 
E CI L- The result that the model force is the same as the prototype 
p pp mp i ‘ ee i 
m 2 1 force is interesting. When Reynolds-number similitude is 
m Vulm — Lp Lin used, and the fluid properties are the same fluid for model and 


prototype, the forces on the model will always be the same as 
the forces on the prototype. 





Approximate Similitude at High Reynolds Numbers 


The primary justification for model tests is that it is more economical to get answers needed for 
engineering design by such tests than by any other means. However, as revealed by Examples 
8.3, 8.4, and 8.6, Reynolds-number similitude requires expensive model tests (high-pressure 
facilities, large test sections, or using different fluids). This section shows that approximate 
similitude is achievable even though high Reynolds numbers cannot be reached in model tests. 


Consider the size and power required for wind-tunnel tests of the blimp in Example 8.3. 
The wind tunnel would probably require a section at least 2 m by 2 m to accommodate the 
model blimp. With a 100 m/s airspeed in the tunnel, the power required for producing con- 
tinuously a stream of air of this size and velocity is in the order of 4 MW. Such a test is not 
prohibitive, but it is very expensive. It is also conceivable that the 100 m/s airspeed would 
introduce Mach-number effects not encountered with the prototype, thus generating concern 
over the validity of the model data. Furthermore, a force of 1530 N is generally larger than 
that usually associated with model tests. Therefore, especially in the study of problems in- 
volving non-free-surface flows, it is desirable to perform model tests in such a way that large 
magnitudes of forces or pressures are not encountered. 

For many cases, it is possible to obtain all the needed information from abbreviated 
tests. Often the Reynolds-number effect (relative viscous effect) either becomes insignificant 
at high Reynolds numbers or becomes independent of the Reynolds number. The point where 
testing can be stopped often can be detected by inspection of a graph of the pressure coeffi- 
cient C, versus the Reynolds number Re. Such a graph for a venturi meter in a pipe is shown 
in Fig. 8.6. In this meter, Ap is the pressure difference between the points shown, and V is the 
velocity in the restricted section of the venturi meter. Here it is seen that viscous forces affect 
the value of C, below a Reynolds number of approximately 50,000. However, for higher 
Reynolds numbers, C, is virtually constant. Physically this means that at low Reynolds num- 
bers (relatively high viscous forces), a significant part of the change in pressure comes from 
viscous resistance, and the remainder comes from the acceleration (change in kinetic energy) 
of the fluid as it passes through the venturi meter. However, with high Reynolds numbers (re- 
sulting from either small viscosity or a large product of V, D, and p), the viscous resistance is 
negligible compared with the force required to accelerate the fluid. Since the ratio of Ap to 
the kinetic pressure does not change (constant C,,) for high Reynolds numbers, there is no 
need to carry out tests at higher Reynolds numbers. This is true in general, so long as the flow 
pattern does not change with the Reynolds number. 


268 


DIMENSIONAL ANALYSIS AND SIMILITUDE 





Figure 8.6 





C, for a venturi meter as 
a function of the 
Reynolds number. 
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In a practical sense, whoever is in charge of the model test will try to predict from pre- 
vious works approximately what maximum Reynolds number will be needed to reach the 
point of insignificant Reynolds-number effect and then will design the model accordingly. 
After a series of tests has been made on the model, C, versus Re will be plotted to see 
whether the range of constant C, has indeed been reached. If so, then no more data are 
needed to predict the prototype performance. However, if C, has not reached a constant 
value, the test program has to be expanded or results extrapolated. Thus the results of some 
model tests can be used to predict prototype performance even though the Reynolds numbers 
are not the same for the model and the prototype. This is especially valid for angular-shaped 
bodies, such as model buildings, tested in wind tunnels. 

In addition, the results of model testing can be combined with analytic results. Compu- 
tational fluid dynamics (CFD) may predict the change in performance with Reynolds number 
but may not be reliable to predict the performance level. In this case, the model testing would 
be used to establish the level and of performance, and the trends predicted by CFD would be 
used to extrapolate the results to other conditions. 

Example 8.8 is an illustration on the approximate similitude at high Reynolds number 
for flow through a constriction. 





EXAMPLE 8.8 MEASURING HEAD LOSS IN Sketch: 
NOZZLE IN REVERSE FLOW 


Tests are to be performed to determine the head loss in a 
nozzle under a reverse-flow situation. The prototype operates 
with water at 50°F and with a nominal reverse-flow velocity 
of 5 ft/s. The diameter of the prototype is 3 ft. The tests are 
done in a 1/12 scale model facility with water at 60°F. A 
head loss (pressure drop) of 1 psid is measured with a 
velocity of 20 ft/s. What will be the head loss in the actual 


nozzle? 
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Problem Definition 


Situation: A 1/12 scale model tests for head loss in a 
reverse-flow nozzle. A pressure difference of 1 psid is 


measured with model at 20 ft/s. 
Find: Pressure drop (psid) in actual nozzle. 
Properties: Table F.5.: Water at 50°F, p = 1.94 slugs/ft’, 


v= 1.41~x 10° ft/s; water at 60°F, p = 1.94 slugs/ ft’, 
v=1.22x10 ft?/s. 


Plan 


The only significant m-group is the Reynolds number, so Eq. 
(8.4) reduces to C, = f (Re). Dynamic similitude achieved if 
Re, = Reps then C7, — ©, ,- From Fig78:6,1f Re), 
Re, 2 WO" ine C, = Coy: 
1. Calculate Reynolds number for model and prototype. 


2. Check if both exceed 10°. If not, model tests need to be 
reevaluated. 


3. Calculate pressure coefficient. 
4. Evaluate pressure drop in prototype. 
Solution 


1. Reynolds numbers 


vV -122x 10° ft/s 
5 ft/s x3 ft 


ao 6 
SS 1.06 x 10 
1.41 x 10° ft/s 


b= 


2. Both Reynolds numbers exceed 10°. Therefore 


Cm = Cp,p- The test is valid. 


3. Pressure coefficient from model tests 


c= Ap = __libt/in’ x 144 in’ / ft? 
Pam 1 


- = 037 
sev” 5X 1.94 slug/ft® x (20 ft/s)" 


4. Pressure drop in prototype 


Ap, = 0.371 x + V?= 0.371 x 0.5 x 1.94 slug/ft’ x (5 ft/s)” 


= 9.0 Ibf/ft” =|0.0625 psid 


Review 


1. Because the Reynolds numbers are so much greater than 
10°, the equation for pressure drop is valid over a wide 
range of velocities. 

2. This example justifies the independence of Reynolds 
number referred to in Section 8.1. 





In some situations viscous and compressibility effects may both be important, but it is 
not possible to have dynamic similitude with both m-groups. Which m-group is chosen for si- 
militude depends a great deal on what information the engineer is seeking. If the engineer is 
interested in the viscous motion of fluid near a wall in shock-free supersonic flow, then the 
Reynolds number should be selected as the significant 7-group. However, if the shock wave 
pattern over a body is of interest, then the Mach number should be selected for similitude. A 
useful rule of thumb is that compressibility effects are unimportant for M < 0.3. 

Example 8.9 shows the difficulty in having Reynolds-number similitude and avoiding 
Mach-number effects in wind tunnel tests of an automobile. 


EXAMPLE 8.9 MODEL TESTS FOR DRAG FORCE 
ON AN AUTOMOBILE 


A 1/10 scale of an automobile is tested in a wind tunnel with 
air at atmospheric pressure and 20°C. The automobile is 4 m 
long and travels at a velocity of 100 km/hr in air at the same 
conditions. What should the wind-tunnel speed be such that 
the measured drag can be related to the drag of the prototype? 
Experience shows that the dependent m-groups are 
independent of Reynolds numbers for values exceeding 10°. 
The speed of sound is 1235 km/hr. 





Problem Definition 


Situation: A 1/10 scale model of a 4 m—long automobile 


moving at 100 km/hr is tested in wind tunnel. 


Find: The wind tunnel speed to achieve similitude. 


Properties: Air (20°C), Table A.3, 


p = 1.2 kg/m’, v = 1.51 x 10° N ` s/m’. 
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Plan 

Mach number of the prototype is about 0.08 (1007/1235), so 
Mach-number effects are unimportant. Dynamic similitude is 
achieved with Reynolds numbers, Re,, = Re,,. With dynamic 
similitude, Cy m = Cr p, and model measurements can be 
applied to prototype. 

1. Determine the model speed for dynamic similitude. 


2. Evaluate the model speed. If it is not feasible, continue to 
next step. 


3. Calculate the prototype Reynolds number. If 

Re = IO inen Ne, 2 WO" toe Cia, = Crp ac 
4. Find the speed for which Re,, > 10°. 
Solution 


1. Velocity from Reynolds-number similitude 


hae! 


2. With this velocity, M = 1000/1235 = 0.81. This is too 
high for model tests because it would introduce unwanted 
compressibility effects. 


3. Reynolds number of prototype 
VLp _ 100 km/hr x 0.278 (m/s)/(km/hr) x 4 m 
u 1.51 x 10° m’/s 
=74x10° 
Therefore Cp m = Cr p: if Rep 2 10°. 
4. Wind tunnel speed 


Re, = 


a 
Vin SeeelesilealO Memes 
= —— pee eer ee 

V Re ie 10° x 04 


sprm] 


Review 


The wind-tunnel speed must exceed 3.8 m/s. From a 
practical point of view, the speed will be chosen to provide 
sufficiently large forces for reliable and accurate 
measurements. 





Free-Surface Model Studies 


Spillway Models 


The flow over a spillway is a classic case of a free-surface flow. The major influence, besides 
the spillway geometry itself, on the flow of water over a spillway is the action of gravity. 
Hence the Froude-number similarity criterion is used for such model studies. It can be appre- 
ciated for large spillways with depths of water on the order of 3 m or 4 m and velocities on 
the order of 10 m/s or more, that the Reynolds number is very large. At high values of the 
Reynolds number, the relative viscous forces are often independent of the Reynolds number, 
as noted in the foregoing section (Sec. 8.8). However, if the reduced-scale model is made too 
small, the viscous forces as well as the surface-tension forces would have a larger relative ef- 
fect on the flow in the model than in the prototype. Therefore, in practice, spillway models 
are made large enough so that the viscous effects have about the same relative effect in the 
model as in the prototype (i.e., the viscous effects are nearly independent of the Reynolds 
number). Then the Froude number is the significant 7-group. Most model spillways are made 
at least 1 m high, and for precise studies, such as calibration of individual spillway bays, it is 
not uncommon to design and construct model spillway sections that are 2 m or 3 m high. Fig- 
ures 8.7 and 8.8 show a comprehensive model and spillway model for Hell’s Canyon Dam in 


Idaho. 
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Figure 8.7 





Comprehensive model 
Jor Hell’s Canyon Dam. 
Tests were made at the 
Albrook Hydraulic . 
Laboratory, Washington M 
State University. 


Figure 8.8 


Spillway model for Hell's 
Canyon Dam. Tests were 
made at the Albrook 
Hydraulic Laboratory, 
Washington State 
University. 





STE 





Se; 


Example 8.10 is an application of Froude-number similitude in modeling discharge 
over a spillway. 





EXAMPLE 8.10 MODELING FLOOD DISCHARGE Problem Definition 
OVER A SPILLWAY 


Situation: A 1/49 scale model of spillway with discharge of 
A 1/49 scale model of a proposed dam is used to predict IBOON m. 


prototype flow conditions. If the design flood discharge over Find: 
the spillway is 15,000 m?/s, what water flow rate should be j 

established in the model to simulate this flow? If a velocity of 1. Flow rate over model. 

1.2 m/s is measured at a point in the model, what is the 2. Velocity on prototype at point where velocity is 1.2 m/s 
velocity at a corresponding point in the prototype? on model. 
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Plan The acceleration due to gravity is the same, so 
Gravity is responsible for the flow, so significant 7-group is 
the Froude number. For dynamic similitude, Fr,, = Fr,. i z 


1. Calculate velocity ratio from Froude-number similitude. 


: nee, é 2. Disch ti 
2. Calculate discharge ratio using scale ratio and calculate ge ae 


model discharge OA ie He, — (age 
3. Use velocity ratio from step 1 to find velocity at point on O, = E = 2 ma (77) 

prototype. E PaSa 

. Discharge for model 
Solution 
1. Froude-number similitude one ole 5/2 ae Regie ? A 0.89 m?/s 
ome 49 16,800 
m P 
y V, 3. Velocity on prototype 








NEmEm  N8pLp ae iP 
Va La 
V, = J35 x 1.2 m/s =|8.4 m/s | 





Ship Model Tests 


The largest facility for ship testing in the United States is the David Taylor Model Basin, Na- 
val Surface Warfare Center, Carderock Division, near Washington, D.C. Two of the core fa- 
cilities are the towing basins and the rotating arm facility. In the rotating arm facility, models 
are suspended from the end of a rotating arm in a larger circular basin. Forces and moments 
can be measured on ship models up to 9 m in length at steady-state speeds as high as 15.4 
m/s (30 knots). In the high-speed towing basin, models 1.2 m to 6.1 m can be towed at 
speeds up to 16.5 m/s (32 knots). 

The aim of the ship model testing is to determine the resistance that the propulsion sys- 
tem of the ship must overcome. This resistance is the sum of the wave resistance and the sur- 
face resistance of the hull. The wave resistance is a free-surface, or Froude-number, 
phenomenon, and the hull resistance is a viscous, or Reynolds-number, phenomenon. Be- 
cause both wave and viscous effects contribute significantly to the overall resistance, it 
would appear that both the Froude and Reynolds criteria should be used. However, it is im- 
possible to satisfy both if the model liquid is water (the only practical test liquid), because the 
Reynolds-number similitude dictates a higher velocity for the model than for the prototype 
[equal to V (Lp /L,,)|, whereas the Froude-number similitude dictates a lower velocity for the 
model [equal to V,( JEn / JLp )]. To circumvent such a dilemma, the procedure is to model 
for the phenomenon that is the most difficult to predict analytically and to account for the 
other resistance by analytical means. Since the wave resistance is the most difficult problem, 
the model is operated according to the Froude-number similitude, and the hull resistance is 
accounted for analytically. 

To illustrate how the test results and the analytical solutions for surface resistance are 
merged to yield design data, the following necessary sequential steps are indicated: 


1. Make model tests according to Froude-number similitude, and the total model resis- 
tance is measured. This total model resistance will be equal to the wave resistance plus the 
surface resistance of the hull of the model. 
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Summary 


2. Estimate the surface resistance of the model by analytical calculations. 

3. Subtract the surface resistance calculated in step 2 from the total model resistance of 
step 1 to yield the wave resistance of the model. 

4. Using the Froude-number similitude, scale the wave resistance of the model up to yield 
the wave resistance of the prototype. 

5. Estimate the surface resistance of the hull of the prototype by analytical means. 

6. The sum of the wave resistance of the prototype from step 4 and the surface resistance 
of the prototype from step 5 yields the total prototype resistance, or drag. 


Dimensional analysis involves combining dimensional variables to form dimensionless 
groups. These groups, called m-groups, can be regarded as the scaling parameters for fluid 
flow. The Buckingham II theorem states that the number of independent m-groups is 
n—m,where n is the number of dimensional variables and m is the number of basic 
dimensions included in the variables. In fluid mechanics the three basic dimensions are mass 
(M), length (L), and time (T). 


The m-groups can be found by either the step-by-step method or the exponent method. 
In the step-by-step method each dimension is removed by successively using a dimensional 
variable until the 7-groups are obtained. In the exponent method, each variable is raised to a 
power, they are multiplied together, and three simultaneous algebraic equations formulated 
for dimensional homogeneity are solved to yield the 7-groups. 

Four common independent t-groups are 
pVL V 
Cc 


Reynolds number Re = Mach number M = 


2 
pee Froude number Fr = ae 
o JgLh 


Weber number We = 





Three common dependent w-groups are 


: A 
Pressure coefficient, C, = ee 
(pV )/2 
Shear stress coefficient, cy= —— 
© (pV")72 
Force coefficient, Cp = —_— 
(pV L )/2 


The general functional form of the common m-groups is 
Cr, Cp Cp = f (Re, M, We, Fr) 


Experimental testing is often performed with a small-scale replica (model) of the full- 
scale structure (prototype). Similitude is the art and theory of predicting prototype perfor- 
mance from model observations. To achieve exact similitude, the model must be a scale 
model of the prototype (geometric similitude), and the values of the m-groups must be the 
same for the model and the prototype (dynamic similitude). In practice, it is not always possi- 
ble to have complete dynamic similitude, so only the most important m-groups are matched. 
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Problems 


Dimensional Analysis 


8.1 PQ4< Find the primary dimensions of density p, viscosity 
u, and pressure p. 

8.2 PQ According to the Buckingham I theorem, if there are 
six dimensional variables and three primary dimensions, how 
many dimensionless variables will there be? 

8.3 
8.4 PQ< Determine which of the following equations are dimen- 
sionally homogeneous: 


a. O= 2CLJ2gH”” 
where Q is discharge, C is a pure number, L is length, g is ac- 
celeration due to gravity, and H is head. 


b v= 1A phg 


PQ Explain what is meant by dimensional homogeneity. 








where V is velocity, n is length to the one-sixth power, R is 
length, and S is slope. 

_ LV? 
I D2g 
where /, is head loss, fis a dimensionless resistance coefficient, L is 
length, D is diameter, Vis velocity, and g is acceleration due to gravity. 


C. 


_ 0.074 BxpV” 


d. D 
Rez 2 


where D is drag force, Re is Vx/v, B is width, x is length, p is 
mass density, v is the kinematic viscosity, and V is velocity. 


8.5 PQ< Determine the dimensions of the following variables 

and combinations of variables in terms of primary dimensions. 

T (torque) 

pV 7/2, where V is velocity and p is mass density 

. /t/p, where 7 is shear stress 

: Q/ND?, where Q is discharge, D is diameter, and N is an- 
gular speed of a pump 


ao op 


8.6 It takes a certain length of time for the liquid level in a tank of 
diameter D to drop from position h, to position h, as the tank is 
being drained through an orifice of diameter d at the bottom. De- 


5. Kilgore, R. A., and D. A. Dress. “The Application of Cryo- 
genics to High Reynolds-Number Testing in Wind Tunnels, Part 2. 
Development and Application of the Cryogenic Wind Tunnel Con- 
cept.” Cryogenics, Vol. 24, no. 9, September 1984. 

6. Baals, D. D., and W. R. Corliss. Wind Tunnels of NASA. U.S. 
Govt. Printing Office, Washington, D.C., 1981. 

7. Kale, S., et al. “An Experimental Study of Single-Particle 
Aerodynamics.” Proc. of First Nat. Congress on Fluid Dynamics, 
Cincinnati, Ohio, July 1988. 


termine the 7-groups that apply to this problem. Assume that the 

liquid is nonviscous. Express your answer in the functional form. 
Ah 

— = f(T], 7, T3) 


d 























PROBLEM 8.6 


8.7 The maximum rise ofa liquid in a small capillary tube is a function 
ofthe diameter of the tube, the surface tension, and the specific weight 
of the liquid. What are the significant m-groups for the problem? 

8.8 For very low velocities it is known that the drag force Fp of 
a small sphere is a function solely of the velocity V of flow past 
the sphere, the diameter d of the sphere, and the viscosity u of 
the fluid. Determine the m-groups involving these variables. 

8.9 Observations show that the side thrust Æ for a rough spinning 
ball in a fluid is a function of the ball diameter D, the free-stream 
velocity Vo, the density p, the viscosity p, the roughness height 
k,, and the angular velocity of spin w. Determine the dimension- 
less parameter(s) that would be used to correlate the experimental 
results of a study involving the variables noted above. Express 
your answer in the functional form 


F 
VoD 





3 = f(T, Ta, T3) 





PROBLEM 8.9 
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8.10 Consider steady viscous flow through a small horizontal 
tube. For this type of flow, the pressure gradient along the tube, 
Ap/ ^£ should be a function of the viscosity p, the mean velocity 
V, and the diameter D. By dimensional analysis, derive a func- 
tional relationship relating these variables. 

8.11 A flow-metering device, called a vortex meter, consists of a 
square element mounted inside a pipe. Vortices are generated by 
the element, which gives rise to an oscillatory pressure mea- 
sured on the leeward side of the element. The fluctuation fre- 
quency is related to the flow velocity. The discharge in the pipe 
is a function of the frequency of the oscillating pressure w, the 
pipe diameter D, the size of the element /, the density p, and the 
viscosity u. Thus 


Q = flo, D, l, p, p) 
Find the m-groups in the form 


2 = f(T], T3) 

wD 
8.12 It is known that the pressure developed by a centrifugal 
pump, Ap, is a function of the diameter D of the impeller, the 
speed of rotation n, the discharge Q, and the fluid density p. By 
dimensional analysis, determine the m-groups relating these 
variables. 
8.13 The force on a satellite in the earth’s upper atmosphere 
depends on the mean path of the molecules à (a length), the 
density p, the diameter of the body D, and the molecular speed 
c: F=f(A, p, D, c). Find the nondimensional form of this 
equation. 
8.14 A general study is to be made of the height of rise of liquid 
in a capillary tube as a function of time after the start of a test. 
Other significant variables include surface tension, mass den- 
sity, specific weight, viscosity, and diameter of the tube. Deter- 
mine the dimensionless parameters that apply to the problem. 
Express your answer in the functional form 
=f, Ta, T3) 
8.15 An engineer is using an experiment to characterize the 
power P consumed by a fan (see photo) to be used in an elec- 
tronics cooling application. Power depends on four variables: 
P = fp, D, Q, n), where p is the density of air, D is the diame- 
ter of the fan impeller, Q is the flow rate produced by the fan, 
and n is the rotation rate of the fan. Find the relevant m-groups 
and suggest a way to plot the data. 
8.16 By dimensional analysis, determine the m-groups for the 
change in pressure that occurs when water or oil flows through a 
horizontal pipe with an abrupt contraction as shown. Express 
your answer in the functional form 


Apd‘ 
PO = f(T, 7) 





pO 














D 
| d 
PSN EES ey —_ 
— — 
—— = —> 





PROBLEM 8.16 


8.17A solid particle falls through a viscous fluid. The falling 
velocity V, is believed to be a function of the fluid density Pro 
the particle density p,,, the fluid viscosity p, the particle diame- 
ter D, and the acceleration due to gravity g: 


V=f(pr Pp> H, D, 2) 
By dimensional analysis, develop the m-groups for this prob- 
lem. Express your answer in the form 
K 

== = (Tis T5) 

JgD 
8.18 An experimental test program is being set up to calibrate a 
new flow meter. The flow meter is to measure the mass flow 
rate of liquid flowing through a pipe. It is assumed that the mass 
flow rate is a function of the following variables: 


m = f(Ap, D, w, p) 
where Ap is the pressure difference across the meter, D is the 
pipe diameter, p is the liquid viscosity, and p is the liquid density. 
Using dimensional analysis, find the m-groups. Express your an- 
swer in the form 


ae = f(a) 

NpApD 
8.19 A torpedo-like device is being designed to travel just below the 
water surface. Which dimensionless numbers in Section 8.4 would 
be significant in this problem? Give a rationale for your answer. 
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8.20 Experiments are to be done on the drag forces on an os- 
cillating fin in a water tunnel. It is assumed that the drag force 
Fp, is a function of the liquid density p, the fluid velocity V, the 
surface area of the fin S, and the frequency of oscillation w: 


Fp =f (p, y, S, w) 


By dimensional analysis, find the dimensionless parameters for 
this problem. Express your answer in the form 





2 = f(t) 
pV“ sS 
8.21 Flow situations in biofluid mechanics involve the flow 
through tubes that change in size with time (such as blood ves- 
sels) or are supplied by an oscillatory source. The volume flow 
rate Q in the tube will be a function of the frequency w, the tube 
diameter D, the fluid density p , viscosity p , and the pressure 
gradient (Ap)/(A/). Find the m-groups for this situation in the 
form 
-2 = fimp m) 
wD 
8.22 The rise velocity V, of a bubble with diameter D in a liquid 
of density p, and viscosity p depends on the acceleration due to 
gravity, g, and the density difference between the bubble and the 
fluid, p; — pp. Find the 7-groups in the form 


V, 
Vv gD 
8.23 The discharge of a centrifugal pump is a function of the ro- 
tational speed of the pump N, the diameter of the impeller D, the 
head across the pump /,,, the viscosity of the fluid p, the density 


of the fluid p, and the acceleration due to gravity g. The func- 
tional relationship is 


O= fA, D, h,, Bas g) 
By dimensional analysis, find the dimensionless parameters. 
Express your answer in the form 
2. = f(T, T3, T3) 


ND? 


8.24 Drag tests show that the drag of a square plate placed normal 
to the free-stream velocity is a function of the velocity V, the 
density p, the plate dimensions B, the viscosity p, the free- 
stream turbulence root mean square velocity w,,,,,, and the turbu- 
lence length scale L,. Here u,.,,, and L, are in ft/s and ft, respec- 
tively. By dimensional analysis, develop the m-groups that could 
be used to correlate the experimental results. Express your an- 
swer in the functional form 


=f(™, T3) 





PROBLEM 8.24 
Similitude 
8.25 PQ < What is meant by geometric similitude? 
8.26 PQ< Many automobile companies advertise products with 
low drag for improved performance. Gather all the information 
you can find on wind-tunnel testing of automobiles and summa- 
rize your findings in a concise, informative manner on two 
pages or less. 
8.27 PQ One of the shortcomings of mounting a model of an 
automobile in a wind tunnel and measuring drag is that the ef- 
fect of the road is not included. Give some thought as to your 
impressions of what the effect of the road may be on automobile 
drag and your reasoning. Also list some variables that may in- 
fluence the effect of the ground on automobile drag. 
8.28 PQ< One of the largest wind tunnels in the United States 
is the NASA facility in Moffat Field, California. Look up infor- 
mation on this facility (size, test section velocity, etc.) and sum- 
marize your findings in a concise, informative manner. 
8.29 PQ< The hydrodynamic drag on a sailboat is very impor- 
tant to the performance of the craft, especially in competitive 
races such as the America’s Cup. Investigate on the Internet or 
other sources the extent and types of simulations that have been 
carried out on high performance sailboats. 
8.30 The drag on a submarine moving below the free sur- 
face is to be determined by a test on a 1/15 scale model ina 
water tunnel. The velocity of the prototype in sea water 
(p = 1015 kg/m’, v= 1.4x 10° m /s ) is 2 m/s. The test is 
done in pure water at 20°C. Determine the speed of the water in 
the water tunnel for dynamic similitude and the ratio of the drag 
force on the model to the drag force on the prototype. 
8.31 Water with a kinematic viscosity of 10% m’/s flows through 
a4cm pipe. What would the velocity of water have to be for the wa- 
ter flow to be dynamically similar to oil (v = 107 m?/ s) flowing 
through the same pipe at a velocity of 0.5 m/s? 
8.320il with a kinematic viscosity of 4x 10° m’/s flows 
through a smooth pipe 15 cm in diameter at 2 m/s. What velocity 
should water have at 20°C in a smooth pipe 5 cm in diameter to 
be dynamically similar? 
8.33 A large venturi meter is calibrated by means of a 1/10 
scale model using the prototype liquid. What is the discharge 
ratio O,,/Q,, for dynamic similarity? If a pressure difference of 
400 kPa is measured across ports in the model for a given dis- 
charge, what pressure difference will occur between similar 
ports in the prototype for dynamically similar conditions? 
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8.34A 1/5 scale model of an experimental bathosphere that 
will operate at great depths is to be tested to determine its drag 
characteristic by towing it behind a submarine. For true simili- 
tude, what should be the towing speed relative to the speed of 
the prototype? 

8.35 A spherical balloon that is to be used in air at 60°F and at- 
mospheric presssure is tested by towing a 1/4 scale model in a 
lake. The model is 1 ft in diameter, and a drag of 15 lbf is mea- 
sured when the model is being towed in deep water at 5 ft/s. 
What drag (in pounds force and newtons) can be expected for 
the prototype in air under dynamically similar conditions? As- 
sume that the water temperature is 60°F. 

8.36 An engineer needs a value of lift force for an airplane that 
has a coefficient of lift (C,) of 0.4. The m-group is defined as 


F; 
prs 


where F; is the lift force, p is the density of ambient air, V is the 
speed of the air relative to the airplane, and S is the area of the 
wings from a top view. Estimate the lift force in newtons for a 
speed of 80 m/s, an air density of 1.1 kg/m>, and a wing area 
(planform area) of 15 m’. 


C, =2 





PROBLEM 8.36 


8.37 An airplane travels in air (p = 100 kPa, T = 10°C) at 150 
m/s. Ifa 1/5 scale model of the plane is tested in a wind tunnel 
at 25°C, what must the density of the air in the tunnel be so that 
both the Reynolds-number and the Mach-number criteria are 
satisfied? The speed of sound varies with the square root of the 
absolute temperature. (Note: The dynamic viscosity is indepen- 
dent of pressure.) 

8.38 The new Airbus A380-300 has a wing span of 79.8 m. The 
cruise altitude is 10,000 m in a standard atmosphere. Assume 
you are designing a wind tunnel to operate with air at 20°C. The 
span of the scale model A380 in the wind tunnel is 1 m. Assume 
Mach number correspondence between model and prototype. 
Both the speed of sound and the dynamic viscosity vary linearly 
with the square root of the absolute temperature. What would 
the pressure of the air in the wind tunnel have to be to have 
Reynolds-number similitude? Use the properties for a standard 
atmosphere in Chapter 3 to find properties at 10,000 m altitude. 
8.39 The new Boeing 787-3 Dreamliner has a wing span of 52 
m. It flies at a cruise Mach number of 0.85, which corresponds 


to a velocity of 945 km/hr at an altitude of 10,000 m. You are 
going to estimate the drag on the prototype by measuring the 
drag on a 1 m wing span scale model in a wind tunnel with air 
where the speed of sound is 340 m/s and the density is 0.98 
kg/m. What is the ratio of the force on the prototype to the 
force on the model. Only Mach-number similitude is consid- 
ered. Use the properties of the standard atmosphere in Chapter 3 
to evaluate the density of air for the prototype. 

8.40 Flow in a given pipe is to be tested with air and then with 
water. Assume that the velocities (V, and Vy) are such that the 
flow with air is dynamically similar to the flow with water. 
Then for this condition, the magnitude of the ratio of the veloci- 
ties, V,/V,y, will be (a) less than unity, (b) equal to unity, or (c) 
greater than unity. 

8.41 A smooth pipe designed to carry crude oil (diameter = 48 in., 
p = 1.75 slugs/ ft, and p = 4x 10 Ibf-s/ft’) is to be mod- 
eled with a smooth pipe 4 in. in diameter carrying water (T = 
60°F). If the mean velocity in the prototype is 4 ft/s, what should 
be the mean velocity of water in the model to ensure dynamically 
similar conditions? 

8.42 A student is competing in a contest to design a radio- 
controlled blimp. The drag force acting on the blimp depends 
on the Reynolds number, Re = (pVD)/w, where V is the speed 
of the blimp, D is the maximum diameter, p is the density of air, 
and p is the viscosity of air. This blimp has a coefficient of drag 
(Cp) of 0.3. This 7-group is defined as 


Fp 
2 
pV 4A, 





Cp=2 


where Fp is the drag force p is the density of ambient air, V is 
the speed of the air relative to the blimp, and 4, = aD’ /4is 
the maximum section area of the blimp from a front view. Cal- 
culate the Reynolds number, the drag force in newtons, and the 
power in watts required to move the blimp through the air. 
Blimp speed is 800 mm/s, and the maximum diameter is 475 
mm. Assume that ambient air is at 20°C. 








PROBLEM 8.42 


8.43 Colonization of the moon will require an improved under- 
standing of fluid flow under reduced gravitational forces. The 
gravitational force on the moon is 1/5 that on the surface of the 
earth. An engineer is designing a model experiment for flow in 
a conduit on the moon. The important scaling parameters are the 
Froude number and the Reynolds number. The model will be 
full-scale. The kinematic viscosity of the fluid to be used on the 
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moon is 0.5 x 10> m?/s. What should be the kinematic viscosity 
of the fluid to be used for the model on earth? 

8.44 A drying tower at an industrial site is 10 m in diameter, The air 
inside the tower has a kinematic viscosity of 4 x 10 m’/s and 
enters at 12 m/s. A 1/15 scale model of this tower is fabri- 

cated to operate with water that has a kinematic viscosity of 
10°° m/s. What should the entry velocity of the water be to 
achieve Reynolds-number scaling? 

8.45A discharge meter to be used i ina 40 cm pipeline carrying oil 
(v= 10° m 27s, p = 860 kg/m? ) is to be calibrated by means 
ofa model (1/4 scale) carrying water (T = 20°C and standard at- 
mospheric pressure). If the model is operated with a velocity of 
1 m/s, find the velocity for the prototype based on Reynolds- 
number scaling. For the given conditions, if the pressure differ- 
ence in the model was measured as 3.0 kPa, what pressure differ- 
ence would you expect for the discharge meter in the oil pipeline? 

8.46 Water at 10°C flowing through a rough pipe 10 cm in diameter 
is to be simulated by air (20°C) flowing through the same pipe. If 
the velocity of the water is 1.5 m/s, what will the air velocity have 
to be to achieve dynamic similarity? Assume the absolute air pres- 
sure in the pipe to be 150 kPa. If the pressure difference between 
two sections of the pipe during air flow was measured as 780 Pa, 
what pressure difference occurs between these two sections 
when water is flowing under dynamically similar conditions? 
8.47 The “noisemaker” B is towed behind the mine-sweeper A 
to set off enemy acoustic mines such as that shown at C. The 
drag force of the “noisemaker” is to be studied in a water tunnel 
at a 1/5 scale (the model is 1/5 the size of the full scale). If the 
full-scale towing speed is 5 m/s, what should be the water ve- 
locity in the water tunnel for the two tests to be exactly similar? 
What will be the prototype drag force if the model drag force is 
found to be 2400 N? Assume that sea water at the same tempera- 
ture is used in both the full-scale and the model tests. 











PROBLEM 8.47 


8.48 An experiment is being designed to measure aerodynamic 
forces on a building. The model is a 1/100 scale replica of the 
prototype. The wind velocity on the prototype is 30 ft/s, and 
the density is 0.0024 slugs/ft®. The maximum velocity in the 
wind tunnel is 300 ft/s. The viscosity of the air flowing for the 
model and the prototype is the same. Find the density needed in 
the wind tunnel for dynamic similarity. A force of 50 lbf is mea- 
sured on the model. What will the force be on the prototype? 


8.49 A 60 cm valve is designed for control of flow in a petroleum 
pipeline. A 1/3 scale model of the full-size valve is to be tested with 
water in the laboratory. If the prototype flow rate is to be 0.5 m°/s, 
what flow rate should be established in the laboratory test for dy- 
namic similitude to be established? Also, if the pressure coefficient 
C, in the model is found to be 1.07, what will be the corresponding 
C, in the full-scale valve? The relevant fluid properties for the petro- 
leum areS = 0. 82and p =3x10 ? N- s/m°. The viscosity of 
water is 10° N + s/m’. 

8.50 The moment acting on a submarine rudder is studied by a 
1/50 scale model. If the test is made in a water tunnel and if the 
moment measured on the model is 2 m+ N when the fresh-wa- 
ter speed in the tunnel is 10 m/s, what are the corresponding mo- 
ment and speed for the prototype? Assume the prototype 
operates in sea water. Assume T = 10°C for both the fresh wa- 
ter and the sea water. 

8.51 A model hydrofoil is tested in a water tunnel. For a given 
angle of attack, the lift of the hydrofoil is measured to be 25 kN 
when the water velocity is 15 m/s in the tunnel. If the prototype 
hydrofoil is to be twice the size of the model, what lift force 
would be expected for the prototype for dynamically similar 
conditions? Assume a water temperature of 20°C for both 
model and prototype. 

8.52 A 1/8 scale model of an automobile is tested in a pressurized 
wind tunnel. The test is to simulate the automobile traveling at 80 
km/h in air at atmospheric pressure and 25°C. The wind tunnel 
operates with air at 25°C. At what pressure in the test section 
must the tunnel operate to have the same Mach and Reynolds 
numbers? The speed of sound in air at 25°C is 345 m/s. 

8.53 If the tunnel in Prob. 8.52 were to operate at atmospheric 
pressure and 25°C, what speed would be needed to achieve the 
same Reynolds number for the prototype? At this speed, would 
you conclude that Mach-number effects were important? 

8.54 Experimental studies have shown that the condition for 
breakup of a droplet in a gas stream is 


We/Re’” = 0.5 


where Re is the Reynolds number and We is the Weber number 
based on the droplet diameter. What diameter water droplet would 
break up in a 25 m/s air stream at 20°C and standard atmospheric 
pressure? The surface tension of water is 7.3 x 10 ° N/m. 

8.55 Water is sprayed from a nozzle at 30 m/s into air at atmo- 
spheric pressure and 20°C. Estimate the size of the droplets pro- 
duced if the Weber number for breakup is 6.0 based on the 
droplet diameter. 

8.56 Determine the relationship between the kinematic viscosity 
ratio v,,/Vp and the scale ratio if both the Reynolds-number and 
the Froude-number criteria are to be satisfied in a given model 
test. 


PROBLEMS 


279 





8.57 A hydraulic model, 1/20 scale, is built to simulate the flow 
conditions of a spillway of a dam. For a particular run, the 
waves downstream were observed to be 8 cm high. How high 
would be similar waves on the full-scale dam operating under 
the same conditions? If the wave period in the model is 2 s, 
what would the wave period in the prototype be? 

8.58 The scale ratio between a model dam and its prototype is 
1/25. In the model test, the velocity of flow near the crest of the 
spillway was measured to be 2.5 m/s. What is the correspond- 
ing prototype velocity? If the model discharge is 0.10 m?/s, 
what is the prototype discharge? 

8.59 A seaplane model is built at a 1/10 scale. To simulate take- 
off conditions at 125 km/h, what should be the corresponding 
model speed to achieve Froude-number scaling? 

8.60 If the scale ratio between a model spillway and its proto- 
type is 1/36, what velocity and discharge ratio will prevail be- 
tween model and prototype? If the prototype discharge is 3000 
m?/s, what is the model discharge? 

8.61 The depth and velocity at a point in a river are measured to 
be 20 ft and 15 ft/s, respectively. If a 1/64 scale model of this 
river is constructed and the model is operated under dynami- 
cally similar conditions to simulate the free-surface conditions, 
then what velocity and depth can be expected in the model at the 
corresponding point? 

8.62 A 1/25 scale model of a spillway is tested in a laboratory. 
If the model velocity and discharge are 7.87 ft/s and 3.53 cfs, 
respectively, what are the corresponding values for the proto- 
type? 

8.63 Flow around a bridge pier is studied using a model at 1/12 
scale. When the velocity in the model is 0.9 m/s, the standing 
wave at the pier nose is observed to be 2.5 cm in height. What 
are the corresponding values of velocity and wave height in the 
prototype? 

8.64 A 1/25 scale model of a spillway is tested. The discharge 
in the model is 0.1 m3/s. To what prototype discharge does this 
correspond? If it takes 1 min for a particle to float from one 
point to another in the model, how long would it take a similar 
particle to traverse the corresponding path in the prototype? 
8.65 A tidal estuary is to be modeled at 1/250 scale. In the ac- 
tual estuary, the maximum water velocity is expected to be 4 
m/s, and the tidal period is approximately 12.5 h. What corre- 
sponding velocity and period would be observed in the model? 
8.66 The maximum wave force on a 1/36 model sea wall was 
found to be 80 N. For a corresponding wave in the full-scale 
wall, what full-scale force would you expect? Assume fresh wa- 
ter is used in the model study. Assume T = 10°C for both model 
and prototype water. 

8.67 A model of a spillway is to be built at 1/25 scale. If the 
prototype has a discharge of 200 m?/s, what must be the water 
discharge in the model to ensure dynamic similarity? The total 
force on part of the model is found to be 22 N. To what proto- 
type force does this correspond? 


8.68 A newly designed dam is to be modeled in the laboratory. 
The prime objective of the general model study is to determine 
the adequacy of the spillway design and to observe the water ve- 
locities, elevations, and pressures at critical points of the struc- 
ture. The reach of the river to be modeled is 1200 m long, the 
width of the dam (also the maximum width of the reservoir up- 
stream) is to be 300 m, and the maximum flood discharge to be 
modeled is 5000 m?/s. The maximum laboratory discharge is 
limited to 0.90 m?/s, and the floor space available for the model 
construction is 50 m long and 20 m wide. Determine the largest 
feasible scale ratio (model/ prototype) for such a study. 
8.69 A ship model 5 ft long is tested in a towing tank at a speed 
that will produce waves that are dynamically similar to those 
observed around the prototype. The test speed is 5 ft/s. What 
should the prototype speed be, given that the prototype length is 
150 ft? Assume both the model and the prototype are to operate 
in fresh water. 
8.70 The wave resistance of a model of a ship at 1/25 scale is 2 
lbf at a model speed of 5 ft/s. What are the corresponding ve- 
locity and wave resistance of the prototype? 
8.71 A 1/20 scale model building that is rectangular in plan 
view and is three times as high as it is wide is tested in a wind 
tunnel. If the drag of the model in the wind tunnel is measured 
to be 200 N for a wind speed of 20 m/s, then the prototype build- 
ing in a 40 m/s wind (same temperature) should have a drag of 
about (a) 40 kN, (b) 80 KN, (c) 230 KN, or (d) 320 KN. 
8.72 A model of a high-rise office building at 1/250 scale is 
tested in a wind tunnel to estimate the pressures and forces on 
the full-scale structure. The wind-tunnel air speed is 20 m/s at 
20°C and atmospheric pressure, and the full-scale structure is 
expected to withstand winds of 150 km/h (10°C). If the ex- 
treme values of the pressure coefficient are found to be 1.0, 
—2.7, and —0.8 on the windward wall, side wall, and leeward 
wall of the model, respectively, what corresponding pressures 
could be expected to act on the prototype? If the lateral wind 
force (wind force on building normal to wind direction) was 
measured as 20 N in the model, what lateral force might be ex- 
pected in the prototype in the 150 km/h wind? 
8.73 Experiments were carried out in a water tunnel and a wind 
tunnel to measure the drag force on an object. The water tunnel 
was operated with fresh water at 20°C, and the wind tunnel was 
operated at 20°C and atmospheric pressure. Three models were 
used with dimensions of 5 cm, 8 cm, and 15 cm. The drag force 
on each model was measured at different velocities. The follow- 
ing data were obtained. 

Data for the water tunnel 





Model Size, cm Velocity, m/s Force, N 
5 1.0 0.064 
5 4.0 0.69 
5 8.0 2.20 
8 1.0 0.135 
8 4.0 1.52 
8 8.0 4.52 
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Data for the wind tunnel 


Model Size,cm Velocity, m/s Force, N 
8 10 0.025 
8 40 0.21 
8 80 0.64 
15 10 0.06 
15 40 0.59 
15 80 1.82 





The drag force is a function of the density, viscosity, velocity, 
and model size, 


Fp = fp, H, V, D) 


Using dimensional analysis, express this equation using m-groups 
and then write a computer program or use a spread sheet to reduce 
the data. Plot the data using the dimensionless parameters. 

8.74 Experiments are performed to measure the pressure drop in 
a pipe with water at 20°C and crude oil at the same temperature. 
Data are gathered with pipes of two diameters, 5 cm and 10 cm. 
The following data were obtained for pressure drop per unit 





length. 
For water 
Pipe Diameter, Velocity, Pressure Drop, 

cm m/s N/m? 

5 1 210 

5 2 730 

5 5 3750 

10 1 86 

10 2 320 

10 5 1650 


For crude oil 





Pipe Diameter, Velocity, Pressure Drop, 
cm m/s N/m? 
5 1 310 
5 2 1040 
5 5 5300 
10 1 130 
10 2 450 
10 5 2210 





The pressure drop per unit length is assumed to be a function of 
the pipe diameter, liquid density and viscosity, and the velocity, 


S =f(p, w, V, D) 


Perform a dimensional analysis to obtain the m-groups and then 
write a computer program or use a spreadsheet to reduce the 
data. Plot the results using the dimensionless parameters. 


C H A P T E R 


Surface Resistance 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Identify Couette and Hele-Shaw flows. 
e Distinguish between the laminar and turbulent boundary layer. 
e Sketch the development of a boundary layer on a flat plate showing main features. 
e Explain the meaning of the boundary-layer thickness. 
e Distinguish between the local shear stress and average shear stress coefficients. 
e Explain the process of boundary-layer separation. 


Procedural Knowledge 
e Calculate shear stress in Couette flow. 
e Calculate flow rate or pressure gradient in Hele-Shaw flow. 
e Calculate the boundary-layer thickness. 
e Calculate local shear stress and overall resistance for laminar and turbulent boundary layers. 


Typical Applications 
¢ For Couette flow, calculate surface resistance. 
¢ For Hele-Shaw flow, determine the flow rate. 
e For flow over a flat plate, find the shear stress as a function of Reynolds number. 


Viscous stresses create resistance to motion, or drag, as a body travels through a fluid. Aero- 
nautical engineers and naval architects are vitally interested in the drag on an airplane or the 
surface resistance of a ship because the success or failure of the craft is directly related to its 
resistive force. If the force is too large, the craft may be an economic failure because of the 
excessive costs (initial and operational) of the propulsion system. 

The phenomena responsible for shear stress at a surface and the prediction of shear 
force, or surface resistance, on a flat plate are addressed in this chapter. The discussion will 
build on the ideas of shear stress, viscosity, and velocity gradients presented in Chapter 2. In 
addition the concepts of the boundary layer and separation, introduced in Chapter 4, will be 
further expanded. 


— 


Surface Resistance with Uniform Laminar Flow 


In this section two cases of one-dimensional laminar flow with parallel streamlines are 
introduced, flow between two parallel plates with one plate stationary and the other moving 
and flow between two stationary parallel plates. The flows are uniform and steady. These 
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Figure 9.1 





Control volume for 
analysis of uniform flow 
with parallel 
streamlines. 


flows have important practical applications and illustrate the connections between velocity 
gradient and shear stress. 


Differential Equation for Uniform Laminar Flow 

Consider the control volume shown in Fig. 9.1, which is aligned with the flow direction s. 
The streamlines are inclined at an angle @ with respect to the horizontal plane. The control 
volume has dimensions As x Ay X unity; that is, the control volume has a unit length into the 
page. By application of the momentum equation, the sum of the forces acting in the s-direction 
is equal to the net outflow of momentum from the control volume. The flow is uniform, so 
the outflow of momentum is equal to the inflow and the momentum equation reduces to 


> F,=0 (9.1) 


There are three forces acting on the matter in the control volume: the forces due to pres- 
sure, shear stress, and gravity. The net pressure force is 


d 
pAy- (p + Pas) Ay = ETY 
ds ds 


The net force due to shear stress is 





(7 + Tay) As — TAS = C Ayi 

dy dy 
The component of gravitational force is pggAsAysinð. However, sin@ can be related to the rate 
at which the elevation, z, decreases with increasing s and is given by —dz/ds. Thus the grav- 
itational force becomes 


pgAsAy sin® = ~yAyAs© 


d. 


Summing all the forces to zero and dividing through by AsAy results in 


d _ d 
F = as? +z) (9.2) 
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Figure 9.2 





Flow generated by a 
moving plate (Couette 


flow). 


where it is noted that the gradient of the shear stress is equal to the gradient in piezometric 
pressure in the flow direction. The shear stress is equal to p du/dy, so the basic equation 
becomes 


2 
du 
2 


-ld 


where u is constant. This equation is now applied to the two flow configurations. 


Flow Produced by a Moving Plate (Couette Flow) 


Consider the flow between the two plates shown in Fig. 9.2. The lower plate is fixed, and the 
upper plate is moving with a speed U. The plates are separated by a distance L. In this prob- 
lem there is no pressure gradient in the flow direction (dp/ds = 0), and the streamlines are 
in the horizontal direction (dz/ds = 0), so Eq. (9.3) reduces to 


du 
dy” 


=0 


The two boundary conditions are 
u=0 at y=0 
u=U at y=L 
Integrating this equation twice gives 
u = Ciy +C, 
Applying the boundary conditions results in 
w= TU (9.4) 
which shows that the velocity profile is linear between the two plates. The shear stress is con- 
stant and equal to 
ra aS = wr (9.5) 


This flow is known as a Couette flow after a French scientist, M. Couette, who did pioneering 
work on the flow between parallel plates and rotating cylinders. It has application in the de- 
sign of lubrication systems. 

Example 9.1 illustrates the application of Couette flow in calculating surface 
resistance. 





[— tb ———_>| 
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EXAMPLE 9.1 SHEAR STRESS IN COUETTE FLOW 


SAE 30 lubricating oil at T = 38°C flows between two 
parallel plates, one fixed and the other moving at 1.0 m/s. 
Plates are spaced 0.3 mm apart. What is the shear stress on 
the plates? 


Problem Definition 
Situation: SAE 30 lubricating oil between parallel plates. 
Find: Shear stress (in N/m”) on top plate. 


Properties: From Table A.4, u = 1.0 x 107! N - s/m’. 


| 7 —> lms 


Sketch: 


SURFACE RESISTANCE 





Plan 
Calculate shear stress using Eq. (9.5). 
Solution 
_ Cm U 
= P F im 
= (1.0 x 10°' N+ s/m’)(1.0 m/s)/(3 x 10m) 


+ =|333 N/m 


Review 





Because the velocity gradient is constant, the shear stress is 
constant throughout the flow. The magnitude of the shear 





stress is the same for the bottom plate as the top plate. 








Flow Between Stationary Parallel Plates (Hele-Shaw Flow) 


Consider the two parallel plates separated by a distance B in Fig. 9.3. In this case, the flow 
velocity is zero at the surface of both plates, so the boundary conditions for Eq. (9.3) are 


u=0 at y=0 
u=0 at y=B 


Because the flow is uniform (i.e., there is no change in velocity in the streamwise direction), 
u is a function of y only. Therefore, du/dy in Eq. (9.3), as well as the gradient in piezometric 
pressure, must also be equal to a constant in the streamwise direction. Integrating Eq. (9.3) 
twice gives 
y 
u = ME fips yz)+ Cy +C, 

To satisfy the boundary condition at y = 0, set C, = 0. Applying the boundary condition at 
y =B requires that C, be 

Ci = 


Bd n+ yz) 
Zad” z 


so the final equation for the velocity is 





pae a e a 0.6 
u 


which is a parabolic profile with the maximum velocity occurring on the centerline between 
the plates, as shown in Fig. 9.3. The maximum velocity is 


timex = {2 
max Su 


2 


)£0 + yz) (9.7a) 
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Figure 9.3 





Uniform flow between 
two stationary plates 
(Hele-Shaw flow). 





or in terms of piezometric head 


2 
B'y\ dh 
Umax — 452) ae (9.7b) 
The fluid always flows in the direction of decreasing piezometric pressure or piezometric 
head, so dh/ds is negative, giving a positive value for umax 
The discharge per unit width, q, is obtained by integrating the velocity over the distance 
between the plates: 


Bo zg 7 ee 
q= | ud = (GF rT al 12p/ ds ee 
The average velocity is 
2 
=a (= ) ad -2 
V F an Fe +yz) 3 max (9.9) 


Note that flow is the result of a change of the piezometric head, not just a change of p or z 
alone. Experiments reveal that if the Reynolds number (VB/v) is less than 1000, the flow is 
laminar. For a Reynolds number greater than 1000, the flow may be turbulent and the equa- 
tions developed in this section are invalid. 

The flow between parallel plates is often called Hele-Shaw flow. It has application in 
flow visualization studies and in microchannel flows. 

A significant difference between Couette flow and Hele-Shaw flow is that the motion 
of a plate is responsible for Couette flow, whereas a gradient in piezometric pressure pro- 
vides the force to move a Hele-Shaw flow. 

Example 9.2 illustrates how to calculate the pressure gradient required for flow be- 
tween two parallel plates. 





EXAMPLE 9.2 PRESSURE GRADIENT FOR FLOW Find: Pressure gradient dp/ds (in Pa/m) for this flow. 
BETWEEN PARALLEL PLATES kaide 


Oil having a specific gravity of 0.8 and a viscosity of 
2x 10° N+ s/m? flows downward between two vertical 
smooth plates spaced 10 mm apart. If the discharge per meter 


of width is 0.01 m7/ s, what is the pressure gradient 
dp/ ds for this flow? | NIY | 


Problem Definition 4 


Situation: Oil flows downward between two vertical smooth 
plates spaced 10 mm apart. The discharge per meter of width 


is 0.01 (m*/s). 
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Piezometric head gradient is 
dh 12 12v 
a= Bg = -=q 


Properties: S = 0.8, p = 2 x 10° N-s/m’. 


Plan d in, = ie 
1. Check to see if the flow is laminar VB/v < 1000. If it is a) 
laminar, continue. dh _ e 
2. Calculate piezometric head gradient using Eq. (9.8). ds (0.01 m) XOS Ems 
3. Subtract elevation gradient to obtain the pressure gradient. 


x 0.01m°/s = —0.306 


3. Plates are oriented vertically, s is positive downward, so 
dz/ds = -1. Thus 


Solution 
1. Laminar flow condition is dh _ d|p dz 

Re = eee ds ds\y) ds 

v mo 
2 3 
— (0.01 m*/s) x 800 kg/m” _ 490 afe) = = 2 - == 0306+ 1 = 0.694 
0.02 N+ s/m? Ge) Bec ek 
VB/v < 1000. Flow is laminar, equations apply. or 


2. Kinematic viscosity: 
Bs d = (0.8 x 9810 N/m’) x 0.694 =|5450 N/m? per meter 
Is 


=) 2 
v= p/p= 2 NON 5 0 ms 


3 
0.8 x 1000 kg/m Review 


Note that the pressure increases in the downward direction, 
which means that the pressure, in part, supports the weight of 
the fluid. 





Qualitative Description of the Boundary Layer 


The purpose of this section is to provide a qualitative description of the boundary layer, 
which is the region adjacent to a surface over which the velocity changes from the free- 
stream value (with respect to the object) to zero at the surface. This region, which is generally 
very thin, occurs because of the viscosity of the fluid. The velocity gradient at the surface is 
responsible for the viscous shear stress and surface resistance. 


The boundary-layer development for flow past a thin plate oriented parallel to the flow 
direction shown in Fig. 9.4a. The thickness of the boundary layer, 5, is defined as the dis- 
tance from the surface where the velocity is 99% of the free-stream velocity. The actual 
thickness of a boundary layer may be 2%-3% of the plate length, so the boundary-layer 
thickness shown in Fig. 9.4a is exaggerated at least by a factor of five to show details of the 
flow field. Fluid passes over the top and underneath the plate, so two boundary layers are de- 
picted (one above and one below the plate). For convenience, the surface is assumed to be 
stationary, and the free-stream fluid is moving at a velocity U,. 

The development and growth of the boundary layer occurs because of the “no-slip” 
condition at the surface; that is, the fluid velocity at the surface must be zero. As the fluid 
particles next to the plate pass close to the leading edge of the plate, a retarding force (from 
the shear stress) begins to act on the particles to slow them down. As these particles progress 
farther downstream, they continue to be subjected to shear stress from the plate, so they 
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Figure 9.4 





Development of 
boundary layer and 
shear stress along a thin, 
flat plate. 

(a) Flow pattern above 
and below the plate. 

(b) Shear-stress 
distribution on either 
side of plate. 
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(b) 


continue to decelerate. In addition, these particles (because of their lower velocity) retard 
other particles adjacent to them but farther out from the plate. Thus the boundary layer be- 
comes thicker, or “grows,” in the downstream direction. The broken line in Fig. 9.4a identi- 
fies the outer limit of the boundary layer. As the boundary layer becomes thicker, the velocity 
gradient at the wall becomes smaller and the local shear stress is reduced. 

The initial section of the boundary layer is the laminar boundary layer. In this region 
the flow is smooth and steady. Thickening of the laminar boundary layer continues smoothly 
in the downstream direction until a point is reached where the boundary layer becomes unsta- 
ble. Beyond this point, the critical point, small disturbances in the flow will grow and spread, 
leading to turbulence. The boundary becomes fully turbulent at the transition point. The re- 
gion between the critical point and the transition point is called the transition region. 

In most problems of practical interest, the extent of the laminar boundary layer is small 
and contributes little to the total drag force on a body. Still it is important for flow of very vis- 
cous liquids and for flow problems with small length scales. 

The turbulent boundary layer is characterized by intense cross-stream mixing as turbu- 
lent eddies transport high-velocity fluid from the boundary layer edge to the region close to 
the wall. This cross-stream mixing gives rise to a high effective viscosity, which can be three 
orders of magnitude higher than the actual viscosity of the fluid itself. The effective viscosity, 
due to turbulent mixing is not a property of the fluid but rather a property of the flow, namely, 
the mixing process. Because of this intense mixing, the velocity profile is much “fuller” than 
the laminar-flow velocity profile as shown in Fig. 9.4a. This situation leads to an increased 
velocity gradient at the surface and a larger shear stress. 
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The shear-stress distribution along the plate is shown in Fig. 9.45. It is easy to visualize 
that the shear stress must be relatively large near the leading edge of the plate where the ve- 
locity gradient is steep, and that it becomes progressively smaller as the boundary layer 
thickens in the downstream direction. At the point where the boundary layer becomes turbu- 
lent, the shear stress at the boundary increases because the velocity profile changes produc- 
ing a steeper gradient at the surface. 

These qualitative aspects of the boundary layer serve as a foundation for the quantita- 
tive relations presented in the next section. 


Laminar Boundary Layer 


This section summarizes the equations for the velocity profile and shear stress in a laminar 
boundary layer and describes how to calculate shear stress and shear forces on a surface. 
This information can be used to estimate drag forces on surfaces in low Reynolds-number 
flows. 


Boundary-Layer Equations 

In 1904 Prandtl (1) first stated the essence of the boundary-layer hypothesis, which is that 
viscous effects are concentrated in a thin layer of fluid (the boundary layer) next to solid 
boundaries. Along with his discussion of the qualitative aspects of the boundary layer, he 
also simplified the general equations of motion of a fluid (Navier-Stokes equations) for appli- 
cation to the boundary layer. 

In 1908, Blasius, one of Prandtl’s students, obtained a solution for the flow in a laminar 
boundary layer (2) on a flat plate with a constant free-stream velocity. One of Blasius’s key 
assumptions was that the shape of the nondimensional velocity distribution did not vary from 
section to section along the plate. That is, he assumed that a plot of the relative velocity, 
u/ Up, versus the relative distance from the boundary, y/6, would be the same at each sec- 
tion. With this assumption and with Prandtl’s equations of motion for boundary layers, Bla- 
sius obtained a numerical solution for the relative velocity distribution, shown in Fig. 9.5.* 
In this plot, x is the distance from the leading edge of the plate, and Re, is the Reynolds num- 
ber based on the free-stream velocity and the length along the plate (Re, = Upx/v). In Fig. 9.5 
the outer limit of the boundary layer (u/ U) = 0.99) occurs at approximately yRel?/ x =5, 
Since y = 6 at this point, the following relationship is derived for the boundary-layer thickness 
in laminar flow on a flat plate: 





2Re!” =5 of J= (9.10) 
Re, 
The Blasius solution also showed that 
d(u/ U, 
Bo = 0.332 
di(y/x)Re, ] 


y0 


* Experimental evidence indicates that the Blasius solution is valid except very near the leading edge of the 
plate. In the vicinity of the leading edge, an error results because of certain simplifying assumptions. How- 
ever, the discrepancy is not significant for most engineering problems. 
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Figure 9.5 





Velocity distribution in 
laminar boundary layer. 


[After Blasius (2).] 
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which can be used to find the shear stress at the surface. The velocity gradient at the bound- 
ary becomes 





U, 
d| = 0.332- Re,” 
Y Jya 
= (9.11) 
du Uy” 
dl jan 
dy m (722 





Equation (9.11) shows that the velocity gradient (and shear stress) decreases with increasing 
distance x along the plate. 


Shear Stress 
The shear stress at the boundary is obtained from 


U, 
T = ne = 0.332H—Re,” (9.12) 
y=0 


Equation (9.12) is used to obtain the local shear stress at any given section (any given value 
of x) for the laminar boundary layer. 

Example 9.3 illustrates the application of the laminar boundary layer equations for cal- 
culating boundary layer thickness and shear stress. 


Surface Resistance 

Consider one side of a flat plate with width B and length L. Because the shear stress at the 
boundary, Tọ, varies along the plate, it is necessary to integrate this stress over the entire sur- 
face to obtain the total surface resistance, F,. 


F,= [rog dx (9.13) 
0 
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EXAMPLE 9.3 LAMINAR BOUNDARY-LAYER 
THICKNESS AND SHEAR STRESS 

Crude oil at 70°F (v = 10“ ft’/s, S = 0.86 ) with a free- 
stream velocity of 1 ft/s flows past a thin, flat plate that is 4 
ft wide and 6 ft long in a direction parallel to the flow. The 
flow is laminar. Determine and plot the boundary-layer 
thickness and the shear stress distribution along the plate. 


Problem Definition 

Situation: Crude oil flows past a thin, flat plate. Free-stream 
velocity is 1 ft/s. plate. 

Find: 

1. Surface shear stress, 7,, as function of x. 

2. Boundary-layer thickness, 5, as function of x. 


S = 0.86 


Properties: For oil, v = o~” ft/s, 
Sketch: 














Assumptions: 


1. Plate is smooth, flat with sharp leading edge. 
2. Boundary layer is laminar. 


Plan 


1. Calculate boundary-layer thickness with Eq. (9.10). 
2. Calculate shear-stress distribution with Eq. (9.12). 


Solution 


1. Reynolds-number variation with distance 


(Ui 
Re, = Z 2 Is Za = 10x 
K 10 
Boundary-layer thickness 
— Dis DE O ă omy 
o= E = Do. = 5x10 ft 





2. Shear-stress distribution 


1/2 


x 


Uo 
T= 0.3324—"Re 


u = pv = 1.94 slugs/ ft? x 0.86 x 107° ft/s 
= 1.67x 10“ Ibf-s/ ft? 


T T SA 10° 


7 = 0.332(1.67 x 10™")—(10°x") ia Pst 
xX 


The results for Example 9.3 are plotted in the accompanying 
figure and listed in Table 9.1. 





Boundary-layer 
thickness 
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Distance, ft 





Table 9.1 RESULTS—6 AND 7, FOR DIFFERENT 











VALUES OF x 
x = 0.1 ft x = 1.0 ft x = 2ft x=4ft x = 6ft 
p 0.316 1.00 1.414 2.00 2.45 





To, psf 0.018 0.0055 0.0037 0.0028 0.0023 
ò, ft 0.016 0.050 0.071 0.10 0.122 
ò, in 0.190 0.600 0.848 1.200 1.470 
Review 


Notice that the boundary-layer thickness increases with 
distance and that it is very thin. At the end of the plate 
6/x = 0.02, or the boundary-layer thickness is 2% of the 
distance from leading edge. 

Notice also that shear stress decreases with distance from 
leading edge of the plate. 
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Substituting in Eq. (9.12) for Tọ and integrating gives 


1/2 1/2 


L UjUy x 
F, = 0.3328- — dx 
0 XV 
1/2,1/2 (9.14) 


= 0.664B Uy —— 
Y 


= 0.664Bu U,Re:” 


where Re, is the Reynolds number based on the approach velocity and the length of the plate. 


Shear-Stress Coefficients 


It is convenient to express the shear stress at the boundary, Tọ, and the total shearing force F, 
in terms of m-groups involving the kinetic pressure of the free stream, pUp)/2. The /ocal 
shear-stress coefficient, cy, is defined as 


To 





O (9.15) 
© PUg/2 
Substituting Eq. (9.12) into Eq. (9.15) gives c; as a function of Reynolds number based on 
the distance from the leading edge. 

Ux 


= 0.664 where Re, =U (9.16) 


1/2 v 
Re, 





i 


The total shearing force, as given by Eq. (9.13), can also be expressed as a T-group 


F 
C= — = (9.17) 
(pUp/2)A 


where A is the plate area. This m-group is called the average shear-stress coefficient. Substi- 
tuting Eq. (9.14) into Eq. (9.17) gives C;: 





1.33 UL 
= =a where Re, = E7 (9.18) 
Re, 


Example 9.4 shows how to calculate the total surface resistance for a laminar boundary 
layer on a flat plate. 





EXAMPLE 9.4 RESISTANCE CALCULATION FOR Problem Definition 
LAMINAR BOUNDARY LAYER ON A FLAT PLATE 


Situation: Crude oil flows past a thin, flat plate. Free-stream 


Crude oil at 70°F (v = 10“ ft’/s, S = 0.86.) with a free- velocity is 1 ft/s. 


stream velocity of | ft/s flows past a thin, flat plate that is 


Find: Shear resistance (in lbf) on one side of plate. 


4 ft wide and 6 ft long in a direction parallel to the flow. The Pees 
flow is laminar. Determine the resistance on one side of the Properties: For oil, v = 10 ft/s, S = 0.86. 


plate. Assumptions: Flow is laminar. 
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Sketch: Solution 
1. Reynolds number. 
L 
ge Coe l RSX OR = 6x 10" 
K LORS 
2. Value for Cx: 
p= SS = an = 0.0054 
Re, (6x 10°) 
Plan 3. Total shear force. 
C,BLpU; 
1. Calculate the Reynolds number based on plate length. | pegs aad a 
2. Evaluate C,using Eq. (9.18). i 2 
3. Calculate total shear force using Eq. (9.17). = 0.0054 x 4 ft x 6 ft x 0.86 
pepe) 
x 1.94 slugs/ft? x Aa =[0.108 lbf 





Boundary Layer Transition 


n°: 


Transition is the zone where the laminar boundary layer changes into a turbulent boundary 
layer as shown in Fig. 9.4a. As the laminar boundary layer continues to grow, the viscous 
stresses are less capable of damping disturbances in the flow. A point is then reached where 
disturbances occurring in the flow are amplified, leading to turbulence. The critical point 
occurs at a Reynolds number of about 10° (Re,, = 10°) based on the distance from the leading 
edge. Vortices created near the wall grow and mutually interact, ultimately leading to a fully 
turbulent boundary layer at the transition point, which nominally occurs at a Reynolds 
number of 3x 10° (Re, =3 Xx 10°). For purposes of simplicity in this text, it will be 
assumed that the boundary layer changes from laminar to turbulent flow at a Reynolds 
number 500,000. The details of the transition region can be found in White (3). 


Transition to a turbulent boundary layer can be influenced by several other flow condi- 
tions, such as free-stream turbulence, pressure gradient, wall roughness, wall heating, and 
wall cooling. With appropriate roughness elements at the leading edge, the boundary layer 
can become turbulent at the very beginning of the plate. In this case it is said that the bound- 
ary layer is “tripped” at the leading edge. 


Turbulent Boundary Layer 


Understanding the mechanics of the turbulent boundary layer is important because in the 
majority of practical problems it is the turbulent boundary layer that is primarily responsible 
for surface shear force, or surface resistance. In this section the velocity distribution in the 
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Figure 9.6 





Sketch of zones in 
turbulent boundary 
layer. 


turbulent boundary layer on a flat plate oriented parallel to the flow is presented. The 
correlations for boundary-layer thickness and shear stress are also included. 


Velocity Distribution 


The velocity distribution in the turbulent boundary layer is more complicated than the laminar 
boundary layer. The turbulent boundary has three zones of flow that require different equations 
for the velocity distribution in each zone, as opposed to the single relationship of the laminar 
boundary layer. Figure 9.6 shows a portion of a turbulent boundary layer in which the three dif- 
ferent zones of flow are identified. The zone adjacent to the wall is the viscous sublayer; the 
zone immediately above the viscous sublayer is the logarithmic region; and, finally, beyond that 
region is the velocity defect region. Each of these velocity zones will be discussed separately. 


Viscous Sublayer 

The zone immediately adjacent to the wall is a layer of fluid that is essentially laminar be- 
cause the presence of the wall dampens the cross-stream mixing and turbulent fluctuations. 
This very thin layer is called the viscous sublayer. This thin layer behaves as a Couette flow 
introduced in Section 9.1. In the viscous sublayer, T is virtually constant and equal to the 
shear stress at the wall, tọ. Thus du/dy = T)/, which on integration yields 


_ To) 


(9.19) 
u 
Dividing the numerator and denominator by p gives 
_ To/P 
u7p” 
(9.20) 


[T)/p oy 


The combination of variables ,/t)/p has the dimensions of velocity and recurs again and 
again in derivations involving boundary-layer theory. It has been given the special name 
shear velocity. The shear velocity (which is also sometimes called friction velocity) is sym- 


bolized as ux. Thus, by definition, 
Ux = E (9.21) 
p 





u LP, 


Turbulent velocity 
defect law 


ae Logarithmic distribution 








oe oo 7 
J3 


UJ 














Viscous sublayer 
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Figure 9.7 





Velocity fluctuations in 
turbulent flow. 


Now, substituting uw. for ,/t)/p in Eq. (9.20), yields the nondimensional velocity distribution 
in the viscous sublayer: 


“y (9.22) 





Experimental results show that the limit of viscous sublayer occurs when yu./v is approxi- 
mately 5. Consequently, the thickness of the viscous sublayer, identified by 5’, is given as 


gas (9.23) 


Ux 


The thickness of the viscous sublayer is very small (typically less than one-tenth the thick- 
ness of a dime). The thickness of the viscous sublayer increases as the wall shear stress de- 
creases in the downstream direction. 


The Logarithmic Velocity Distribution 
The flow zone outside the viscous sublayer is turbulent; therefore, a completely different 
type of flow is involved. The mixing action of turbulence causes small fluid masses to be 
swept back and forth in a direction transverse to the mean flow direction. A small mass of 
fluid swept from a low-velocity zone next to the viscous sublayer into a higher-velocity 
zone farther out in the stream has a retarding effect on the higher-velocity stream. Simi- 
larly, a small mass of fluid that originates farther out in the boundary layer in a high-veloc- 
ity flow zone and is swept into a region of low velocity has the effect of accelerating the lower- 
velocity fluid. Although the process just described is primarily a momentum exchange phe- 
nomenon, it has the same effect as applying a shear stress to the fluid; thus in turbulent 
flow these “stresses” are termed apparent shear stresses, or Reynolds stresses after the 
British scientist-engineer who first did extensive research in turbulent flow in the late 
1800s. 

The mixing action of turbulence causes the velocities at a given point in a flow to fluc- 
tuate with time. If one places a velocity-sensing device, such as a hot-wire anemometer, in a 
turbulent flow, one can measure a fluctuating velocity, as illustrated in Fig. 9.7. It is conve- 
nient to think of the velocity as composed of two parts: a mean value, u, plus a fluctuating 
part, u’. The fluctuating part of the velocity is responsible for the mixing action and the mo- 
mentum exchange, which manifests itself as an apparent shear stress as noted previously. In 
fact, the apparent shear stress is related to the fluctuating part of the velocity by 





Tapp Z TPU V (9.24) 


Instantaneous velocity 








Time 
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Figure 9.8 





Concept of mixing 
length. 


du 
=f 
| wae 








Fluid mass 
(initial position) y 








>X 


— 
u 


where u’ and v’ refer to the x and y components of the velocity fluctuations, respectively, and 
the bar over these terms denotes the product of u’v’ averaged over a period of time.* The ex- 
pression for apparent shear stress is not very useful in this form, so Prandtl developed a the- 
ory to relate the apparent shear stress to the temporal mean velocity distribution. 

The theory developed by Prandtl is analogous to the idea of molecular transport creat- 
ing shear stress presented in Chapter 2. In the turbulent boundary layer, the principal flow is 
parallel to the boundary. However, because of turbulent eddies, there are fluctuating compo- 
nents transverse to the principal flow direction. These fluctuating velocity components are 
associated with small masses of fluid, as shown in Fig. 9.8, that move across the boundary 
layer. As the mass moves from the lower-velocity region to the higher-velocity region it tends 
to retain its original velocity. The difference in velocity between the surrounding fluid and 
the transported mass is identified as the fluctuating velocity component u’. For the mass 
shown in Fig. 9.8, u’ would be negative and approximated byt 


where du/dy is the mean velocity gradient and £ is the distance the small fluid mass travels 
in the transverse direction. Prandtl identified this distance as the “mixing length.” Prandtl as- 
sumed that the magnitude of the transverse fluctuating velocity component is proportional to 
the magnitude of the fluctuating component in the principal flow direction: |v’| = |w'| which 
seems to be a reasonable assumption because both components arise from the same set of ed- 
dies. Also, it should be noted that a positive v’ will be associated with a negative u’, so 
the product u’v’ will be negative. Thus the apparent shear stress can be expressed as 





_ 2 
Tp pun = pea) (9.25) 
A more general form of Eq. (9.25) is 
Tapp — P dy dy 








which ensures that the sign for the apparent shear stress is correct. 


* Equation (9.24) can be derived by considering the momentum exchange that results when the transverse 
component of turbulent flow passes through an area parallel to the x-z plane. Or, by including the fluctuating 
velocity components in the Navier-Stokes equations, one can obtain the apparent shear stress terms, one of 
which is Eq. (9.24). Details of these derivations appear in Chapter 18 of Schlichting (4). 

+ For convenience, the bar used to denote time-averaged velocity is deleted. 
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The theory leading to Eq. (9.25) is called Prandtl’s mixing-length theory and is used ex- 
tensively in analyses involving turbulent flow.* Prandtl also made the important and clever 
assumption that the mixing length is proportional to the distance from the wall (€ = ky) for 
the region close to the wall. If one considers the velocity distribution in a boundary layer where 
du/ dy is positive, as is shown in Fig. 9.8, and substitutes ky for €, then Eq. (9.25) reduces to 


_ 2 af du? 
Tapp — PK Y dy 


For the zone of flow near the boundary, it is assumed that the shear stress is uniform and ap- 
proximately equal to the shear stress at the wall. Thus the foregoing equation becomes 


2 2(du\* 
To = pK (+) 9.26 
le (9.26) 
Taking the square root of each side of Eq. (9.26) and rearranging yields 


/ 
K 


Y 
Integrating the above equation and substituting u+ for ,/T9/p gives 


u o nga GC (9.27) 
Ux K 


Experiments on smooth boundaries indicate that the constant of integration C can be given in 
terms of ux, v, and a pure number as 


A 
K Ux 


When this expression for C is substituted into Eq. (9.27), the result is 


u 1 yux 
— =- In 
K 





+5.56 (9.28) 


Ux Vv 


In Eq. (9.28), k has sometimes been called the universal turbulence constant, or Karman’s 
constant. Experiments show that this constant is approximately 0.41 (3) for the turbulent 
zone next to the viscous sublayer. Introducing this value for k into Eq. (9.28) gives the 
logarithmic velocity distribution 


b= 24a 


Ux Vv 





+ 5.56 (9.29) 


Obviously the region where this model is valid is limited because the mixing length cannot 
continuously increase to the boundary layer edge. This distribution is valid for values of 
yux/v ranging from approximately 30 to 500. 

The region between the viscous sublayer and the logarithmic velocity distribution is the 
buffer zone. There is no equation for the velocity distribution in this zone, although various em- 
pirical expressions have been developed (6). However, it is common practice to extrapolate the 
velocity profile for the viscous sublayer to larger values of yu./v and the logarithmic velocity 
profile to smaller values of yu./v until the velocity profiles intersect as shown in Fig. 9.9. The 


* Prandtl published an account of his mixing-length concept in 1925. G. I. Taylor (5) published a similar con- 
cept in 1915, but the idea has been traditionally attributed to Prandtl. 
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Figure 9.9 





Velocity distribution in a 
turbulent boundary layer. 
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intersection occurs at yu./v = 11.84 and is regarded as the demarcation between the viscous 
sublayer and the logarithmic profile. The “nominal” thickness of the viscous sublayer is 
8 = 11.84— (9.30) 

The combination of the viscous and logarithmic velocity profile for the range of yu./v 
from 0 to approximately 500 is called the /aw of the wall. 

Making a semilogarithmic plot of the velocity distribution in a turbulent boundary 
layer, as shown in Fig. 9.9, makes it straightforward to identify the velocity distribution in the 
viscous sublayer and in the region where the logarithmic equation applies. However, the log- 
arithmic nature of this plot accentuates the nondimensional distance yu./v near the wall. A 
better perspective of the relative extent of the regions is obtained by plotting the graph on a 
linear scale, as shown in Fig. 9.10. From this plot one notes that the laminar sublayer and 
buffer zone are a very small part of the thickness of the turbulent boundary layer. 


Velocity Defect Region 

For y/6 > 0.15 and yu./v > 500 the velocity profile corresponding to the law of the wall 
becomes increasingly inadequate to match experimental data, so a third zone, called the ve- 
locity defect region, is identified. The velocity in this region is represented by the velocity 
defect law, which for a flat plate with zero pressure gradient is simply expressed as 


os =/(%) (9.31) 


Ux 





298 


SURFACE RESISTANCE 





Figure 9.10 





Velocity distribution in a 
turbulent boundary 
layer—linear scales. 


Figure 9.11 





Velocity defect law for 
boundary layers on flat 
plate (zero pressure 
gradient). 

[After Rouse (6).] 
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and the correlation with experimental data is plotted in Fig. 9.11. At the edge of the boundary 
layer y = dand (U)—u)/us = 0,80 u = Up, or the free-stream velocity. This law applies to 
rough as well as smooth surfaces. However, the functional relationship has to be modified for 
flows with free-stream pressure gradients. 
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Table 9.2 ZONES FOR TURBULENT BOUNDARY LAYER ON FLAT PLATE 








Zone Velocity Distribution Range 
Ux * 

Loi 0a = 11.84 

Viscous Sublayer Ux v v 
Ux * 

U = 244m + 5.56 11.84 <Ż < 500 
Logarithmic Velocity Distribution Ux 1d v 

Uo- u ( z) Yux y 

TE E Š cg eae A 
Velocity Defect Law Ux í 5 i v’d a 





As shown in Fig. 9.9, the demarcation between the law of the wall and the velocity de- 
fect regions is somewhat arbitrary, so there is considerable overlap between the two regions. 
The three zones of the turbulent boundary layer and their range of applicability are summa- 
rized in Table 9.2. 


Power-Law Formula for Velocity Distribution 

Analyses have shown that for a wide range of Reynolds numbers (10° < Re < 10’), the 
velocity profile in the turbulent boundary layer on a flat plate is approximated reasonably by the 
power-law equation 


u (2 1/7 9 32) 
Uo ô ` 

Comparisons with experimental results show that this formula conforms to those results 
very closely over about 90% of the boundary layer (0.1 < y/6 < 1). Obviously it is not 
valid at the surface because (du)/ (dy) l =0 > > which implies infinite surface shear 
stress. For the inner 10% of the boundary layer, one must resort to equations for the law of the 
wall (see Fig. 9.9) to obtain a more precise prediction of velocity. Because Eq. (9.32) is valid 
over the major portion of the boundary layer, it is used to advantage in deriving the overall 
thickness of the boundary layer as well as other relations for the turbulent boundary layer. 

Example 9.5 illustrates the application of various equations to calculate the velocity in 
the turbulent boundary layer. 





EXAMPLE 9.5 TURBULENT BOUNDARY-LAYER Problem Definition 
PROPERTIES 


Water (60°F) flows with a velocity of 20 ft/s past a flat plate. | the flow. At a point downstream of the leading edge of the 


Situation: Water flows past a flat plate oriented parallel to 


The plate is oriented parallel to the flow. At a particular plate, shear stress on the plate is 0.896 Ibf/ f? and boundary 
section downstream of the leading edge of the plate, the layer thickness is 0.0880 ft. 

boundary layer is turbulent, the shear stress on the plate is Find: 

0.896 Ibf/ ft”, and the boundary-layer thickness is 0.0880 ft. 1. Velocity at 0.0088 ft from plate using 

Find the velocity of the water at a distance of 0.0088 ft from a. Logarithmic velocity distribution 

the plate as determined by b. Velocity defect law 

a. The logarithmic velocity distribution c. Power-law formula 

b. The velocity defect law 2. Nominal thickness of viscous sublayer 


c. The power-law formula 


‘ : : ; Properties: 
Also, what is the nominal thickness of the viscous sublayer? 


From Table A.5, p = 1.94 slugs/f? v = 1.22 x 10° ft’/s. 
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Sketch: 3. Nondimensional distance 
y/6 = 0.0088 ft/0.088 ft = 0.10 
From Fig. 9.11 


U, = 20 ft/s 
— 











Vt 8.2 
Ux 
are 4. Velocity from defect law 
y= Up = 8.2 Ux 
To= 9.830 Pst = 20 ft/s — (8.2)(0.68) ft/s 
=|14.4 ft/s 
nian 5. Power-law formula 
1. Calculate shear velocity, ux, from Eq. (9.21). 
2. Calculate u using Eq. (9.29) for logarithmic profile. u/ U) = (y/8) 7 
3. Calculate y/6 and find (Up — u)/u from Fig. 9.11. 7 ono! 
4. Calculate u from (Up -— u)/ ux for velocity defect law. BALE IOAN) 
5. Calculate u from Eq.(9.32) for power law. = (20 ft/s)(0.7197) 
6. Calculate 6), from Eq. (9.30). =|14.40 ft/s 
Solution 


6. Nominal sublayer thickness 
1. Shear velocity 


poa S B pd 
ee Gun by = 11.84v/us = (11.84)(1.22 x 10` ft /s)/(0.68 ft/s) 


= 2.12 x 10 ft =|2.54 x 107 in 


= [(0.896 Ibf/ft2)/(1.94slugs/ft’)]” = 0.680 ft/s 


2. Logarithmic velocity distribution Review 
yus/v = (0.0088 ft) (0.680 ft/s)/(1.22 x 10° ft/s) = 490 Notice that the velocity obtained using logarithmic 
u/ Ux = 2.44 In(yus/v) + 5.56 
= 2.44 x In(490) + 5.56 = 20.7 


u = 20.7 x 0.680 ft/s =|14.1 ft/s 


distribution and defect law are nearly the same, which 
indicates that the point is in the overlap region. 





Boundary-Layer Thickness and Shear-Stress Correlations 


Unlike the laminar boundary layer, there is no analytically derived equation for the thickness 
of the turbulent boundary layer. There is a way to obtain an equation by using momentum 
principles, empirical data for the local shear stress, and by assuming the 1/7 power velocity 
profile (3). The result is 





(9.33) 


where x is the distance from the leading edge of the plate and Re, is Upx/v. 
Many empirical expressions have been proposed for the local shear-stress distribution 
for the turbulent boundary layer on a flat plate. One of the simplest correlations is 








(9.34a) 
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and the corresponding average shear-stress coefficient is 


0.032 


1/7 
Re ez 





„= (9.34b) 


where Re, is the Reynolds number of the plate based on the length of the plate in the stream- 
wise direction. 

Even though the variation of cp with Reynolds number given by Eq. (9.34a) pro- 
vides a reasonably good fit with experimental data for Reynolds numbers less than 107, it 
tends to underpredict the skin friction at higher Reynolds numbers. There are several correla- 
tions that have been proposed in the literature; see the review by Schlichting (4). A correla- 
tion proposed by White (3) that fits the data for turbulent Reynolds numbers up to 10'° is 


Gp OES (9.35) 


In°(0.06Re,) 


The corresponding average shear-stress coefficient is 
0.523 


C = an 
In°(0.06Re;) 


(9.36) 


These are the correlations for shear-stress coefficients recommended here. 

The boundary layer on a flat plate is composed of both a laminar and turbulent part. 
The purpose here is to develop a correlation valid for the combined boundary layer. As noted 
in Section 9.3, the boundary layer on a flat plate consists first of a laminar boundary layer 
that grows in thickness, develops instability, and becomes turbulent. A turbulent boundary 
layer develops over the remainder of the plate. As discussed earlier in Section 9.4, the transi- 
tion from a laminar to turbulent boundary layer is not immediate but takes place over a tran- 
sition length. However for the purposes of analysis here it is assumed that transition occurs at 
a point corresponding to a transition Reynolds number, Re,,, of about 500,000. 

The idea here is to take the turbulent shear force for length L, F, ,,,,(L), assuming the 
boundary layer is turbulent from the leading edge, subtract the portion up to the transition point, 


F, turp(L4,) and replace it with the laminar shear force up to the transition point F, j4,(,,). Thus 
the composite shear force on the _- is 
h= Fics (L)- E tate (Ly) + F; , lam (Ly) 
Substituting in Eq. (9.18) for laminar flow and Eq. (9.36) for turbulent flow over a plate of 
width B gives 
Us 
- are O a BE - —9523__ pr 4 + EDA p= (9.37) 
In°(0.06Re,) In“ (0.06Re,,) Re, 


where Re,, is the Reynolds number at the transition, Re, is the Reynolds number at the end of 
the plate, and L, is the distance from the leading edge of the plate to the transition zone. 

Expressing the resistance force in terms of the average shear-stress coefficient, C, = 
F /(BLp Ug/2), gives 


C= 





0.523 of 133. 0.523 
L 


In’(0.06Re, ) Rel? In*(0.06Re,,) 
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Figure 9.12 
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Finally, for Re, = 500,000, the equation for average shear-stress coefficient becomes 
0.523 _ 1520 


” 1n?(0.06Re,) Rez 


(9.38) 


The variation of C; with Reynolds number is shown by the solid line in Fig. 9.12. This 
curve corresponds to a boundary layer that begins as a laminar boundary layer and then 
changes to a turbulent boundary layer after the transition Reynolds number. This is the normal 
condition for a flat-plate boundary layer. Table 9.3 summarizes the equations for boundary- 
layer-thickness, and for local shear-stress and average shear-stress coefficients for the boundary 
layer on a flat plate. 


Table 9.3 SUMMARY OF EQUATIONS FOR BOUNDARY LAYER ON A FLAT PLATE 














Laminar Flow Turbulent Flow 
Re,, Re, < 5x 10° Re,, Re, > 5x 10° 
Ra ou zae 
1/2 7 
Boundary-Layer Thickness, 5 Re, Re, 
_ _ 0.664 = 0.455 
eT == 
Local Shear-Stress Coefficient, cy Re, In’(0.06Re,) 
wie Win 
aE Cie ae Se 


Average Shear-Stress Coefficient, C, Re, a In’(0.06Re L) Re, 
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Example 9.6 shows the calculation of surface resistance due to a boundary layer on a 


flat plate. 


EXAMPLE 9.6 LAMINAR/TURBULENT 
BOUNDARY LAYER ON FLAT PLATE 


Assume that air 20°C and normal atmospheric pressure flows 
over a smooth, flat plate with a velocity of 30 m/s. The 
initial boundary layer is laminar and then becomes turbulent 
at a transitional Reynolds number of 5 x 10° The plate is 3 m 
long and 1 m wide. What will be the average resistance 
coefficient C, for the plate? Also, what is the total shearing 
resistance of one side of the plate, and what will be the 
resistance due to the turbulent part and the laminar part of the 
boundary layer? 


Problem Definition 


Situation: Air flows past a flat plate parallel to the flow 
with a velocity of 30 m/s. 

Find: 

1. Average shear-stress coefficient, C} for the plate. 

2. Total shear force (in newtons) on one side of plate. 

3. Shear force (in newtons) due to laminar part. 

4. Shear force (in newtons) due to turbulent part. 
Assumptions: The leading edge of the plate is sharp, and the 
boundary is not tripped on the leading edge. 

Sketch: 














Properties: From Table A.3, 
p = 1.2 kg/m) v = 1.51 x 10° m’ss. 


Plan 


1. Calculate the Reynolds number based on plate length, Re,. 

2. Calculate C; using Eq. (9.38). 

3. Calculate the total shear force on one side of plate using 
F, = (1/2)pU? CBL. 

4. Using value for transition Reynolds number, find 
transition point. 





5. Use Eq. (9.18) to find average shear-stress coefficient for 
laminar portion. 


6. Calculate shear force for laminar portion. 
7. Subtract laminar portion from total shear force. 


Solution 


1. Reynolds number based on plate length 
30 m/sx3 m 


6 
oe OK 10 
Sil s< lO mS 


Re, = 
2. Average shear-stress coefficient 


C= tM ae =[0.00294 
er 


3. Total shear force 


F, = C,BLp(U/2) 
3 (30 m/s) i 
= 0.00294 x 1 mx 3 mx 1.2 kg/m? x “> =[4.76 N 


4. Transition point 





Ur — 500,000 
Vv 
=5 
.= 500,000 x 1.51 x 107 _ 9459 m 
30 
5. Laminar average shear-stress coefficient 
c,= 132 = 0.00188 
1/2 
Reg 
6. Laminar shear force 
2 
F, tam = 0.00188 x 1 mx 0.252 mx 1.2 kg/m’? x Goel 
=|0.256 N 
7. Turbulent shear force 
Fo 4. ON 026N — 4 50iN 





If the boundary layer is “tripped” by some roughness or leading-edge disturbance 
(such as a wire across the leading edge), the boundary layer is turbulent from the leading 
edge. This is shown by the dashed line in Fig. 9.12. For this condition the boundary layer 
thickness, local shear-stress coefficient, and average shear-stress coefficient are fit reason- 
ably well by Eqs. (9.33), (9.34a), and (9.34b). 
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0.16x 0.027 0.032 
$= i C,;= (9.39) 
Re : /7 f Re i f Re l /7 


which are valid up to a Reynolds number of 10’. For Reynolds numbers beyond 107, the av- 
erage shear-stress coefficient given by Eq. (9.36) can be used. It is of interest to note that ma- 
rine engineers incorporate tripping mechanisms for the boundary layer on ship models to 
produce a boundary layer that can be predicted more precisely than a combination of laminar 
and turbulent boundary layers. 

Example 9.7 illustrates calculating surface resistance with a tripped boundary layer. 


EXAMPLE 9.7 RESISTANCE FORCE WITH 
TRIPPED BOUNDARY LAYER 


Air at 20°C flows past a smooth, thin plate with a free-stream 
velocity of 20 m/s. Plate is 3 m wide and 6 m long in the 
direction of flow and boundary layer is tripped at the leading 
edge. 


Plan 

1. Calculate the Reynolds number based on plate length. 
2. Find average shear-stress coefficient from Fig. 9.12. 
3. Calculate surface resistance for both sides of plate. 


Solution 


1. Reynolds number 
Problem Definition 


Situation: Air flows past a smooth, thin plate. Boundary 
layer is tripped at leading edge. 


Find: Total shear resistance (in newtons) on both sides of Reynolds number is less than 10’. 














plate. 2. Average shear-stress coefficient 
Sketch: 0.032 
Ge Val 
ear Re, 
fe “Tripping” wire nee 
20 mis = : mwa = 0.0033 
D” (7.96 x 10°) 
3. Resistance force 
i 6m 2 
: pUo 
Assumptions: From Table A.3, F, =2x CA 


2 


p = 1.2 kg/m’, p = 1.81x 10° N- s/m’. = 0.0033 x3 mx 6 mx 1.2 kg/m? x (20 m/s)” 


TEER) 





Even though the equations in this chapter have been developed for flat plates, they are 
useful for engineering estimates for some surfaces that are not truly flat plates. For example, 
the skin friction drag of the submerged part of the hull ofa ship can be estimated with Eq. (9.38). 


—< 


Pressure Gradient Effects on Boundary Layers 


In the preceding sections the features of a boundary layer on a flat plate where the external 
pressure gradient is zero have been presented. The boundary layer begins as laminar, goes 
through transition, and becomes turbulent with a “fuller” velocity profile and an increase in 
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Figure 9.13 





Surface pressure 
distribution on airfoil 
section. 


local shear stress. The purpose of this section is to present some features of the boundary 
layer over a curved surface where the external pressure gradient is not zero. 


The flow over an airfoil section is shown in Fig. 9.13. The variation in static pressure 
with distance, s, along the surface is also shown on the figure. The point corresponding to 
s = Qis the forward stagnation point where the pressure is equal to the stagnation pressure. 
The pressure then decreases toward a minimum value at the midsection. This minimum pres- 
sure corresponds to the location of maximum speed as predicted by the Bernoulli equation. 
The pressure then rises again as the flow accelerates toward the trailing edge. When the pres- 
sure decreases with increasing distance (dp/ds < 0), the pressure gradient is referred to as 
a favorable pressure gradient as introduced in Chapter 4. This means that the direction of the 
force due to the pressure gradient is in the flow direction. In other words, the effect of the pres- 
sure gradient is to accelerate the flow. This is the condition between the forward stagnation 
point and the point of minimum pressure. A rise in pressure with distance (dp/ds > 0) is 
called an adverse pressure gradient and occurs between the point of minimum pressure and 
the trailing edge. The pressure force due to the adverse pressure gradient acts in the direction 
opposite to the flow direction and tends to decelerate the flow. 

The external pressure gradient effects the properties of the boundary layer. Compared 
to a flat plate, the laminar boundary layer in a favorable pressure gradient grows more slowly 
and is more stable. This means that the boundary-layer thickness is less and the local shear 
stress is increased. Also the transition region is moved downstream, so the boundary layer 
becomes turbulent somewhat later. Of course, free-stream turbulence and surface roughness 
will still promote the early transition to a fully turbulent boundary layer. 

The effect of external pressure gradient on the boundary layer is most pronounced for 
the adverse pressure gradient. The development of the velocity profiles for the laminar and 
turbulent boundary layers in an adverse pressure gradient are shown in Fig. 9.14. The retard- 
ing force associated with the adverse pressure gradient decelerates the flow, especially near 
the surface where the velocities are the lowest. Ultimately there is a reversal of flow at the 
wall, which gives rise to a recirculatory pattern and the formation of an eddy. This phenome- 
non is called boundary-layer separation. The point of separation is defined where the veloc- 
ity gradient du/dy becomes zero as indicated on the figure. The separation point for the 
turbulent boundary layer occurs farther downstream because the velocity profile is much 
fuller (higher velocities persist closer to the wall) than the laminar profile, and it takes longer 
for the adverse pressure gradient to decelerate the flow. Thus the turbulent boundary layer is 
less affected by the adverse pressure gradient. 








Favorable 





L pressure gradient Adverse 
pressure gradient 


—— Direction of pressure force 9 <——— 
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Figure 9.14 





Velocity distribution and 
streamlines for boundary 
layer separation. 

(a) Laminar boundary 
layer. 

(b) Turbulent boundary 
layer. 
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(b) 








Separation point 


Even though shear stresses on a body in a flow may not contribute significantly to the to- 
tal drag force, the effect of boundary-layer separation can be very important. When boundary- 
layer separation takes place on airfoils at a high angle of attack, “stall” occurs, which means the 
airfoil loses its capability to provide lift. A photograph illustrating boundary-layer separation on 
an airfoil section is shown in Fig. 4.26. Boundary-layer separation on a cylinder was discussed 
and illustrated in Section 4.8 on page 111. Understanding and controlling boundary-layer sepa- 
ration is important in the design of fluid dynamic shapes for maximum performance. 


The variation in velocity for a planar (two-dimensional) steady flow with parallel streamlines 
is governed by the equation 


du ld 
ZE = =< (p+ yz) 


dy H ds 


where the distance y is normal to the streamlines and the distance s is along the streamlines. 
In this chapter, this equation is used to analyze two flow configurations: Couette flow (flow 
generated by a moving plate) and Hele-Shaw flow (flow between stationary parallel plates). 


The boundary layer is the region where the viscous stresses are responsible for the ve- 
locity change between the wall and the free stream. The boundary-layer thickness is the dis- 
tance from the wall to the location where the velocity is 99% of the free-stream velocity. The 
laminar boundary layer is characterized by smooth (nonturbulent) flow where the momentum 
transfer between fluid layers occurs because of the fluid viscosity. As the boundary layer 
thickness grows, the laminar boundary-layer becomes unstable, and a turbulent boundary 
layer ensues. The transition point for a boundary layer on a flat plate occurs at a nominal Rey- 
nolds number of 5 x 10° based on the free stream velocity and the distance from the leading 
edge. 

The turbulent boundary layer is characterized by an unsteady flow where the momen- 
tum exchange between fluid layers occurs because of the mixing of fluid elements normal to 
the direction of fluid motion. This effect, known as the Reynolds stress, significantly en- 
hances the momentum exchange and leads to a much higher “effective” shear stress. 
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The local shear-stress coefficient is defined as 
To 


2 
5pUy 





CP 


where Tọ is the wall shear stress and Uj is the free-stream velocity. The value for the local 
shear-stress coefficient on a flat plate depends on the Reynolds number based on the distance 
from the leading edge. The average shear-stress coefficient is 





C323 
y 
1pUGA 


where F, is the force due to shear-stress, or surface resistance, on a surface with area A. The 
value for the average shear-stress coefficient for a flat plate depends on the nature of the 
boundary layer as related to the Reynolds number based on the length of the plate in the flow 
direction. The laminar boundary layer near the leading edge and the subsequent turbulent 
boundary layer contribute to the average shear stress on a flat plate. Through leading-edge 
roughness or other flow disturbance, the boundary layer can be “tripped” at the plate’s lead- 
ing edge, effecting a turbulent boundary layer over the entire plate. 

The boundary layer for flow over a curved body is subjected to an external pressure 
gradient. A favorable pressure gradient produces a force in the flow direction and tends to 
keep the boundary layer stable. An adverse pressure gradient decelerates the flow and can 
lead to boundary layer separation. 
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Problems 


Uniform Laminar Flow 


9.1 POQ< The velocity distribution in a Couette flow is linear if 
the viscosity is constant. If the moving plate is heated and the vis- 
cosity ofthe liquid is decreased near the hot plate, how will the ve- 
locity distribution change? Give a qualitative description and the 
rationale for your argument. 

9.2 PQ4< Consider the flow between two parallel plates. If the 
viscosity of the fluid is constant along the flow direction, the pres- 
sure gradient is linear with distance. How would the pressure gra- 
dient differ if the viscosity of the fluid decreased (due to 
temperature rise) along the flow direction. The density is un- 
changed. Give a qualitative description of pressure distribution 
and provide rationale for your answer. 


4. Schlichting, H. Boundary Layer Theory. McGraw-Hill, New 
York, 1979. 

5. Taylor, G. I. “The Transport of Vorticity and Heat through 
Fluids in Turbulent Motion.” Phil. Trans A, vol. 215 (1915), p. 1. 

6. Rouse, H. and Appel, D. W. Advanced Mechanics of Fluids. 
John Wiley, New York, 1959. 


9.3 PQ< Consider the flow of a gas between two parallel plates. 
If there were an increase in temperature due to heat transfer along 
the flow direction, the gas density would decrase. Assume the vis- 
cosity is unaffected. How will the velocity and pressure distribu- 
tion change from the case with constant density. Sketch the 
pressure distribution and give the rationale for your result. 

9.4 A cube weighing 150 N and measuring 35 cm on a side is al- 
lowed to slide down an inclined surface on which there is a film 
of oil having a viscosity of 10° N+ s/m’. What is the velocity 
of the block if the oil has a thickness of 0.1 mm? 

9.5 A board 3 ft by 3 ft that weighs 40 lbf slides down an inclined 
ramp with a velocity of 0.5 fps. The board is separated from the ramp 
by a layer of oil 0.02 in. thick. Neglecting the edge effects of the 
board, calculate the approximate dynamic viscosity of the oil. 


308 


SURFACE RESISTANCE 









Oil thickness 
= 0.10 mm 






10° 


PROBLEM 9.4 





12 
PROBLEMS 9.5, 9.6 


9.6 A board | m by | m that weighs 20 N slides down an inclined 
ramp with a velocity of 10 cm/s. The board is separated from the 
ramp by a layer of oil 0.5 mm thick. Neglecting the edge effects 
of the board, calculate the approximate dynamic viscosity u of the 
oil. 


9.7 Uniform, steady flow is occurring between horizontal paral- 

lel plates as shown. 

a. Ina few words, tell what other condition must be present to 
cause the odd velocity distribution. 

b. Where is the minimum shear stress located? 














PROBLEM 9.7 


9.8 Under certain conditions (pressure decreasing in the x-direction 

and a moving plate), the laminar velocity distribution will be as 

shown here. For such a condition, indicate whether each of the fol- 

lowing statements is true or false. 

a. The greatest shear stress in the liquid occurs next to the fixed 
plate. 

b. The shear stress midway between the plates is zero. 

c. The minimum shear stress in the liquid occurs next to the 
moving plate. 

d. The shear stress is greatest where the velocity is the greatest. 

e. The minimum shear stress occurs where the velocity is the 
greatest. 











PROBLEM 9.8 


9.9 A flat plate is pulled to the right at a speed of 30 cm/s. Oil 

with a viscosity of 4 N-s/ m’ fills the space between the plate 

and the solid boundary. The plate is 1 m long (L = 1 m) by 30cm 

wide, and the spacing between the plate and boundary is 2.0 mm. 

a. Express the velocity mathematically in terms of the coordi- 
nate system shown. 

b. By mathematical means, determine whether this flow is rota- 
tional or irrotational. 

c. Determine whether continuity is satisfied, using the differen- 
tial form of the continuity equation. 

d. Calculate the force required to produce this plate motion. 











PROBLEM 9.9 


9.10 The velocity distribution that is shown represents laminar 

flow. Indicate which of the following statements are true. 

a. The velocity gradient at the boundary is infinitely large. 

b. The maximum shear stress in the liquid occurs midway be- 
tween the walls. 

c. The maximum shear stress in the liquid occurs next to the 
boundary. 

d. The flow is irrotational. 

e. The flow is rotational. 


Moving plate 














PROBLEM 9.10 


9.11 The upper plate shown is moving to the right with a velocity 
V, and the lower plate is free to move laterally under the action of 
the viscous forces applied to it. For steady-state conditions, derive 
an equation for the velocity of the lower plate. Assume that the 
area of oil contact is the same for the upper plate, each side of the 
lower plate, and the fixed boundary. 











y, 
| 2 Upper plate ] 
In Oil: py S019) 
Lower plate 
to Oil: Up S09 





PROBLEM 9.11 


PROBLEMS 


309 





9.12 A circular horizontal disk with a 15 cm diameter has a clear- 
ance of 2.0 mm from a horizontal plate. What torque is required 
to rotate the disk about its center at an angular speed of 10 rad/s 
when the clearance space contains oil (u = 8 N - s/ mô)? 
9.13 A plate 2 mm thick and 1 m wide (normal to the page) is 
pulled between the walls shown in the figure at a speed of 0.40 
m/s. Note that the space that is not occupied by the plate is filled 
with glycerine at a temperature of 20°C. Also, the plate is posi- 
tioned midway between the walls. Sketch the velocity distribution 
of the glycerine at section A-A. Neglecting the weight of the plate, 
estimate the force required to pull the plate at the speed given. 


Glycerine 









PROBLEM 9.13 


9.14 A bearing uses SAE 30 oil with a viscosity of 0.1 N + s/m’. 
The bearing is 30 mm in diameter, and the gap between the shaft 
and the casing is | mm. The bearing has a length of 1 cm. The shaft 
turns at w = 200 rad/s. Assuming that the flow between the 
shaft and the casing is a Couette flow, find the torque required to 
turn the bearing. 








30 mm >| 
PROBLEM 9.14 


9.15 An important application of surface resistance is found in lu- 
brication theory. Consider a shaft that turns inside a stationary 
cylinder, with a lubricating fluid in the annular region. By con- 
sidering a system consisting of an annulus of fluid of radius r and 
width Av, and realizing that under steady-state operation the net 
torque on this ring is zero, show that d( rt)/ dr = 0, where T is 
the viscous shear stress. For a flow that has a tangential compo- 
nent of velocity only, the shear stress is related to the velocity by 
T = prd(V/r)/dr. Show that the torque per unit length acting on 


the inner cylinder is given by T = 4mpw r /(- r/ ro ), where 
w is the angular velocity of the shaft. 


O 


PROBLEM 9.15 


9.16 Using the equation developed in Prob. 9.15, find the power 
necessary to rotate a 2 cm shaft at 60 rad/s ifthe inside diameter 
of the casing is 2.2 cm, the bearing is 3 cm long, and SAE 30 oil 
at 38°C is the lubricating fluid. 

9.17 The analysis developed in Prob. 9.15 applies to a device used 
to measure the viscosity of a fluid. By applying a known torque 
to the inner cylinder and measuring the angular velocity achieved, 
one can calculate the viscosity of the fluid. Assume you have a 4 
cm inner cylinder and a 4.5 cm outer cylinder. The cylinders are 
10 cm long. When a force of 0.6 N is applied to the tangent of the 
inner cylinder, it rotates at 20 rpm. Calculate the viscosity of the 
fluid. 

9.18 Two horizontal parallel plates are spaced 0.01 ft apart. The pres- 
sure decreases at a rate of 12 psf/ ft in the horizontal x-direction in 
the fluid between the plates. What is the maximum fluid velocity 
in the x direction? The fluid has a dynamic viscosity of 
10°“ Ibf-s/ft” and a specific gravity of 0.80. 

9.19 A viscous fluid fills the space between these two plates, and 
the pressures at A and B are 150 psf and 100 psf, respectively. The 
fluid is not accelerating. If the specific weight of the fluid is 100 
Ibf/ ft’, then one must conclude that (a) flow is downward, (b) 
flow is upward, or (c) there is no flow. 






30° 


Horizontal 


PROBLEM 9.19 


9.20 Glycerine at 20°C flows downward between two vertical 
parallel plates separated by a distance of 0.4 cm. The ends are 
open, so there is no pressure gradient. Calculate the discharge per 
unit width, q, in m/s. 
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9.21 Two vertical parallel plates are spaced 0.01 ft apart. If the pres- 
sure decreases at a rate of 60 psf/ ft in the vertical z-direction in the 
fluid between the plates, what is the maximum fluid velocity i in the 
z-direction? The fluid has a viscosity of 107 *Ibf-s/ft’ and a spe- 
cific gravity of 0.80. 

9.22 Two parallel plates are spaced 0.09 in. apart, and motor oil 
(SAE 30) with a temperature of 100°F flows at a rate of 0.009 cfs 
per foot of width between the plates. What is the pressure gradient 
in the direction of flow if the plates are inclined at 60° with the 
horizontal and if the flow is downward between the plates? 

9.23 Glycerine at 20°C flows downward in the annular region be- 
tween two cylinders. The internal diameter of the outer cylinder 
is 3 cm, and the external diameter of the inner cylinder is 2.8 cm. 
The pressure is constant along the flow direction. The flow is lam- 
inar. Calculate the discharge. (Hint: The flow between the two 
cylinders can be treated as the flow between two flat plates.) 


28 mm 


|<——+>| 




















30 mm 
PROBLEM 9.23 


9.24 One type of bearing that can be used to support very large 
structures is shown in the accompanying figure. Here fluid under 
pressure is forced from the bearing midpoint (slot A) to the exte- 
rior zone B. Thus a pressure distribution occurs as shown. For this 
bearing, which is 30 cm wide, what discharge of oil from slot A 
per meter of length of bearing is required? Assume a 50 KN load 
per meter of bearing length with a clearance space t between 
the floor and the bearing . surface of 0.60 mm. Assume an oil 
viscosity of 0.20 N+ s/ m°. How much oil per hour would have 
to be pumped per meter of bearing length for the given conditions? 











PROBLEM 9.24 


9.25 Often in liquid lubrication applications there is a heat gen- 
erated that is transferred across the lubricating layer. Consider a 
Couette flow with one wall at a higher temperature than the other. 
The temperature gradient across the flow affects the fluid viscos- 
ity according to the relationship. 


= ie z) 
u uoexp( 0.17 


where pọ is the viscosity at y = 0 and L is the distance between 
the walls. Incorporate this expression into the Couette flow 
equation, integrate and express the shear stress in the form 


U| 
T= Cc 


where C is a constant and U is the velocity of the moving wall. 
Analyze your answer. Should the shear stress be greater or less 
than that with uniform viscosity? 

9.26 Gases form good insulating layers. Consider an application 
in which there is a Couette flow with the moving plate at a higher 
temperature than the fixed plate. The viscosity varies between the 


plates as 
y) 1⁄2 
= 1 0.12) 
ee bol ene 


where pg is the viscosity at y = 0 and L is the distance between 
the plates. Incorporate this expression into the Couette flow 
equation, integrate and express the shear stress in the form 


Uuo 
L 


where C is a constant and U is the velocity of the moving plate. 
Analyze your answer. Should the shear stress be greater or less 
than that with uniform viscosity? 


9.27 An engineer is designing a very thin, horizontal channel for 
cooling electronic circuitry. The channel is 2 cm wide and 5 cm 
long. The distance between the plates is 0.2 mm. The average 
velocity is 5 cm/s. The fluid used has a viscosity of 1.2 cp and 
a density of 800 kg/m’. Assuming no change in viscosity or 
density, find the pressure drop in the channel and the power re- 
quired to move the flow through the channel. 










Heat 
transfer 


5 cm/s 


PROBLEMS 9.27, 9.28 
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9.28 Consider the channel designed for electronic cooling in 
Prob. 9.27. Because of the heating, the viscosity will change 
through the channel. Assume the viscosity varies as 


S 
= -0.15 ) 


where 1, is the viscosity at s = 0 and L is the length of the 
channel. Find the percentage change of the pressure drop due to 
viscosity variation. 


Laminar Boundary Layer 


9.29 PQ Explain in your own words what is meant by “bound- 
ary layer.” 

9.30 PQ< Define “boundary layer thickness.” 

9.31 PO List three features of the laminar boundary layer. 





9.32 PQ < Assume the wall adjacent to a liquid laminar boundary is 
heated and the viscosity of the fluid is lower near the wall and in- 
creases the free-stream value at the edge of the boundary layer. How 
would this variation in viscosity affect the boundary layer thickness 
and local shear stress? Give the rationale for your answers. 

9.33 A thin plate 6 ft long and 3 ft wide is submerged and held 
stationary in a stream of water (T = 60°F) that has a velocity of 
5 ft/s. What is the thickness of the boundary layer on the plate for 
Re, = 500,000 (assume the boundary layer is still laminar), and at 
what distance downstream of the leading edge does this Reynolds 
number occur? What is the shear stress on the plate at this point? 
9.34 What is the ratio of the boundary-layer thickness on a 
smooth, flat plate to the distance from the leading edge just before 
transition to turbulent flow? 

9.35 A model airplane has a wing span of 3 ft and a chord (leading 
edge-trailing edge distance) of 5 in. The model flies in air at 60°F 
and atmospheric pressure. The wing can be regarded as a flat plate 
so far as drag is concerned. At what speed will a turbulent bound- 
ary layer start to develop on the wing? What will be the total drag 
force on the wing just before turbulence appears? 

9.36 Oil (u = 10° N-s/m’; p = 900 kg/m’) flows past a 
plate in a tangential direction so that a boundary layer develops. 
Ifthe velocity of approach is 4 m/s, then at a section 30 cm down- 
stream of the leading edge the ratio of ts (shear stress at the edge 
of the boundary layer) to Ty (shear stress at the plate surface) is ap- 
proximately (a) 0, (b) 0.24, (c) 2.4, or (d) 24. 

9.37 A liquid (p = 1000 kg/m?; p = 2 x 10° N -s/m?; v = 
2 x 10° m’/s) flows tangentially past a flat plate. If the approach 
velocity is 1 m/s, what is the liquid velocity 1 m downstream 
from the leading edge of the plate and 1 mm away from the plate? 
9.38 The plate of Prob. 9.37 has a total length of 3 m (parallel to 
the flow direction), and it is 1 m wide. What is the skin friction 
drag (shear force) on one side of the plate? 

9.39 Oil (v = 10% m’/s ) flows tangentially past a thin plate. If 
the free-stream velocity is 5 m/s, what is the velocity 1 m down- 
stream from the leading edge and 3 mm away from the plate? 


9.40 Oil (v = 10“ m’/s;S = 0.9) flows past a plate in a tan- 
gential direction so that a boundary layer develops. If the velocity 
of approach is 1 m/s, what is the oil velocity 1 m downstream 
from the leading edge and 10 cm away from the plate? 

9.41 A thin plate 0.7 m long and 1.5 m wide is submerged and held 
stationary in a stream of water (T = 10°C) that has a velocity of 
1.5 m/s. What is the thickness of the boundary layer on the plate 
for Re, = 500,000 (assume the boundary layer is still laminar), 
and at what distance downstream of the leading edge does this 
Reynolds number occur? What is the shear stress on the plate on 
this point? 

9.42 A flat plate 1.5 m long and 1.0 m wide is towed in water at 
20°C in the direction of its length at a speed of 15 cm/s. Deter- 
mine the resistance of the plate and the boundary layer thickness 
at its aft end. 

9.43 Transition from a laminar to a turbulent boundary-layer occurs 
between the Reynolds numbers of Re, = 10° and Re, = 3 x 10°. 
The thickness of the turbulent boundary-layer based on the distance 
from the leading edge is 6 = 0.16x/ (Re,)'””, Find the ratio of 
the thickness of the laminar boundary layer at the beginning of tran- 
sition to the thickness of the turbulent bounday layer at the end of 
transition. 


Turbulent Boundary Layer 


9.44 PO List three features that describe the difference be- 
tween the laminar and turbulent boundary layer. 

9.45 PQ< Assume that a turbulent gas boundary layer was ad- 
jacent to a cool wall and the viscosity in the wall region was re- 
duced. How may this affect the features of the boundary layer? 
Give some rationale for your answers. 

9.46 An element for sensing local shear stress is positioned in a flat 
plate 1 meter from the leading edge. The element simply consists of 
a small plate, 1 cm x 1 cm, mounted flush with the wall, and the 
shear force is measured on the plate. The fluid flowing by the 
plate is air with a free-stream velocity of 30 m/s, a density of 
1.2 kg/m’, and a kinematic viscosity of 1.5 x 10% m’/s. The 
boundary layer is tripped at the leading edge. What is the magnitude 
of the force due to shear stress acting on the element? 
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PROBLEM 9.46 
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9.47 For the conditions of Prob. 9.46, what is the shearing resis- 

tance on one side of the plate for the part of the plate that has a 

Reynolds number, Re,, less than 500,000? What is the ratio of the 

laminar shearing force to the total shearing force on the plate? 

9.48 An airplane wing of 2 m chord length (leading edge to trail- 

ing edge distance) and 11 m span flies at 200 km/hr in air at 

30°C. Assume that the resistance of the wing surfaces is like that 

of a flat plate. 

a. What is the friction drag on the wing? 

b. What power is required to overcome this? 

c. How much of the chord is laminar? 

d. What will be the change in drag if a turbulent boundary layer 
is tripped at the leading edge? 

9.49 A turbulent boundary layer exists in the flow of water at 

20°C over a flat plate. The local shear stress measured at the sur- 

face of the plate is 0.1 N/m?. What is the velocity at a point 1 cm 

from the plate surface? 

9.50 A liquid flows tangentially past a flat plate. The fluid prop- 

erties are u = 10° N+ s/m? and p= 15 kg/m’. Find the skin 

friction drag on the plate per unit width if the plate is 2 m long and 

the approach velocity is 20 m/s. Also, what is the velocity gra- 

dient at a point that is 1 m downstream of the leading edge and just 

next to the plate (y = 0)? 

9.51 For the hypothetical boundary layer on the flat plate shown, 

what is the shear-stress on the plate at the downstream end (point 

A)? Here p = 1.2 kg/m and p = 1.8x 10° N+ s/m’. 


Free-stream 
velocity = 40 m/s 
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PROBLEMS 9.51, 9.53 


9.52 Assume that the velocity profile in a boundary layer is replaced 
by a step profile, as shown in the figure, where the velocity is zero 
adjacent to the surface and equal to the free-stream velocity (U) at 
a distance greater than 5. from the surface. Assume also that the den- 
sity is uniform and equal to the free-stream density (p,,). The dis- 
tance 5. (displacement thickness) is so chosen that the mass flux 
corresponding to the step profile is equal to the mass flux through 
the actual boundary layer. Derive an integral expression for the 
displacement thickness as a function of u, U, y, and ò. 

9.53 Because of the reduction of velocity associated with the 
boundary layer, the streamlines outside the boundary layer are 
shifted away from the boundary. This amount of displacement of 
the streamlines is defined as the displacement thickness ò+. Using 
the expression developed in Prob. 9.52, evaluate the displacement 


thickness of the boundary layer at the downstream edge of the 
plate (point A) in Prob. 9.51. 

9.54 Use the expression developed in Prob. 9.52 to find the ratio 
of the displacement thickness to the boundary layer thickness for 
the turbulent boundary layer profile given by 


n _ 2)” 





Actual profile 


Step profile 

















PROBLEM 9.52 


9.55 What is the ratio of the skin friction drag ofa plate 30 m long 
and 5 m wide to that of a plate 10 m long and 5 m wide if both 
plates are towed lengthwise through water (T = 20°C) at 10 
m/s? 

9.56 Estimate the power required to pull the sign shown if it is 
towed at 40 m/s and if it is assumed that the sign has the same 
resistance characteristics as a flat plate. Assume standard atmo- 
spheric pressure and a temperature of 10°C. 


2.0m 
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PROBLEM 9.56 


9.57 A thin plastic panel (3 mm thick) is lowered from a ship to 
a construction site on the ocean floor. The plastic panel weighs 
300 N in air and is lowered at a rate of 3 m/s. Assuming that the 
panel remains vertically oriented, calculate the tension in the cable. 
9.58 The plate shown in the figure is weighted at the bottom so it 
will fall stably and steadily in a liquid. The weight of the plate in 
air is 23.5 N, and the plate has a volume of 0.002 m°. Estimate its 
falling speed in fresh water at 20°C. The boundary layer is nor- 
mal; that is, it is not tripped at the leading edge. 

In this problem, the final falling speed (terminal velocity) oc- 
curs when the weight is equal to the sum of the skin friction and 
buoyancy. 


1 2 
W=B+F,= y¥ + 7p US 


Hint: Find the final falling speed. This problem requires an iterative 
solution. 
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PROBLEM 9.57 
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PROBLEM 9.58 


9.59 A turbulent boundary layer develops from the leading edge 
of a flat plate with water at 20°C flowing tangentially past the 
plate with a free-stream velocity of 5 m/s. Determine the thick- 
ness of the viscous sublayer, 6’, at a distance 1 m downstream 
from the leading edge. 

9.60 A model airplane descends in a vertical dive through air at 
standard conditions (1 atmosphere and 20°C). The majority ofthe 
drag is due to skin friction on the wing (like that on a flat plate). 
The wing has a span of 1 m (tip to tip) and a chord length (leading 
edge to trailing edge distance) of 10 cm. The leading edge is 
rough, so the turbulent boundary layer is “tripped.” The model 
weighs 3 N. Determine the speed (in meters per second) at which 
the model will fall. 

9.61 A flat plate is oriented parallel to a 15 m/s airflow at 20°C 
and atmospheric pressure. The plate is 1 m long in the flow di- 
rection and 0.5 m wide. On one side of the plate, the boundary 
layer is tripped at the leading edge, and on the other side there is 
no tripping device. Find the total drag force on the plate. 








Trip strip 
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PROBLEM 9.61 


9.62 An engineer is designing a horizontal, rectangular conduit 
that will be part of a system that allows fish to bypass a dam. In- 


side the conduit, a flow of water at 40°F will be divided into two 
streams by a flat, rectangular metal plate. Calculate the viscous 
drag force on this plate, assuming boundary-layer flow with 
free-stream velocity of 15 ft/s and plate dimensions of L = 8 ft 
and W = 4.0 ft. 


. L > 


PROBLEM 9.62 





9.63 A model is being developed for the entrance region between 
two flat plates. As shown in the figure, it is assumed that the re- 
gion is approximated by a turbulent boundary layer originating at 
the leading edge. The system is designed such that the plates end 
where the boundary layers merge. The spacing between the plates 
is 4mm, and the entrance velocity is 10 m/s. The fluid is water at 
20°C. Roughness at the leading edge trips the boundary layers. 
Find the length L where the boundary layers merge, and find the 
force per unit depth (into the paper) due to shear stress on both 
plates. 





10 m/s 





PROBLEM 9.63 


9.64 An outboard racing boat “planes” at 70 mph over water at 
60°F. The part of the hull in contact with the water has an average 
width of 3 ft and a length of 8 ft. Estimate the power required to 
overcome its surface resistance. 
9.65 A motor boat pulls a long, smooth, water-soaked log (0.5 m 
in diameter and 50 m long) at a speed of 1.7 m/s. Assuming total 
submergence, estimate the force required to overcome the surface 
resistance of the log. Assume a water temperature of 10°C and 
that the boundary layer is tripped at the front of the log. 
9.66 Modern high-speed passenger trains are streamlined to re- 
duce surface resistance. The cross section of a passenger car of 
one such train is shown. For a train 150 m long, estimate the 
surface resistance for a speed of 100 km/hr and for one of 200 
km/hr. What power is required for just the surface resistance at 
these speeds? Assume T = 10°C and that the boundary layer is 
tripped at the front of the train. 
9.67 Consider the boundary layer next to the smooth hull ofa ship. 
The ship is cruising at a speed of 45 ft/s in 60°F fresh water. As- 
suming that the boundary layer on the ship hull develops the same as 
on a flat plate, determine 
a. The thickness of the boundary layer at a distance x = 100 ft 
downstream from the bow. 
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b. The velocity of the water at a point in the boundary layer at 
x = 100 ft and y/6 = 0.50. 

c. The shear stress, Tọ, adjacent to the hull atx = 100 ft. 

9.68 An Eiffel-type wind tunnel operates by drawing air through 
a contraction, passing this air through a test section, and then ex- 
hausting the air using a large axial fan. Experimental data are re- 
corded in the test section, which is typically a rectangular section 
of duct that is made of clear plastic (usually acrylic). In the test 
section, the velocity should have a very uniform distribution; 
thus, it is important that the boundary layer be very thin at the end 
of the test section. For the pictured wind tunnel, the test section 
is square with a dimension of W = 457 mm on each side and a 
length of L = 914 mm. Find the ratio of maximum boundary-layer 
thickness to test section width [6(x = L)/ W] for two cases: min- 
imum operating velocity (1 m/s) and maximum operating velocity 
(70 m/s). Assume air properties at 1 atm and 20°C. 


10m 


PROBLEM 9.66 


9.69 A ship 600 ft long steams at a rate of 25 ft/s through still 
fresh water (T = 50°F). If the submerged area of the ship is 
50,000 ft’, what is the skin friction drag of this ship? 

9.70 A river barge has the dimensions shown. It draws 2 ft of water 
when empty. Estimate the skin friction drag of the barge when it is 
being towed ata speed of 10 ft/s through still fresh water at 60°F. 





PROBLEM 9.68 


9.71 A supertanker has length, breadth, and draught (fully loaded) 
dimensions of 325 m, 48 m, and 19 m, respectively. In open seas the 
tanker normally operates at a speed of 18 kt (1 kt = 0.515 m/s). 


For these conditions, and assuming that flat-plate boundary-layer 
conditions are approximated, estimate the skin friction drag of 
such a ship steaming in 10°C water. What power is required to 
overcome the skin friction drag? What is the boundary-layer 
thickness at 300 m from the bow? 
9.72 A model test is to be done to predict the wave drag ona ship. 
The ship is 500 ft long and operates at 30 ft/s in sea water at 10°C. 
The wetted area of the prototype is 25,000 ft’. The model/ pro- 
totype scale ratio is 1/100. Modeling is done in fresh water at 
60°F to match the Froude number. The viscous drag can be cal- 
culated by assuming a flat plate with the wetted area of the model 
anda length corresponding to the length of the model. A total drag 
of 0.1 Ibf is measured in the model tests. Calculate the wave drag 
on the actual ship. 
9.73 A ship is designed so that it is 250 m long, its beam measures 
30 m, and its draft is 12 m. The surface area of the ship below the 
water line is 8800 m°. A 1/40 scale model of the ship is tested and 
is found to have a total drag of 26.0 N when towed at a speed of 
1.45 m/s. Using the methods outlined in Section 8.9, answer the 
following questions, assuming that model tests are made in fresh 
water (20°C) and that prototype conditions are sea water (10°C). 
a. To what speed in the prototype does the 1.45 m/s correspond? 
b. What are the model skin friction drag and wave drag? 
c. What would the ship drag be in salt water corresponding to 
the model test conditions in fresh water? 
9.74A hydroplane 3 m long skims across a very calm lake 
(T = 20°C) at a speed of 15 m/s. For this condition, what will be 
the minimum shear stress along the smooth bottom? 
9.75 Estimate the power required to overcome the surface resis- 
tance of a water skier if he or she is towed at 30 mph and each 
ski is 4 ft by 6 in. Assume the water temperature is 60°F. 
9.76 If the wetted area of an 80 m ship is 1500 m°, approximately 
how great is the surface drag when the ship is traveling at a speed 
of 15 m/s. What is the thickness of the boundary layer at the 
stern? Assume seawater at T = 10°C. 
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PROBLEM 9.70 


H A P T E R 


Flow in Conduits 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Describe laminar flow, turbulent flow, developing flow, and fully 
developed flow in a conduit. 
e Describe how to characterize total head loss by using component and 
pipe head loss. 
e List the steps used to derive the (a) Darcy-Weisbach equation and 
(b) Poiseuille flow solution. 
Describe the main features of the Moody diagram. 


Procedural Knowledge 
e Classify flow as (a) laminar or turbulent and (b) developing or fully 
developed. 
e Using equations or the Moody diagram, find values of the friction 








The Alaskan pipeline, a 
significant accomplishment of the 
engineering profession, 
transports oil 1286 km across the 
state of Alaska. The pipe diameter 
is 1.2 m, and the 44 pumps are 
used to drive the flow. This 
chapter presents information for 
designing systems involving pipes, 
pumps, and turbines. 


factor f. 
Calculate pipe head loss, component head loss, and total head loss. 


Typical Applications 


For flow in a pipe, find the pressure drop or head loss. 

For a specified system, find the flow rate. 

For a specified flow rate and pressure drop, determine the size of 
pipe required. 

For a system with a pump, find the pump specifications (power, 
head, flow rate). 


e Fora specified elevation change and flow rate, find the power that 
can be produced by a turbine. 


The fundamentals of the energy equation were presented in Chapter 7, and the fundamentals 
of shear stress, velocity profiles, and boundary layer in Chapter 9. This chapter combines 
these ideas to describe flow in conduits. A conduit is any pipe, tube, or duct that is com- 
pletely filled with a flowing fluid. Examples include a pipeline transporting liquefied natural 
gas, a microchannel transporting hydrogen in a fuel cell, and a duct transporting air for heat- 
ing of a building. A pipe that is partially filled with a flowing fluid, for example a drainage 
pipe, is classified as an open-channel flow and will be analyzed in Chapter 15. 

The main goal of this chapter is to describe how to predict head loss. Predicting head 
loss involves classifying flow as laminar or turbulent and then using equations to calculate 
head losses in pipes and components. This chapter also describes how to use data from a 
pump manufacturer to select the right size of pump for a given application and how to model 
a network of pipes. 
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Q0 


Classifying Flow 


Figure 10.1 





Reynolds’ experiment. 
(a) Apparatus. 

(b) Laminar flow of dye 
in tube. 

(c) Turbulent flow of dye 
in tube. 

(d) Eddies in turbulent 


flow. 





This section describes how to classify flow in a conduit by considering (a) whether the flow is 
laminar or turbulent, and (b) whether the flow is developing or fully developed. Classifying 
flow is essential for selecting the proper equation for calculating head loss. 


Laminar Flow and Turbulent Flow 


Flow in a conduit is classified as being either laminar or turbulent, depending on the magni- 
tude of the Reynolds number. The original research involved visualizing flow in a glass tube 
as shown in Fig. 10.1a. Reynolds (1) in the 1880s injected dye into the center of the tube and 
observed the following: 


e When the velocity was low, the streak of dye flowed down the tube with little expan- 
sion, as shown in Fig. 10.15. However, if the water in the tank was disturbed, the streak 
would shift about in the tube. 

e If velocity was increased, at some point in the tube, the dye would all at once mix with 
the water as shown in Fig. 10.1c. 

e When the dye exhibited rapid mixing (Fig. 10.1c), illumination with an electric spark 
revealed eddies in the mixed fluid as shown in Fig. 10.1d. 


The flow regimes shown in Fig. 10.1 are laminar flow (Fig. 10.15) and turbulent flow (Figs. 
10.1c and 10.1d). Reynolds showed that the onset of turbulence was related to a 7-group 
that is now called the Reynolds number (Re = pVD/w) in honor of Reynolds’ pioneering 
work. Reynolds discovered that if the fluid in the upstream reservoir was not completely still 
or if the pipe had some vibrations, then the change from laminar to turbulent flow occurred at 
Re ~ 2100. However, if conditions were ideal, it was possible to reach a much higher Rey- 
nolds number before the flow became turbulent. Reynolds also found that, when going from 
high velocity to low velocity, the change back to laminar flow occurred at Re ~ 2000. Based 


Glass tube 
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on Reynolds’ experiments, engineers use guidelines to establish whether or not flow in a con- 
duit will be laminar or turbulent. The guidelines used in this text are as follows: 


Re < 2000 laminar flow 
2000 < Re < 3000 unpredictable (10.1) 
Re > 3000 turbulent flow 


In Eq. (10.1), the middle range (2000 < Re < 3000) corresponds to a the type of flow that is 

unpredictable because it can changes back and forth between laminar and turbulent states. 

Recognize that precise values of Reynolds number versus flow regime do not exist. Thus, the 

guidelines given in Eq. (10.1) are approximate and other references may give slightly differ- 

ent values. For example, some references use Re = 2300 as the criteria for turbulence. 
There are several equations for calculating Reynolds number in a pipe. 


VD _pVD_ 4Q 4m 
v u TwDv TmDyu 











Re (10.2) 


These equations are derived by using the definition of Re, the definition of kinematic viscos- 
ity from Eq. (2.8), and the flow rate equations from Eqs. (5.8 and 5.9). 


Developing Flow and Fully Developed Flow 


Flow in a conduit is classified as being developing flow or fully developed flow. For exam- 
ple, consider laminar fluid entering a pipe from a reservoir as shown in Fig. 10.2. As the fluid 
moves down the pipe, the velocity distribution changes in the streamwise direction as viscous 
effects cause the plug-type profile to gradually change into a parabolic profile. This region of 
changing velocity profile is called developing flow. After the parabolic distribution is 
achieved, the flow profile remains unchanged in the streamwise direction, and flow is called 
fully developed flow. 

The distance required for flow to develop is called the entrance length (L,). This 
length depends on the shear stress that acts on the pipe wall. For laminar flow, the wall shear- 
stress distribution is shown in Fig. 10.2. Near the pipe entrance, the radial velocity gradient 
(change in velocity with distance from the wall) is high, so the shear stress is large. As the ve- 
locity profile progresses to a parabolic shape, the velocity gradient and the wall shear stress 
decrease until a constant value is achieved. The entry length is defined as the distance at 
which the shear stress reaches to within 2% of the fully developed value. Correlations for en- 
try length are 


L 

5 = 0.05Re (laminar flow: Re < 2000) (10.3a) 
L 
a = 50 (turbulent flow: Re = 3000) (10.3b) 


Eq. (10.3) is valid for flow entering a circular pipe from a reservoir under quiescent 
conditions. Other upstream components such as valves, elbows, and pumps produce complex 
flow fields that require different lengths to achieve fully developing flow. 

In summary, flow in a conduit is classified into four categories: laminar developing, 
laminar fully developed, turbulent developing, or turbulent fully developed. The key to clas- 
sification is to calculate the Reynolds number as shown by Example 10.1. 
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Figure 10.2 








In developing flow, the 
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wall shear stress is 


changing. In fully 
developed flow, the wall 
shear stress is constant. 
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Wall shear stress is 
constant because 
velocity profile is 
constant with s. 











EXAMPLE 10.1 CLASSIFYING FLOW IN CONDUITS 


Consider fluid flowing in a round tube of length 1 m and 
diameter 5 mm. Classify the flow as laminar or turbulent and 
calculate the entrance length for (a) air (50°C) with a speed of 


12 m/s and (b) water (15°C) with a mass flow rate of 
m= 8 g/s. 


Problem Definition 


Situation: Fluid is flowing in a round tube (two cases given). 


Find: 

1. Whether each flow is laminar or turbulent. 

2. Entrance length (in meters) for each case. 
Properties: 

1. Air (50°C), Table A.3, v = 1.79 x 10” m’/s. 


2. Water (15°C), Table A.5, p = 1.14x 10° N-s/m’. 


Sketch: 


Distance (s) 


Plan 





k— L= 1.0m 


Flow 





—> 





(a) Air, 50°C, V = 10 m/s X— D =0.005 m 


(b) Water, 15°C, m= 0.008 kg/s 
Assumptions: 
1. The pipe is connected to a reservoir. 
2. The entrance is smooth and tapered. 








1. Calculate the Reynolds number using Eq. (10.2). 


2. Establish whether the flow is laminar or turbulent using 
Ega (lon): 
3. Calculate the entrance length using Eq. (10.3). 


Solution 
a. Air 


_ VD _ (12 m/s)(0.005m) _ 


Re ae 
1.79x 10° m’/s 


3350 


Since Re > 3000, the 


L, = 50D = 50(0.005 m) =|0.25 m] 


b. Water 
Ree am 4(0.008 kg/s) 
TDK  7(0.005m)(1.14x 10° N+ s/m’) 
= 1787 


Since Re < 2000, the 


e = 0.05ReD = 0.05(1787)(0.005m) =|0.447 m 
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Specifying Pipe Sizes 


A larger schedule indicates 
thicker walls. A schedule 

40 pipe has thicker walls than 
a schedule 10 pipe. 


ID (Inside diameter) 








OD (Outside diameter) 


Figure 10.3 





Section view of a pipe. 


This section describes how to specify pipes using the Nominal Pipe Size (NPS) standard. 
This information is useful for specifying a size of pipe that is available commercially. 


Standard Sizes for Pipes (NPS) 


One of the most common standards for pipe sizes is called the Nominal Pipe Size (NPS) 
system. The terms used in the NPS system are introduced in Fig. 10.3. The ID (pro- 
nounced “eye dee”) indicates the inner pipe diameter, and the OD (“oh dee”) indicates 
the outer pipe diameter. As shown in Table 10.1, an NPS pipe is specified using two val- 
ues: a Nominal Pipe Size (NPS) and a schedule. The nominal pipe size determines the 
outside diameter or OD. For example, pipes with a nominal size of 2 inches have an OD 
of 2.375 inches. Once the nominal size reaches 14 inches, the nominal size and the OD 
are equal. That is, a pipe with a nominal size of 24 inches will have an OD of 24 in. 

Pipe schedule is related to the thickness of the wall. The original meaning of sched- 
ule was the ability of a pipe to withstand pressure, thus pipe schedule correlates with wall 
thickness. Each nominal pipe size has many possible schedules that range from schedule 
5 to schedule 160. The data in Table 10.1 show representative ODs and schedules; more 
pipe sizes are specified in engineering handbooks and on the Internet. 





Table 10.1 NOMINAL PIPE SIZES 


























NPS (in) OD (in) Schedule Wall Thickness (in) ID (in) 
1/2 0.840 40 0.109 0.622 
80 0.147 0.546 
1 IL sills) 40 0.133 1.049 
80 0.179 0.957 
2 PESTS 40 0.154 2.067 
80 0.218 1.939 
+ 4.500 40 0237 4.026 
80 0.337 3.826 
8 8.625 40 0.322 7.981 
80 0.500 7.625 
14 14.000 10 0.250 13.500 
40 0.437 13.126 
80 0.750 12.500 
120 1.093 11.814 
24 24.000 10 0.250 23.500 
40 0.687 22.626 
80 1.218 21.564 


120 1.812 20.376 
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Pipe Head Loss 


Figure 10.4 





Initial situation for the 
derivation of the Darcy- 
Weisbach equation. 


This section presents the Darcy-Weisbach equation, which is used for calculating head loss in 
a straight run of pipe. This equation is one of the most useful equations in fluid mechanics. 


Combined (Total) Head Loss 


Pipe head loss is one type of head loss; the other type is called component head loss. All head 
loss is classified using these two categories: 


(Total head loss) = (Pipe head loss) + (Component head loss) (10.4) 


Component head loss is associated with flow through devices such as valves, bends, and tees. 
Pipe head loss is associated with fully developed flow in conduits, and it is caused by shear 
stresses that act on the flowing fluid. Note that pipe head loss is sometimes called major head 
loss, and component head loss is sometimes called minor head loss. Pipe head loss is pre- 
dicted with the Darcy-Weisbach equation. 


Derivation of the Darcy-Weisbach Equation 
To derive the Darcy-Weisbach equation, start with the situation shown in Fig. 10.4. Assume 
fully developed and steady flow in a round tube of constant diameter D. Situate a cylindrical 
control volume of diameter D and length AZ inside the pipe. Define a coordinate system with 
an axial coordinate in the streamwise direction (s direction) and a radial coordinate in the r di- 
rection. 

Apply the momentum equation (6.5) to the control volume shown in Fig. 10.4. 


S'F= g [veaks [vov -aa 
dt Joy cs (10.5) 
(Net forces) = (Momentum accumulation rate) + (Net efflux of momentum) 


Select the streamwise direction and analyze each of the three terms in Eq. (10.5). The 
net efflux of momentum is zero because the velocity distribution at section 2 is identical to 
the velocity distribution at section 1. The momentum accumulation term is also zero because 


r direction 


s direction 





Figure 10.5 


Force diagram. 
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the flow is steady. Thus, Eq. (10.5) simplifies to XF = 0. Forces are shown in Fig. 10.5. 
Summing of forces in the streamwise direction gives 
F pressure + F shear + F weight =0 
2 2 
(p; -p»)(72-) —t9(mDAL) - (FP) AL sina = 0 


(10.6) 
Figure 10.4b shows that sina = (Az/AL). Equation (10.6) becomes 


4AL7 5 
(pı + Yz) —(P2 + ¥Z2) = 





Pı 


(10.7) 
Next, apply the energy equation (7.29) to the control volume shown in Fig. 10.4. Recognize 
— +Z 


that h, = h,=0, V,; = V, and a, = a,. Thus, the energy equation reduces to 


= +z th, 
y 


(Pi +21) — (P2 + ¥22) = Yh, 


(10.8) 
Combine Eqs. (10.7) and (10.8) and replace AL by L. Also, introduce a new symbol A, to 
represent head loss in pipe. 


p as) 4L 7) 
hy = A , =e 
i in a pipe 


10.9 
Dy PA 
Rearrange the right side of Eq. (10.9). 


4 2 4 2 
OH] e 
7 SD 972) Y pV”/2 2g 
Define a new m-group called the friction factor f that gives the ratio of wall shear stress (7, ) 
to kinetic pressure (pV /2): 


D. 


f= (4-7) - shear stress acting at the wall 
(pV"/2) 


kinetic pressure 


(10.11) 
In the technical literature, the friction factor is identified by several different labels that 


are synonymous: friction factor, Darcy friction factor, Darcy-Weisbach friction factor, and 
the resistance coefficient. There is also another coefficient called the Fanning friction factor, 
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Q0 


often used by chemical engineers, which is related to the Darcy-Weisbach friction factor by a 
factor of 4. 


fi Darcy = 4fi Fanning 


This text uses only the Darcy-Weisbach friction factor. Combining Eqs. (10.10) and (10.11) 
gives the Darcey-Weisbach equation: 


o LV 


tI Dig (10.12) 
To use the Darcy-Weisbach equation, the flow should be fully developed and steady. The 
Darcy-Weisbach equation is used for either laminar flow or turbulent flow and for either 
round pipes or nonround conduits such as a rectangular duct. 

The Darcy-Weisbach equation shows that head loss depends on the friction factor, the 
pipe-length-to-diameter ratio, and the mean velocity squared. The key to using the Darcy- 
Weisbach equation is calculating a value of the friction factor f. This topic is addressed in the 
next sections of this text. 


Stress Distributions in Pipe Flow 


This section derives equations for the stress distributions on a plane that is oriented normal to 
stream lines. These equations, which apply to both laminar and turbulent flow, provide 
insights about the nature of the flow. Also, these equations are used for subsequent 
derivations. 


In pipe flow the pressure acting on a plane that is normal to the direction of flow is hy- 
drostatic. This means that the pressure distribution varies linearly as shown in Fig. 10.6. The 
reason that the pressure distribution is hydrostatic can be explained by using Euler’s equation 
(see p. 87). 

To derive an equation for the shear-stress variation, consider flow of a Newtonian fluid 
in a round tube that is inclined at an angle a with respect to the horizontal as shown in Fig. 
10.7. Assume that the flow is fully developed, steady, and laminar. Define a cylindrical con- 
trol volume of length AZ and radius r. 

Apply the momentum equation in the s direction. The net momentum efflux is zero be- 
cause the flow is fully developed; that is, the velocity distribution at the inlet is the same as 
the velocity distribution at the exit. The momentum accumulation is also zero because the 
flow is steady. The momentum equation (6.5) simplifies to force equilibrium. 


XF, E Ene F F weight + F Gea = (10.13) 
Analyze each term in Eq. (10.13) using the force diagram shown in Fig. 10.8: 


pd-(p+Par)a- Wsina—7(27r)AL = 0 (10.14) 
Is 
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Figure 10.6 





For fully developed flow 
in a pipe, the pressure 
distribution on an area 
normal to streamlines is 
hydrostatic. 


Figure 10.7 





Sketch for derivation of 
an equation for shear 
stress. 


Figure 10.8 





Force diagram 
corresponding to the 
control volume defined in 
Fig. 10.6. 


Figure 10.9 





In fully developed flow 
(laminar or turbulent), 
the shear-stress 
distribution on an area 
that is normal to 
streamlines is linear. 







Hydrostatic pressure distribution 


Plane normal 
to streamlines 


Flow 


r direction 


s direction 






Flow Control volume 








Force diagram 


Let W = yAAL, and let sina = Az/AL as shown in Fig. 10.45. Next, divide Eq. (10.14) by 
AAL: 


F 


5|-£0 +2) | (10.15) 


Equation (10.15) shows that the shear-stress distribution varies linearly with r as shown 
in Fig. 10.9. Notice that the shear stress is zero at the centerline, it reaches a maximum value 
of Tọ at the wall, and the variation is linear in between. This linear shear stress variation ap- 
plies to both laminar and turbulent flow. 


Maximum shear stress (r) 
occurs at the wall 





Linear shear- 
stress distribution 
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Laminar Flow in a Round Tube 





This section describes laminar flow and derives relevant equations. Laminar flow is 
important for flow in small conduits called microchannels, for lubrication flow, and for 
analyzing other flows in which viscous forces are dominant. Also, knowledge of laminar 
flow provides a foundation for the study of advanced topics. 


Laminar flow is a flow regime in which fluid motion is smooth, the flow occurs in lay- 
ers (laminae), and the mixing between layers occurs by molecular diffusion, a process that is 
much slower than turbulent mixing. According to Eq. (10.1), laminar flow occurs when 
Re < 2000. Laminar flow in a round tube is called Poiseuille flow or Hagen-Poiseuille flow 
in honor of pioneering researchers who studied low-speed flows in the 1840s. 


Velocity Profile 


To derive an equation for the velocity profile in laminar flow, begin by relating stress to rate- 
of-strain using Eq. (2.6) 


where y is the distance from the pipe wall. Change variables by letting y = ry — r, where rg is 
pipe radius and r is the radial coordinate. Next, use the chain rule of calculus: 


AZ e) nso 
Substitute Eq. (10.16) into Eq. (10.15). 
OE) dorm ns 


In Eq. (10.17), the left side of the equation is a function of radius r, and the right side is a 
function of axial location s. This can be true if and only if each side of Eq. (10.17) is equal to 
a constant. Thus, 


-4 — (AR + y2)) _ ( yAh 
constant Ree) ( AL ) (224) (10.18) 


where AA is the change in piezometric head over a length AZ of conduit. Combine Eqs. 
(10.17) and (10.18): 


H = ( 7) at) (10.19) 


Integrate Eq. (10.19): 


r 


y=-(E)\(4) +c (10.20) 
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Figure 10.10 





The velocity profile in 
Poiseuille flow is 
parabolic. 


To evaluate the constant of integration C in Eq. (10.20), apply the no-slip condition, which 
states that the velocity of the fluid at the wall is zero. Thus, 








V(r = ro) = 0 
ro (-yAh 
ss yah) 
9 AL TE 
Solve for C and substitute the result into Eq. (10.20): 
por d 2r Ah 
sa | saa y2h) 
r=- jp | ZP+] ( 4p )( AL von) 
The maximum velocity occurs at r = ro: 
2 
=e 2 )( 284) 
V max ( ANAL (10.22) 


Combine Eqs. (10.21) and (10.22): 
2 


rer) = (BZ) (1M) = vali -(£)°) 0102) 


Equation (10.23) shows that velocity varies as radius squared (V ~ r), meaning that the ve- 
locity distribution in laminar flow is parabolic as plotted in Fig. 10.10. 


Discharge and Mean Velocity V 


To derive an equation for discharge Q, introduce the velocity profile from Eq. (10.23) into the 
flow rate equation (5.8). 





Q= | VdA 
TES (10.24) 
2i e 1A") 
I Ae AL (27r dr) 
Integrate Eq. (10.24): 
ANO- O (Trof yAh 
-=(= a en z - (Z) (284) 
Q Ea AL 2 0 8u AL poa 
To derive an equation for mean velocity, apply Q = VA and use Eq. (10.25). 
2 
P= = \( 224) 
V (= AL (10.26) 


z (vertical) 


eee 
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Comparing Eqs. (10.26) and (10.22) reveals that V = V,,,,,/2. Next, substitute D/2 for rọ in 
Eq. (10.26). The final result is an equation for mean velocity in a round tube. 


2 
Ped o - “ow 
y Gr > : (10.27) 


© Head Loss and Friction Factor f 








p To derive an equation for head loss in a round tube, assume fully developed flow in the 
D pipe shown in Fig. 10.11. Apply the energy equation (7.29) from section 1 to 2 and sim- 
EP plify to give 
e Diameter D 
Pa (Pt42,) =(22+2,) +h, (10.28) 
ow y y 
Figure 10.11 Let h, = hyand then Eq. (10.28) becomes 
Flow in a pipe. l 
(2 + z1) = (22 $ za) + hy (10.29) 
Y y 
Expand Eq. (10.27). 
P2 ) (2: ) 
— +z ]-|— +z 
r A pa aG a (10.30) 
32p/\y/\AL 32u AL i 
Reorganize Eq. (10.30) and replace AL with L. 
ial aaa (10.31) 
y Y D 


Comparing Eqs. (10.29) and (10.31) gives an equation for head loss in a pipe. 
h,= 32uLV (10.32) 
2 
yD 


Key assumptions on Eq. (10.32) are (a) laminar flow, (b) fully developed flow, (c) steady 
flow, and (d) Newtonian fluid. 
Equation (10.32) shows that head loss in laminar flow varies linearly with velocity. Also, 
head loss is influenced by viscosity, pipe length, specific weight, and pipe diameter squared. 
To derive an equation for the friction factor f, combine Eq. (10.32) with the Darcy- 
Weisbach equation (10.12). 


2 
h,= 32 EV EE (10.33) 
í 4D D 2g 
$ 32uLV\(D) (28) — S4y _ 64 10.34 
or f (i LINY? pDV Re Aa 


Equation (10.34) shows that the friction factor for laminar flow depends only on Reynolds 
number. Example 10.2 illustrates how to calculate head loss. 
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EXAMPLE 10.2 HEAD LOSS FOR LAMINAR FLOW 
Oil (S = 0.85) with a kinematic viscosity of 


6x10 m’/s flows in a 15 cm pipe at a rate of 0.020 m/s. 


What is the head loss per 100 m length of pipe? 


Problem Definition 

Situation: 

1. Oil is flowing in a pipe at a flow rate of O = 0.02 m’/s. 
2. Pipe diameter is D = 0.15 m. 

Find: Head loss (in meters) for a pipe length of 100 m. 
Assumptions: Fully developed, steady flow. 


Properties: Oil: S = 0.85, v = 6 x 10“ m’/s. 


Plan 


1. Calculate the mean velocity using the flow rate equation (5.8). 


2. Calculate the Reynolds number using Eq. (10.2). 

3. Check whether the flow is laminar or turbulent using Eq. 
(10.1). 

4. Calculate head loss using Eq. (10.32). 

Solution 


1. Mean velocity 


O _ 0.020 m*/s _ 


Turbulent Flow and the Moody Diagram 





2. Reynolds number 
e = YD — (1.13 m/s)(0.15 m) ~ 283 
p 6x10 mS 
3. Since Re < 2000, the flow is laminar. 


4. Head loss (laminar flow). 


om a 3 
yD pgD gD 
_ 32(6 x 10“ m?/s)(100 m)(1.13 m/s) _ 
(9.81 m/s )(0.15 m) 
Review 


Tip! An alternative way to calculate head loss for laminar 
flow is to use the Darcy-Weisbach equation (10.12) as 
follows: 


j= a = ss = 0.226 
(BZ) = Ce cm) Goren 
= 9.83 m 


327 


This section describes the characteristics of turbulent flow, presents equations for calculating 
the friction factor f; and presents a famous graph called the Moody diagram. This information 
is important because most flows in conduits are turbulent. 


Qualitative Description of Turbulent Flow 


Turbulent flow is a flow regime in which the movement of fluid particles is chaotic, eddying, 
and unsteady, with significant movement of particles in directions transverse to the flow 
direction. Because of the chaotic motion of fluid particles, turbulent flow produces high lev- 
els of mixing and has a velocity profile that is more uniform or flatter than the corresponding 
laminar velocity profile. According to Eq. (10.1), turbulent flow occurs when Re = 3000. 
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Engineers and scientists model turbulent flow by using an empirical approach. This is 
because the complex nature of turbulent flow has prevented researchers from establishing a 
mathematical solution of general utility. Still, the empirical information has been used 
successfully and extensively in system design. Over the years, researchers have proposed 
many equations for shear stress and head loss in turbulent pipe flow. The empirical equations 
that have proven to be the most reliable and accurate for engineering use are presented in the 
next section. 


Equations for the Velocity Distribution 


The time-average velocity distribution is often described using an equation called the power- 


law formula. 
u(r) _ (2—) (10.35) 


u Fi 








max 


where Umax 18 velocity in the center of the pipe, rọ is the pipe radius, and m is an empirically 
determined variable that depends on Re as shown in Table 10.2. Notice in Table 10.2 that the 
velocity in the center of the pipe is typically about 20% higher than the mean velocity V. 
While Eq. (10.35) provides an accurate representation of the velocity profile, it does not pre- 
dict an accurate value of wall shear stress. 

An alternative approach to Eq. (10.35) is to use the turbulent boundary-layer equations 
presented in Chapter 9. The most significant of these equations, called the logarithmic velo- 
city distribution, is given by Eq. (9.29) and repeated here: 


Wr) — 9.44 nN 4 5 56 (10.36) 
Ux 
where u+, the shear velocity, is given by ux = ,/T)/p. 


Equations for the Friction Factor, f 


To derive an equation for fin turbulent flow, substitute the log law in Eq. (10.36) into the def- 
inition of mean velocity given by Eq. (5.8): 


yee 2 (1) [unra = [Ll [ufa ee) 4 5.56 |2mrdr 
TT / 0 TH) / 10 v 
After integration, algebra, and tweaking the constants to better fit experimental data, the result is 


+ = 2.0log (Re sf) - 0.8 (10.37) 
af 


Table 10.2 EXPONENTS FOR POWER-LAW EQUATION AND 
RATIO OF MEAN TO MAXIMUM VELOCITY 








Re 4x 10° 2.3 x 104 1.1 x 10° 1.1 x 10° 3.2 x 10° 

m als ale alle ala ae 
6.0 6.6 7.0 8.8 10.0 

Umax/ V 1.26 1.24 1.22 1.18 1.16 


source: Schlichting (2). Used with permission of the McGraw-Hill Companies. 
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Figure 10.12 





Resistance coefficient f 
versus Re for sand- 
roughened pipe. [After 
Nikuradse (4)]. 


Equation (10.37), first derived by Prandtl in 1935, gives the resistance coefficient for turbu- 
lent flow in tubes that have smooth walls. The details of the derivation of Eq. (10.37) are pre- 
sented by White (21). To determine the influence of roughness on the walls, Nikuradse (4), 
one of Prandtl’s graduate students, glued uniform-sized grains of sand to the inner walls of a 
tube and then measured pressure drops and flow rates. 

Nikuradse’s data, Fig. 10.12, shows the friction factor f plotted as function of Reynolds 
number for various sizes of sand grains. To characterize the size of sand grains, Nikuradse 
used a variable called the sand roughness height with the symbol k,. The m-group, k,/D, is 
given the name relative roughness. 

In laminar flow, the data in Fig. 10.12 show that wall roughness does not influence f. In 
particular, notice how the data corresponding to various values of k,/D collapse into a single 
blue line that is labeled “laminar flow.” 

In turbulent flow, the data in Fig. 10.12 show that wall roughness has a major impact on 
J. When k,/D = 0.033, then values of fare about 0.04. As the relative roughness drops to 
0.002, values of f decrease by a factor of about 3. Eventually wall roughness does not matter, 
and the value of fcan be predicted by assuming that the tube has a smooth wall. This latter 
case corresponds to the blue curve in Fig. 10.12 that is labeled “smooth wall tube.” The ef- 
fects of roughness are summarized by White (5) and presented in Table 10.3. These regions 
are also labeled in Fig. 10.12. 


Moody Diagram 

Colebrook (6) advanced Nikarudse’s work by acquiring data for commercial pipes and 
then developing an empirical equation, called the Colebrook-White formula, for the 
friction factor. Moody (3) used the Colebrook-White formula to generate a design chart 
similar to that shown in Fig. 10.13. This chart is now known as the Moody diagram for com- 
mercial pipes. 























0.100 

0.090 + k,/D 

0.080 |- o 0.033 

o = 0.016 
0:079 o 0.008 
0.060 Laminar flow e 0.004 
Eq. (10.34) A 0.002 Fully rough flow 

0.050 } 4 0.001 
= 0.040 L ghrin EEA PAH opoo 
S 
S 0.030 } stares Epam ampan 
€ 0.025 } 1 
S 
in ANGROO 
g£ 0.020 E à oF assoi 

0.015 | 

0.010 |- Eq. (10.37) 

0.009 |- 

0.008 l l 





103 104 10° 
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Table 10.3 EFFECTS OF WALL ROUGHNESS 





Type of Flow 


Parameter Ranges Influence of Parameters on f 





Laminar Flow 


f depends on Reynolds number 
Re < 2000 NA fis independent of wall roughness (k,/D) 


f depends on Reynolds number 


k 
Turbulent Flow, Smooth Tube Re > 3000 ( =) Re < 10 fis independent of wall roughness (k,/D) 


f depends on Reynolds number 


k 
Transitional Turbulent Flow Re > 3000 10< (=)Re < 1000 fdepends on wall roughness (k,/D) 


fis independent of Reynolds number 


k 
Fully Rough Turbulent Flow Re > 3000 ( =) Re > 1000 f depends on wall roughness (k,/D) 








Table 10.4 EQUIVALENT SAND-GRAIN ROUGHNESS, (ks), FOR VARIOUS PIPE MATERIALS 








Boundary Material k,, Millimeters k, Inches 
Glass, plastic Smooth Smooth 
Copper or brass tubing 0.0015 6 x 10> 
Wrought iron, steel 0.046 0.002 
Asphalted cast iron 0.12 0.005 
Galvanized iron 0.15 0.006 

Cast iron 0.26 0.010 
Concrete 0.3 to 3.0 0.012-0.12 
Riveted steel 0.9-9 0.035—0.35 
Rubber pipe (straight) 0.025 0.001 





In the Moody diagram, Fig. 10.13, the variable k, denotes the equivalent sand rough- 
ness. That is, a pipe that has the same resistance characteristics at high Re values as a sand- 
roughened pipe is said to have a roughness equivalent to that of the sand-roughened pipe. Ta- 
ble 10.4 gives the equivalent sand roughness for various kinds of pipes. This table can be 
used to calculate the relative roughness for a given pipe diameter, which, in turn, is used in 
Fig. 10.13, to find the friction factor. 

In the Moody diagram, Fig. 10.13, the abscissa is the Reynolds number Re, and the or- 
dinate is the resistance coefficient f. Each blue curve is for a constant relative roughness 
k,/D, and the values of k,/D are given on the right at the end of each curve. To find f, given 
Re and k,/D, one goes to the right to find the correct relative roughness curve. Then one 
looks at the bottom of the chart to find the given value of Re and, with this value of Re, 
moves vertically upward until the given k,/D curve is reached. Finally, from this point one 
moves horizontally to the left scale to read the value of f If the curve for the given value of 
k,/D is not plotted in Fig. 10.13, then one simply finds the proper position on the graph by 
interpolation between the k,/D curves that bracket the given k,/D. 
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Figure 10.13 





Resistance coefficient f 
versus Re. Reprinted 
with minor variations. 
[After Moody (3). 
Reprinted with 
permission from the 
ASME. ] 
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To provide a more convenient solution to some types of problems, the top of the Moody 
diagram presents a scale based on the parameter Re f "?. This parameter is useful when h;and 
k,/D are known but the velocity V is not. Using the Darcy-Weisbach equation given in Eq. 
(10.12) and the definition of Reynolds number, one can show that 


3/2 
12D 


v 


Re f (2gh,/L)'” (10.38) 
In the Moody diagram, Fig. 10.13, curves of constant Re f"? are plotted using heavy black lines 
that slant from the left to right. For example, when Re f? = 10° and k,/D = 0.004, then 
f= 0.029. When using computers to carry out pipe-flow calculations, it is much more conve- 
nient to have an equation for the friction factor as a function of Reynolds number and relative 
roughness. By using the Colebrook-White formula, Swamee and Jain (7) developed an explicit 
equation for friction factor, namely 


[a A (10.39) 


i 2 
log ; „5 
7D Re”. 


It is reported that this equation predicts friction factors that differ by less than 3% from those 
on the Moody diagram for 4 x 10° < Re < 108 and 10° < k/D < 2x 107. 
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Solving Turbulent Flow Problems 


This section describes how to solve problems that involve turbulent flow* in a pipe, 
emphasizing how to classify problems as case 1, 2, or 3. Classification is important because 
cases 2 and 3 usually require either an iterative approach or they require computer programs 
that can solve coupled nonlinear equations. Some useful computer programs include TK 
Solver, EES, MathCAD, and MatLab. 


To recognize problems that require iterative approaches or computer solutions, engi- 
neers classify problems into three cases based on the goal of the problem and based on what 
information is known. 

Case 1 is when the goal is to find the head loss, given the pipe length, pipe diameter, 
and flow rate. This problem is straightforward because it can be solved using algebra; see Ex- 
ample 10.3. 

Case 2 is when the goal is to find the flow rate, given the head loss (or pressure drop), 
the pipe length, and the pipe diameter. This problem usually requires an iterative approach or 
solver program; see Examples 10.4 and 10.5. 

Case 3 is when the goal is to find the pipe diameter, given the flow rate, length of pipe, 
and head loss (or pressure drop). This problem usually requires an iterative approach or a 
solver program; see Example 10.6. 

There are several approaches that sometimes eliminate the need for an iterative ap- 
proach. For case 2, an iterative approach can sometimes be eliminated by using an explicit 
equation developed by Swamee and Jain (7): 


k 
Q = -2.22D°" [eh,/L on 585 + H) (10.40) 


Using Eq. (10.40) is equivalent to using the top of the Moody diagram, which presents a scale 
for Re f!2. For case 3, one can sometimes use an explicit equation developed by Swamee and 
Jain (7) and modified by Streeter and Wylie (8): 


0.04 


2 4.75 L 5.2 
D= 0.66 aa F aA (10.41) 


Example 10.3 shows an example of a case 1 problem. 


* Note that laminar flow problems can be solved using algebra because Eq. (10.32) is linear in V. Thus, there 
is no need to use the iterative approaches described in this section. 
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EXAMPLE 10.3 HEAD LOSS IN A PIPE (CASE 1) 
Water (T = 20°C) flows at a rate of 0.05 m?/s ina 20 cm 
asphalted cast-iron pipe. What is the head loss per kilometer 
of pipe? 

Problem Definition 

Situation: Water is flowing in a pipe. 

Find: Head loss (in meters) for L = 1000 m. 

Assumptions: Fully developed flow. 

Properties: Water (20°C), Table A.5: v = 1 x 10-6 m*/s. 
Sketch: 


|}«—___— 1 = 1000 m ——____+| 
*\ pe om 


Asphalted, cast-iron 





TATAL. 





Water, 20°C 
Q = 0.05 m3/s 


Plan 
Since this is a case 1 problem (head loss is the goal), the 
solution is straightforward. 


1. Calculate the mean velocity using the flow rate equation 
(5.8). 
2. Calculate the Reynolds number using Eq. (10.2). 


3. Calculate the relative roughness and then look up fon the 
Moody diagram. 








4. Find head loss by applying the Darcy-Weisbach equation 
(10.12). 


Solution 
1. Mean velocity 


a 1.59 m/s 
A (x/4)(0.02 m) 
2. Reynolds number 
E VD _ (1.59 m/s)(0.20 m) =~ 3.18% 10° 


K 10% m/s 
3. Resistance coefficient 
e Equivalent sand roughness (Table 10.4): k, = 0.12 mm 


e Relative roughness: 
k,/D = (0.00012 m)/(0.2 m) = 0.0006 


e Look up fon the Moody diagram for Re = 3.18 x 10° 
and k,/D = 0.0006: 


f= 0.019 
4. Darcy-Weisbach equation 


2 Dp 
L\(V 1000 m)( 1.59? m°/s 
FEN ES (20m) 2(9.81 m/s’) 


= [22m] 


Example 10.4 shows an example of a case 2 problem. Notice that the solution involved appli- 
cation of the scale on the top of the Moody diagram; thereby avoiding an iterative solution. 





EXAMPLE 10.4 FLOW RATE IN A PIPE (CASE 2) 


The head loss per kilometer of 20 cm asphalted cast-iron pipe 
is 12.2 m. What is the flow rate of water through the pipe? 


Problem Definition 


Situation: This is the same situation as Example 10.3 except 
that the head loss is now specified and the discharge is 
unknown. 


Find: Discharge (m*/s) in the pipe. 


Plan 


This is a case 2 problem because flow rate is the goal. 
However, a direct (i.e., noniterative) solution is possible 
because head loss is specified. The strategy will be to use the 
horizontal scale on the top of the Moody diagram. 

1. Calculate the parameter on the top of the Moody diagram. 
2. Using the Moody diagram, find the friction factor f. 


3. Calculate mean velocity using the Darcy-Weisbach 
equation (10.12). 


4. Find discharge using the flow rate equation (5.8). 
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Solution 
3/2 
1. Compute the parameter D`“ ,/2 gh,/L/v. 


moe [2gh/L 
P 


= (0.20 m)*”” 


2 1/2 
y [2(9.81 m/s )(12.2 m/1000 m)] 


1.0x 10% m’/s 
= 438 x 10° 


2. Determine resistance coefficient. 
e Relative roughness: 
k,/D = (0.00012 m)/(0.2 m) = 0.0006 


e Look up fon the Moody diagram for 
D°? [2gh/L/v = 4.4x 10° and k,/D = 0.0006: 


f= 0.019 


3. Find V using the Darcy-Weisbach equation. 


AB 


2 
12.2 m = o.or9( 1222 D| eig 
0.20 m/ | 2(9.81 m/s’) 





V = 1.59 m/s 


4. Use flow rate equation to find discharge. 


Q = VA = (1.59 m/s)(T/4)(0.2 m)? =|0.05 m*/s 


Review 


Validation. The calculated flow rate matches the value from 
Example 10.3. This is expected because the data are the same. 





When case 2 problems require iteration, there are several methods that can be used to find a 
solution. One of the easiest ways is a method called “successive substitution,” which is illus- 
trated by Example 10.5. 





EXAMPLE 10.5 FLOW RATE IN A PIPE (CASE 2) 


Water (T = 20°C) flows from a tank through a 50 cm 
diameter steel pipe. Determine the discharge of water. 


Problem Definition 


Situation: Water is draining from a tank through a steel pipe. 


Find: Discharge (m/s) for the system. 
Assumptions: 

1. Flow is fully developed. 

2. Include only the head loss in the pipe. 


Sketch: 





Elevation = 60 m 


Properties: 

1. Water (20°C), Table A.5: v = 1 x 10-6 m7/s. 

2. Steel pipe, Table 10.4, equivalent sand roughness: 
k, = 0.046 mm. Relative roughness (k,/D) is 


92x 10>. 


Plan 


This is a case 2 problem because flow rate is the goal. An 
iterative solution is used because V is unknown, so there is no 
direct way to use the Moody diagram. 


1. Apply the energy equation from section | to section 2. 
2. First trial. Guess a value of fand then solve for V. 


Steel pipe 








> Elevation = 40 m 
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3. Second trial. Using V from the first trial, calculate a new 
value of f. 

4. Convergence. If the value of fis constant within a few 
percent between trials, then stop. Otherwise, continue with 
more iterations. 


5. Calculate flow rate using the flow rate equation (5.8). 


Solution 
1. Energy equation (reservoir surface to outlet) 
2 y2 , 
+Z = = + — +Z, + 
1 i aa 


y 2 
OE O N 

2g D2g 
or 


(2x0) 
á Fas) (1) 


2. First trial (iteration 1) 
e Guess a value of f = 0.020. 
e Use eq. (1) to calculate V = 8.86 m/s. 


e Use V = 8.86 m/s to calculate Re = 4.43 x 10°. 
e Use Re = 4.43 x 10° and k,/D = 9.2 x 10-5 on the 
Moody diagram to find that f = 0.012. 

e Use eq. (1) with f= 0.012 to calculate V = 10.7 m/s. 
3. Second trial (iteration 2) 

e Use V = 10.7 m/s to calculate Re = 5.35 x 10°. 


e Use Re = 5.35 x 10° and k,/D = 9.2 x 10-5 on the 
Moody diagram to find that f = 0.012. 
4. Convergence. The value of f = 0.012 is unchanged 
between the first and second trials. Therefore, there is no 
need for more iterations. 


5. Flow rate 


Q = VA = (10.7 m/s) x (1/4) x (0.50)? m? =|2.10 m*/s 








In a case 3 problem, derive an equation for diameter D and then use the method of successive 
substitution to find a solution. Iterative approaches, as illustrated in Example 10.6, can em- 
ploy a spreadsheet program to perform the calculations. 


EXAMPLE 10.6 FINDING PIPE DIAMETER (CASE 3) 


What size of asphalted cast-iron pipe is required to carry 
water (60°F) at a discharge of 3 cfs and with a head loss of 4 
ft per 1000 ft of pipe? 


Problem Definition 

Situation: Water is flowing in a asphalted cast-iron pipe. 

Q =3 ft/s. 

Find: Pipe diameter (in ft) so that head loss is 4 ft per 1000 ft 

of pipe length. 

Assumptions: Fully developed flow. 

Properties: 

1. Water (60°F), Table A.5: v = 1.22 x 10-5 ft’/s. 

2. Asphalted cast-iron pipe, Table 10.4, equivalent sand 
roughness: k, = 0.005 in. 





Plan 

Since this is a case 3 problem (pipe diameter is the goal), use 

an iterative approach. 

1. Derive an equation for pipe diameter by using the Darcy- 
Weisbach equation. 


2. For iteration 1, guess f, solve for pipe diameter, and then 
recalculate f: 


3. To complete the problem, build a table in a spreadsheet 
program. 


Solution 
1. Develop an equation to use for iteration. 
e Darcy-Weisbach equation 


2 2 


nA NE) = EE) =e 


2g(7/4) D? 
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e Solve for pipe diameter 


5. JE 
0.785°(2gh,) 


e Calculate fusing Eq. (10.39): f = 0.0178. 

3. In the table below, the first row contains the values from 
iteration 1. The value off = 0.0178 from iteration 1 is 
used for the initial value for iteration 2. Notice how the 
solution has converged by iteration 3. 


2 
D 


(1) 
2. Iteration 1 


e Guess f = 0.015. ‘Iteration # | Initial f | IER | _ ke 
e Solve for diameter using eq. (1): 






































0.0150 3.26E+05 


37.2 0.0178 3.15E+05 
5 _ 0.015(1000 ft)G ft /s) — 9 959 fê E H 


0.785°(64.4 ft/s°)(4 ft) 0.0178 3.15E+05 
D = 0.968 ft 








D 
































¢ Find parameters needed for calculating f : 


Re = VD — (4.08 /s)(0.968 ft) _ 3 96 0 495 


v 1.22x 10” ft/s 
k,/D = 0.005/(0.97 x 12) = 0.00043 


Combined Head Loss 


Previous sections have described how to calculate head loss in pipes. This section completes 
the story by describing how to calculate head loss in components. This knowledge is 
essential for modeling and design of systems. 


The Minor Loss Coefficient, K 


When fluid flows through a component such as a partially open value or a bend in a pipe, vis- 
cous effects cause the flowing fluid to lose mechanical energy. For example, Fig. 10.14 
shows flow through a “generic component.” At section 2, the head of the flow will be less 
than at section 1. To characterize component head loss, engineers use a m-group called the 
minor loss coefficient K 
K= Ah) = ASD (10.1) 
(V728)  (pV"/2) 


where A% is drop in piezometric head that is caused by a component, Ap is the pressure drop 
that is caused by the component, and V is mean velocity. As shown in Eq. (10.1), the minor 
loss coefficient has two useful interpretations: 


re drop in piezometric head across component _ pressure drop due to component 
velocity head kinetic pressure 
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Figure 10.14 





Flow through a generic 
component. 


Figure 10.15 








Flow at a sharp-edged 
inlet. \ Gee 








Thus, the head loss across a single component or transition is h; = K( V/ (2g)), where K is 
the minor loss coefficient for that component or transition. 

Most values of K are found by experiment. For example, consider the setup shown in 
Fig. 10.14. To find K, flow rate is measured and mean velocity is calculated using 
V = (Q/A). Pressure and elevation measurements are used to calculate the change in pie- 
zometric head. 


Ah =h,—h, = (2 +z) - (= +2) (10.2) 


Then, values of V and AA are used in Eq. (10.1) to calculate K. The next section presets typi- 
cal data for K. 


Data for the Minor Loss Coefficient 


This section presents K data and relates these data to flow separation and wall shear stress. 
This information is used for nearly all system modeling. 

Pipe inlet. Near the entrance to a pipe when the entrance is rounded, flow is developing 
as shown in Fig. 10.1 and the wall shear stress is higher than that found in fully developed 
flow. Alternatively, if the pipe inlet is abrupt, or sharp-edged, as in Fig. 10.15, separation oc- 
curs just downstream of the entrance. Hence the streamlines converge and then diverge with 
consequent turbulence and relatively high head loss. The loss coefficient for the abrupt inlet 
is approximately 0.5. Other values of head loss are summarized in Table 10.5. 





Table 10.5 LOSS COEFFICIENTS FOR VARIOUS TRANSITIONS AND FITTINGS 





Description Sketch Additional Data K Source 





Pipe entrance r/d ike (a10) 
a7 0.0 0.50 





0.1 0.12 

h; = K,V⁄2/2g >0.2 0.03 
Contraction Ke Ke 

D,/D; 6 = 60° @ = 180° (10) 

0.00 0.08 0.50 

hy, = KV3/2g 0.20 0.08 0.49 
0.40 0.07 0.42 

0.60 0.06 0.27 

0.80 0.06 0.20 

0.90 0.06 0.10 


(Continued) 
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Description Sketch Additional Data K Source 
Expansion Kpg Kpg 
y M DIDA 6 = 20° 6 = 180° (9) 
5 oho m 0.00 1.00 
My = KV, 222 me 2 0.20 0.30 0.87 
0.40 025 0.70 
0.60 0.15 0.41 
0.80 0.10 0.15 
90° miter bend 7 Without K,= 1.1 (15) 
ne 
=e vanes 





With vanes K, = 0.2 (15) 
90° smooth bend r/d (16) 
and 
1 K, = 0.35 (9) 
2 0.19 
4 0.16 
6 0.21 
8 0.28 
10 0.32 
Threaded pipe fittings Globe valve—wide open K, = 10.0 (15) 
Angle valve—wide open K, = 5.0 
Gate valve—wide open K, = 0.2 
Gate valve—half open K, = 5.6 
Return bend K, = 2.2 
Tee 
Straight-through flow K,= 0.4 
Side-outlet flow K,= 1.8 
90° elbow K, = 0.9 
45° elbow K, = 0.4 


‘Reprinted by permission of the American Society of Heating, Refrigerating and Air Conditioning Engineers, Atlanta, Georgia, 
from the 1981 ASHRAE Handbook—Fundamentals. 





Flow in an elbow. In an elbow (90° smooth bend), considerable head loss is produced 
by secondary flows and by separation that occurs near the inside of the bend and downstream 
of the midsection as shown in Fig. 10.16. 

The loss coefficient for an elbow at high Reynolds numbers depends primarily on the 
shape of the elbow. If it is a very short-radius elbow, the loss coefficient is quite high. For 
larger-radius elbows, the coefficient decreases until a minimum value is found at an 
r/dvalue of about 4 (see Table 10.3). However, for still larger values of r/d, an increase in 
loss coefficient occurs because, for larger r/d values, the elbow itself is significantly longer 
than elbows with small r/d values. The greater length creates an additional head loss. 
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Figure 10.16 





Flow pattern in an 
elbow. 











(> 
— Th 


Separation zone 








Other components. The loss coefficients for a number of other fittings and flow transi- 
tions are given in Table 10.5. This table is representative of engineering practice. For more 
extensive tables, see references (10—15). 

In Table 10.5, the K was found by experiment, so one must be careful to ensure that Re 
values in the application correspond to Re values of the data. 


Combined Head Loss Equation 
The total head loss is given by Eq. (10.4), which is repeated here: 


{ Total head loss} = { Pipe head loss } + {Component head loss } (10.3) 


To develop an equation for the combined head loss, substitute Eqs. (10.12) and (10.1) in Eq. 
(10.3): 


2 2 
n= Shh > byes 5x (10.4) 


pipes components pipes components 


Equation (10.4) is called the combined head loss equation. To apply this equation, follow the 
same approaches that were used for solving pipe problems. That is, classify the flow as case 
1, 2, or 3 and apply the usual equations: the energy, Darcy-Weisbach, and flow rate equa- 
tions. Example 10.7 illustrates this approach for a case 1 problem. 





EXAMPLE 10.7 PIPE SYSTEM WITH COMBINED Find: Elevation (in meters) of the free surface of the upper 
HEAD LOSS reservoir. 

If oil (v = 4x 10° m’/s; S = 0.9) flows from the upper to Properties: 

the lower reservoir at a rate of 0.028 m?/s in the 15 cm (Oils — 4 tor m’/s, S= 0.9. 

smooth pipe, what is the elevation of the oil surface in the 2. Minor head loss coefficients, Table 10.5; 


upper reservoir? 


Problem Definition 


entrance = K, = 0.5; bend = K, = 0.19; 
outlet = K; = 1.0. 


Situation: Oil is flowing from a upper reservoir to a lower 


reservoir. 
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Sketch: 





Elevation = ? 


ae 














=== Elevation 
~|=130m 











Plan 

This is a case 1 problem because flow rate and pipe 

dimensions are known. Thus, the solution is straightforward. 

1. Apply the energy equation [Eq. (7.29)] from 1 to 2. 

2. Apply the combined head loss equation (10.45). 

3. Develop an equation for z} by combining results from 
steps | and 2. 

4. Calculate the resistance coefficient f: 

5. Solve for z, using the equation from step 3. 


Solution 


1. Energy equation and term-by-term analysis 


P Vi P V3 

1 1 2 2 

—+0,—4+2,+h, =—+0a,—+4+2,+h, +h 
(Jg 1 Pp 2s 2 t E 


Oae Ma e = O a O 
Z =Z +h; 


Interpretation: Change in elevation head is balanced by the 
total head loss. 


2. Combined head loss equation 


my” y? 
h; = ioe De 


pipes components 
2 2 2 2 
h,= LV’ +(2K,0+K5+K4) 
D2g 2g “2g 2g 
2 
aD 
= —|f=+2K 
eV Dt ,+K,+Ke 


3. Combine eqs. (1) and (2). 
2 
VW all: 
z= 22+ 5 (Spt 2Kp + Ket Ks) 








4. Resistance coefficient 
e Flow rate equation (5.8) 


_Q_ (0.028 m’/s) 








=== Se = 18 m/s 
A (@/4)(0.15 m) 
e Reynolds number 
1. 0.1 
R E soa 
Y 4x10 m’/s 
Thus, flow is turbulent. 
e Swamee-Jain equation (10.39) 
T E 
oiea fIogi(0+ -A J 
3.7D Re”? 5930" 


5. Calculate z, using (3): 
2 
7 = (ebay e 
2(9.81)m/s 


6 (97 m) 
(0.15 m) 


(0.03 +2(0.19) + 0.5 + 1.0) 


Review 
1. Notice: There is a big difference between pipe and 
component head loss: 


Pire herd ies zr = Moe = 472 


Component head loss ~ XK = 2(0.19) + 0.5 + 1.0 = 1.88 


Thus pipe losses > component losses for this problem. 


2. Tip! When pipe head loss is dominant, make simple 
estimates of K because these estimates will not impact the 
prediction very much. 
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Nonround Conduits 


Previous sections have considered round pipes. This section extends this information by 
describing how to account for conduits that are square, triangular, or any nonround shape. 
This information is important for applications such as sizing ventilation ducts in buildings 
and for modeling flow in open channels. 


When a conduit has a section area that is noncircular, then engineers modify the Darcy- 
Weisbach equation, Eq. (10.12), to use hydraulic diameter D, in place of diameter. 


2 
ees 
E (10.5) 
Equation (10.5) is derived using the same approach as Eq. (10.12), and the hydraulic diame- 
ter that emerges from this derivation is 

D,= 4x cross-section area (10.6) 
wetted perimeter 
where the “wetted perimeter” is that portion of the perimeter that is physically touching the 
fluid. The wetted perimeter of a rectangular duct of dimension L x w is 2L + 2w. Thus, the 
hydraulic diameter of this duct is: 


_ 4xLw _ 2Lw 


D, = = 
h2L+2w L+w 








Using Eq. (10.6), the hydraulic diameter of a round pipe is the pipe’s diameter D. When Eq. 
(10.5) is used to calculate head loss, the resistance coefficient f is found using a Reynolds 
number based on hydraulic diameter. Use of hydraulic diameter is an approximation. Accord- 
ing to White (21), this approximation introduces an uncertainty of 40% for laminar flow and 
15% for turbulent flow. 


f= (=) + 40% (laminar flow) 
Re D, 
r (10.7) 
f Moody Re Dp ae, + 15% (turbulent flow) 


In addition to hydraulic diameter, engineers also use hydraulic radius, which is defined as 


section area _ D, 


R h” - = 
wetted perimeter 4 


(10.8) 
Notice that the ratio of R, to D, is 1/4 instead of 1/2. While this ratio is not logical, it is the 
convention used in the literature and is useful to remember. Chapter 15, which focuses on 
open-channel flow, will present examples of hydraulic radius. 

To model flow in a nonround conduit, the approaches of the previous sections are fol- 
lowed with the only difference being the use of hydraulic diameter in place of diameter. This 
is illustrated by Example 10.8. 
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EXAMPLE 10.8 PRESSURE DROP IN AN 

HVAC DUCT 

Air (T = 20°C and p = 101 kPa absolute) flows at a rate of 
25 m?/ s in a horizontal, commercial steel, HVAC duct. 
(Note that HVAC is an acronym for heating, ventilating, and 
air conditioning.) What is the pressure drop in inches of water 
per 50 m of duct? 

Problem Definition 

Situation: Air is flowing through a duct. 

Find: Pressure drop (inch H,O) in a length of 50 m. 

Sketch: 





Assumptions: 


1. Fully developed flow, meaning that V, = V, and the 
velocity head terms in the energy equation cancel out. 


2. No sources of component head loss. 
Properties: 


1. Air (20°C, 1 atm), Table A.2:p=1.2 kg/m’, 
v = 15.1 x 10>* ms. 


2. Steel pipe, Table 10.4: k, = 0.046 mm. 


Plan 
This is a case 1 problem because flow rate and duct 
dimensions are known. Thus, the solution is straightforward. 


1. Derive an equation for pressure drop by using the energy 
equation (7.29). 


-Q 


Pumps and Systems of Pipes 





2. Calculate parameters needed to find head loss. 


3. Calculate head loss by using the Darcy-Weisbach equation 
(10.12). 


4. Calculate pressure drop Ap by combining steps 1, 2, 
and 3. 
Solution 
1. Energy equation (after term-by-term analysis) 
Di =P = pgh, 
2. Intermediate calculations 
e Flow rate equation 


A (03 m)(0.6m) — 
e Hydraulic diameter 


_ 4xsectionarea _ 4(0.3 m)(0.6 m) 


= - = — = 04m 
wetted perimeter (2x 0.3 m) + (2 x 0.6 m) 


h 


e Reynolds number 


pec a OR 365 1000 


Thus, flow is turbulent. 
e Relative roughness 
k,/D), = (0.000046 m)/(0.4 m) = 0.000115 


e Resistance coefficient (Moody diagram): f= 0.015 
3. Darcy-Weisbach equation 


2 
n= EE) = moga ee 
= 18.6 m 
4. Pressure drop (from step 1) 
Pı -p = pgh; = (1.2 kg/m’)(9.81 m/s°)(18.6 m) = 220 Pa 
Pı —P2 = 0.883 inch H,O 


Previous sections have presented information for modeling flow in a single round pipe. This 
section extends this information by describing how to model flow in a network of pipes and 
how to incorporate performance data for a centrifugal pump. These topics are important 
because pumps and pipe networks are common. 
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Modeling a Centrifugal Pump 


As shown in Fig. 10.17, a centrifugal pump is a machine that uses a rotating set of blades 
situated within a housing to add energy to a flowing fluid. The amount of energy that is 
added is represented by the head of the pump /,,, and the rate at which work is done on 
the flowing fluid is P = mgh,. 

To model a pump in a system, engineers commonly use a graphical solution involv- 
ing the energy equation given in Eq. (7.29) and data from the pump manufacturer. To il- 
lustrate this approach, consider flow of water in the system of Fig. 10.18a. The energy 
equation applied from the reservoir water surface to the outlet stream is: 





Impellor 





2 2 
. y 

Figure 10.17 UTTE T Tae ADAK 
A centrifugal pump drives 

flow with a rotating impellor. For a system with one size of pipe, this simplifies to 

2 
yV fL 
h, = CEE EDIE (10.9) 


Hence, for any given discharge, a certain head h, must be supplied to maintain that flow. 
Thus, construct a head-versus-discharge curve, as shown in Fig. 10.185. Such a curve is 
called the system curve. Now, a given centrifugal pump has a head-versus-discharge curve 
that is characteristic of that pump at a given pump speed. This curve is called a pump curve. 
A pump curve can be acquired from a pump manufacturer, or it can be measured. A typical 
pump curve is shown in Fig. 10.180. 

Figure 10.185 reveals that, as the discharge increases in a pipe, the head required for 
flow also increases. However, the head that is produced by the pump decreases as the dis- 
charge increases. Consequently, the two curves intersect, and the operating point is at the 
point of intersection—that point where the head produced by the pump is just the amount 
needed to overcome the head loss in the pipe. 

To incorporate performance data for a pump, use the energy equation to derive a sys- 
tem curve. Then acquire a pump curve from a manufacturer or other source and plot the two 
curves together. The point of intersection shows where the pump will operate. This process is 
illustrated in Example 10.9. 





Figure 10.18 





60 







(a) pris and pipe System operating point 
combination. 





(b) Pump and system 


40 
curves. 


System curve 


20 Pump curve 











J 
0.10 0.20 0.30 
Discharge, m/s 


(a) (b) 
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EXAMPLE 10.9 FINDING A SYSTEM 
OPERATING POINT 


Problem Definition 
Situation: 


1. A pump has the head-versus-discharge curve shown in 
Fig. 10.18b. 


2. The friction factor is f = 0.015. 
Find: Discharge (m*/s) in the system. 


Plan 
1. Develop an equation for the system curve by applying the 
energy equation. 


2. Plot the given pump curve and the system curve on the 
same graph. 


3. Find discharge Q by finding the intersection of the system 
and pump curve. 


Sketch: 





=| Elevation = 200 m 


eles 


Solution 


Energy equation 


2 


0+0+200+h, =0+0+230+(% +x +K + Kp) 
Daro 2g 


Here K, = 0.5, K, = 0.35, and K; = 1.0. Hence 


2 
i= 30 + -2 [LAO 4 0.540.354 1] 
2g4° 0.40 
o 


= 0 CIS) 


2x9.81 x [(1/4) x 0.41 
= 30 m + 1270° m 


Now make a table of Q versus h, (see below) to give values to 
produce a system curve that will be plotted with the pump 
curve. When the system curve is plotted on the same graph as 
the pump curve, it is seen (Fig. 10.195) that the operating 


condition occurs at |O = 0.27 m/s. 





Elevation = 230 m 











1000 m pipe 40 cm in diameter 





Z 











Q(m*/s) 





Pump f=0.015 


h, = 30 m +1270 m 





0 
0.1 


0.2 


0.3 


30 
Sl 


35.1 


41.4 
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Figure 10.19 





Flow in parallel pipes. 


Figure 10.20 
Pipe network. 


Pipes in Parallel 


Consider a pipe that branches into two parallel pipes and then rejoins, as shown in Fig. 
10.19. A problem involving this configuration might be to determine the division of flow in 
each pipe, given the total flow rate. 

No matter which pipe is involved, the pressure difference between the two junction 
points is the same. Also, the elevation difference between the two junction points is the same. 
Because h; = (p\/y +21) —(P2/Y + z2), it follows that h; between the two junction points 
is the same in both of the pipes of the parallel pipe system. Thus, 


hy, = hy, 
Gr uF 
"D2 PD, 2g 
D,2g 248 
ViN? — foloD, Vy fpl.D,\'? 
Then (=) = or 2 = (2) 
V SLD, V, fi LD, 


If fi and fa are known, the division of flow can be easily determined. However, some trial- 
and-error analysis may be required if f, and fọ are in the range where they are functions of the 
Reynolds number. 


Pipe Networks 


The most common pipe networks are the water distribution systems for municipalities. These 
systems have one or more sources (discharges of water into the system) and numerous loads: 
one for each household and commercial establishment. For purposes of simplification, the 
loads are usually lumped throughout the system. Figure 10.20 shows a simplified distribution 
system with two sources and seven loads. 


==> 


—<—— > 











L2 
Sı L3 
O y” 
L2 
L. 
So 4 
L7 
Le Z 
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The engineer is often engaged to design the original system or to recommend an eco- 
nomical expansion to the network. An expansion may involve additional housing or commer- 
cial developments, or it may be to handle increased loads within the existing area. 

In the design of such a system, the engineer will have to estimate the future loads for 
the system and will need to have sources (wells or direct pumping from streams or lakes) to 
satisfy the loads. Also, the layout of the pipe network must be made (usually parallel to 
streets), and pipe sizes will have to be determined. The object of the design is to arrive at a 
network of pipes that will deliver the design flow at the design pressure for minimum cost. 
The cost will include first costs (materials and construction) as well as maintenance and oper- 
ating costs. The design process usually involves a number of iterations on pipe sizes and lay- 
outs before the optimum design (minimum cost) is achieved. 

So far as the fluid mechanics of the problem are concerned, the engineer must deter- 
mine pressures throughout the network for various conditions—that is, for various combina- 
tions of pipe sizes, sources, and loads. The solution of a problem for a given layout and a 
given set of sources and loads requires that two conditions be satisfied: 


1. The continuity equation must be satisfied. That is, the flow into a junction of the net- 
work must equal the flow out of the junction. This must be satisfied for all junctions. 

2. The head loss between any two junctions must be the same regardless of the path in the 
series of pipes taken to get from one junction point to the other. This requirement results be- 
cause pressure must be continuous throughout the network (pressure cannot have two values 
at a given point). This condition leads to the conclusion that the algebraic sum of head losses 
around a given loop must be equal to zero. Here the sign (positive or negative) for the head 
loss in a given pipe is given by the sense of the flow with respect to the loop, that is, whether 
the flow has a clockwise or counterclockwise direction. 


Only a few years ago, these solutions were made by trial-and-error hand computation, 
but modern applications using digital computers have made the older methods obsolete. Even 
with these advances, however, the engineer charged with the design or analysis of such a sys- 
tem must understand the basic fluid mechanics of the system to be able to interpret the results 
properly and to make good engineering decisions based on the results. Therefore, an under- 
standing of the original method of solution by Hardy Cross (17) may help you to gain this ba- 
sic insight. The Hardy Cross method is as follows. 

The engineer first distributes the flow throughout the network so that loads at various 
nodes are satisfied. In the process of distributing the flow through the pipes of the network, 
the engineer must be certain that continuity is satisfied at all junctions (flow into a junction 
equals flow out of the junction), thus satisfying requirement 1. The first guess at the flow dis- 
tribution obviously will not satisfy requirement 2 regarding head loss; therefore, corrections 
are applied. For each loop of the network, a discharge correction is applied to yield a zero net 
head loss around the loop. For example, consider the isolated loop in Fig. 10.21. In this loop, 
the loss of head in the clockwise direction will be given by 


Shi, = hy Me 
=S Ko! 
The loss of head for the loop in the counterclockwise direction is 


>= > IC, (10.11) 


(10.10) 
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Figure 10.21 





A typical loop of a pipe 
network. 


— A — B| — 














For a solution, the clockwise and counterclockwise head losses have to be equal, or 


> hy. = > hy. 
>: kQ% = Sy kOe. 


As noted, the first guess for flow in the network will undoubtedly be in error; therefore, 
a correction in discharge, AQ, will have to be applied to satisfy the head loss requirement. If 
the clockwise head loss is greater than the counterclockwise head loss, AQ will have to be 
applied in the counterclockwise direction. That is, subtract AO from the clockwise flows and 
add it to the counterclockwise flows: 


XS HUQ -AQ)" = X K Qoe + AQ)" (10.12) 


Expand the summation on either side of Eq. (10.12) and include only two terms of the 
expansion: 


SHO- nO; AQ) = Y KO + nOr AQ) 


Solve for AQ: 


AQ = — SO (10.13) 
S nkQ +Y nkOre 

Thus if AQ as computed from Eq. (10.13) is positive, the correction is applied in a counter- 
clockwise sense (add AQ to counterclockwise flows and subtract it from clockwise flows). 

A different AQ is computed for each loop of the network and applied to the pipes. 
Some pipes will have two AQs applied because they will be common to two loops. The first 
set of corrections usually will not yield the final desired result because the solution is ap- 
proached only by successive approximations. Thus the corrections are applied successively 
until the corrections are negligible. Experience has shown that for most loop configurations, 
applying AQ as computed by Eq. (10.13) produces too large a correction. Fewer trials are re- 
quired to solve for Qs if approximately 0.6 of the computed AQ is used. 

More information on methods of solution of pipe networks is available in references 
(18) and (19). A search of the Internet under “pipe networks” yields information on software 
available from various sources. 
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EXAMPLE 10.10 DISCHARGE IN A PIPING 
NETWORK 


A simple pipe network with water flow consists of three 
valves and a junction as shown in the figure. The piezometric 
head at points 1 and 2 is 1 ft and reduces to zero at point 4. 
There is a wide-open globe valve in line A, a gate valve half 
open in line B, and a wide-open angle valve in line C. The 
pipe diameter in all lines is 2 inches. Find the flow rate in 
each line. Assume that the head loss in each line is due only 
to the valves. 


Problem Definition 

Situation: 

1. Water flows through a network of pipes. 
2. hy =h,=1 ft. 

3. h, = 0 ft. 


4. Pipe diameter (all pipes) is 2/12 ft. 

Find: Flow rate (in cfs) in each pipe. 
Assumptions: Head loss is due to valves only. 
Sketch: 





Globe valve— 
wide open 


Angle valve— 
wide open 


Gate valve— 
half open 
4 Og 














Plan 
1. Let hy 123 = Ar 223- 
Oe et Ny 2»4 = 1 fit 


3. Solve equations using the Hardy Cross approach. 


Solution 

The piezometric heads at points | and 2 are equal, so 
hr 1» + hr, 322 = 0 

The head loss between points 2 and 4 is 1 ft, so 


hr 223 + hr 324 = 0 


Continuity must be satisfied at point 3, so 


OO Oe 


The head loss through a valve is given by 


Ve 


hy, = Kyxe 


= Kaa) 


where Kọ is the loss coefficient. For a 2-inch pipe, the head 
loss becomes 


h, = 2 OKO 


where h; is in feet and Q is in cfs. 
The head loss equation between points 1 and 2 expressed in 
term of discharge is 


SARO 32,6K OA 
or 
2 2 
K4Q4—-K,Q3 = 0 


where K,, is the loss coefficient for the wide-open globe valve 
(K, = 10) and Kg is the loss coefficient for the half-open 
gate valve (Kp = 5.6). The head loss equation between 
points 2 and 4 is 


826K 0; 432. 6K 20, — 1 
or 
Kp Onwk O07 (010307 


where Ke is the loss coefficient for the wide-open angle valve 
(Kc = 5). The two head loss equations and the continuity 
equation comprise three equations for Q4, Og, and Qc. 
However, the equations are nonlinear and require 
linearization and solution by iteration (Hardy Cross 
approach). The discharge is written as 


O = Or AO 
where Qy is the starting value and AQ is the change. Then 
7} 
Q -Q)+2Q,A0 


where the (AQ)? term is neglected. The equations in terms of 
AQ become 


2 2 
2K 4 Qo 4AQ, T 2K00, pAQz = KgO0,g = K4Qo.4 


2 2 
2KcQo,cAQc- 2K 200 pAQz = 0.0307 K008 KcOQo,c 
AQ, + A0; = AOc 
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which can be expressed in matrix form as and Oy 4 = 0.0346 and Qo) ,c = 0.0693. These values are 


2K 4 0.4 -2K 200 2 


substituted into the matrix equation to solve for the AQ’s. The 
0 AQ, discharges are corrected by Qo” = Op" + AQ and 
substituted into the matrix equation again to yield new AQ’s. 








Q Ad 2K cQo,c|} AQs The iterations are continued until sufficient accuracy is 
1 1 =I AQc obtained. The accuracy is judged by how close the column 
y 1S Judg 
matrix on the right approaches zero. A table with the results 
of iterations for this example is shown below. 
2 2 
KpQ0.~-K4Qo,4 
= 2 2 Iterati 
0.0307 - KQo g-KcQo.c apne 
0 Initial 1 2 3 4 
Qı 0.0346 0.0328 0.0305 0.0293 0.0287 
The procedure begins by selecting values for Qo 4, Qo g, and O, 0.0346 0.0393 0.0384 0.0394 0.0384 
Qo,c: Assume Oy 4 = Oog and Qyc = 209.4. Then from the Oc 0.0693 0.0721 0.0689 0.0687 0.0671 


head loss equation from points 2 to 4 


K ren at Kes c = 9.0307 This solution technique is called the Newton-Raphson 


(Ky E 0) p = 0.0307 


method for nonlinear systems of algebraic equations. It can 
be implemented easily on a computer. The solution procedure 


(5.6+4x 5)O% g = 0.0307 for more complex systems is the same. 


Qog = 0.0346 





— < 


Summary 


A conduit is any pipe, tube, or duct that is filled with a flowing fluid. This flow can be 
laminar or turbulent depending on Reynolds number (Re). The guideline used in this text is 


Re < 2000 laminar flow 
Re = 3000 turbulent flow 


Near an entrance, flow is developing, which means that the velocity profile and wall shear 
stress are changing with distance from the entrance. Once the flow becomes fully developed, 
the velocity distribution is constant (uniform flow) and the wall shear stress has a constant 
value. 


In fully developed flow, head loss (A; or hz) is given by a famous equation called the 
Darcy-Weisbach equation: 
2 
LV 
h = = — — 
=h D 2g 
where fis the resistance coefficient, Z is the pipe length, D is the diameter, and V is the mean 
velocity. For laminar flow, the Hagen-Poiseuille theory is used to develop an equation for 
head loss 
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_ 32pLV 


h 
if 
yD" 


and an equation for the resistance coefficient 


po 


Re 


For turbulent flow, the resistance coefficient depends on the Reynolds number and the 
relative roughness: 


f=f (Re, =) 


where k, is the equivalent sand grain roughness. Values for f can be obtained from the Moody 
diagram or from empirical equations. 
The total head loss in a conduit is given by 


Overall (total) head loss = = (Pipe head loss) + > (Component head loss) 


2 
y 
=y AEs Sa 
7 >». D2g > 2g 
pipes components 


and K is the minor loss coefficient. Pipe head loss (first group of terms) represents the head 
loss associated with fully developed flow in straight lengths of conduit. Component head loss 
(second group of terms) represents the head loss associated with components such as valves, 
elbows, bends, and transition sections. Values of K are tabulated in this text and in other engi- 
neering references. 

Noncircular pipes can be analyzed using the hydraulic diameter D, or the hydraulic ra- 
dius (R,), which are defined as 


_ 4x section area 


D, = 4R, . 
wetted perimeter 


To find the operating point of a centrifugal pump in a system, the standard approach is 
a graphical solution. One plots a system curve that is derived using the energy equation, and 
one plots the head versus flow rate curve of the centrifugal pump. The intersection of these 
two curves gives the operating point of the system. 

The analysis of pipe networks is based on the continuity equation being satisfied at 
each junction and the head loss between any two junctions being independent of pipe path 
between the two junctions. A series of equations based on these principles are solved itera- 
tively to obtain the flow rate in each pipe and the pressure at each junction in the network. 
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Problems 


Notes on Pipe Diameter for Chapter 10 Problems 


When a pipe diameter is given using the label “NPS” or “nomi- 
nal,” find the dimensions using Table 10.1 on p. 319. Otherwise, 
assume the specified diameter is an inside diameter (ID). 


Classifying Flow 


10.1 Kerosene (20°C) flows at a rate of 0.04 m?/s in a 25 cm di- 
ameter pipe. Would you expect the flow to be laminar or turbu- 
lent? Calculate the entrance length. 

10.2 A compressor draws 0.3 m?/s of ambient air (20°C) in 
from the outside through a round duct that is 10 m long and 150 
mm in diameter. Determine the entrance length and establish 
whether the flow is laminar or turbulent. 

10.3 Specify the diameter and length for a tube that carries SAE 
10W-30 oil at 38°C. The design requires laminar flow, fully de- 
veloped flow, and a discharge of Q = 0.2 L/s. 


Darcy-Weisbach Equation 


10.4 PQ< Using Section 10.3 and other resources, answer the 

following questions. Strive for depth, clarity, and accuracy 

while also combining sketches, words, and equations in ways 

that enhance the effectiveness of your communication. 

a. What is pipe head loss? How is pipe head loss related to total 
head loss? 

b. What is the friction factor f? How is f related to wall shear 
stress? 

c. What assumptions need to be satisfied to apply the Darcy- 
Weisbach equation? 


14. Miller, D. S. Internal Flow—A Guide to Losses in Pipe and 
Duct Systems. British Hydrodynamic and Research Association 
(BHRA), Cranfield, England (1971). 

15. Streeter, V. L. (ed.) Handbook of Fluid Dynamics. McGraw- 
Hill, New York, 1961. 

16. Beij, K. H. “Pressure Losses for Fluid Flow in 90% Pipe 
Bends.” J. Res. Nat. Bur. Std., 21 (1938). Information cited in 
Streeter (20). 

17. Cross, Hardy. “Analysis of Flow in Networks of Conduits 
or Conductors.” Univ. Illinois Bull., 286 (November 1936). 

18. Hoag, Lyle N., and Gerald Weinberg. “Pipeline Network 
Analysis by Digital Computers.” J. Am. Water Works Assoc., 49 
(1957). 

19. Jeppson, Roland W. Analysis of Flow in Pipe Networks. 
Ann Arbor Science Publishers, Ann Arbor, MI, 1976. 

20. Limerinos, J. T. “Determination of the Manning Coefficient 
from Measured Bed Roughness in Natural Channels.” Water Sup- 
ply Paper 1898-B, U.S. Geological Survey, Washington, D.C., 
1970. 

21. White, F. M. Fluid Mechanics, 5th Ed. McGraw-Hill, New 
York, 2003. 


10.5 PQ For each case that follows, apply the Darcy-Weis- 
bach equation from Eq. (10.12) to calculate the head loss in a 
pipe. Apply the grid method to carry and cancel units. 

a. Water flows at a rate of 20 gpm and a mean velocity of 180 
ft/min in a pipe of length 200 feet. For a resistance coeffi- 
cient of f= 0.02, find the head loss in feet. 

b. The head loss in a section of PVC pipe is 0.8 m, the resis- 
tance coefficient is f= 0.012, the length is 15 m and the 
flow rate is 1 cfs. Find the pipe diameter in meters. 

10.6 As shown, air (20°C) is flowing from a large tank, through 

a horizontal pipe, and then discharging to ambient. The pipe 

length is L = 50m, and the pipe is schedule 40 PVC with a nom- 

inal diameter of 1 inch. The mean velocity in the pipe is 10 m/s, and 

f = 0.015. Determine the pressure (in Pa) that needs to be main- 

tained in the tank. 











PROBLEM 10.6 


10.7 Water (15°C) flows through a garden hose (ID = 18 mm) 
with a mean velocity of 1.5 m/s. Find the pressure drop for a 
section of hose that is 20 meters long and situated horizontally. 
Assume that f= 0.012. 

10.8 As shown, water (15°C) is flowing from a tank through a tube 
and then discharging to ambient. The tube has an ID of 8 mm, a length 
of L = 6 m, and the resistance coefficientis f= 0.015. The water 
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level is H = 3 m. Find the exit velocity in m/s. Find the discharge 
in L/s. Sketch the HGL and the EGL. Assume that the only head loss 
occurs in the tube. 


7 














PROBLEM 10.8 


10.9 Water flows in the pipe shown, and the manometer deflects 
90 cm. What is f for the pipe if V = 3 m/s? 


D=5cm 






Elevation = 11m 


V=3 m/s 


PROBLEM 10.9 


Flow in Pipes (Laminar Flow) 


10.10 PQ< Using Section 10.5 and other resources, answer the 

questions that follow. Strive for depth, clarity, and accuracy 

while also combining sketches, words, and equations in ways 

that enhance the effectiveness of your communication. 

a. What are the main characteristics of laminar flow? 

b. What is the meaning of each variable that appears in Eq. 
(10.27)? 

c. In Eq. (10.33), what is the meaning of /,? 

10.11 A fluid (u = 10° N -s/m?; p = 800 kg/m?) flows with 

a mean velocity of 4cm/s ina 10 cm smooth pipe. 

What is the value of Reynolds number? 

What is the magnitude of the maximum velocity in the pipe? 

What is the magnitude of the friction factor f ? 

What is the shear stress at the wall? 

What is the shear stress at a radial distance of 25 mm from 

the center of the pipe? 

10.12 Water (15°C) flows in a horizontal schedule 40 pipe that has 

a nominal diameter of 0.5 in. The Reynolds number is Re = 1000. 

Work in SI units. 

a. What is mass flow rate? 

b. What is the magnitude of the friction factor f? 

c. What is the head loss per meter of pipe length? 

d. What is the pressure drop per meter of pipe length? 


eno ss 


10.13 Flow of a liquid in a smooth 3 cm pipe yields a head loss 
of 2 m per meter of pipe length when the mean velocity is 
1 m/s. Calculate f and the Reynolds number. Prove that dou- 
bling the flow rate will double the head loss. Assume fully de- 
veloped flow. 

10.14 As shown, a round tube of diameter 0.5 mm and length 750 
mm is connected to plenum. A fan produces a negative gage pres- 
sure of —1.5 inch H,O in the plenum and draws air (20°C) into the 
microchannel. What is the mean velocity of air in the microchan- 
nel? Assume that the only head loss is in the tube. 





a Fan 
SS Plenum 
p =-1.5 in -H20 


- : - 
Microchannel m4 


diameter D 





— 
ED 
— 














PROBLEM 10.14 


10.15 Liquid (y = 10 kN/m’) is flowing in a pipe at a steady 
rate, but the direction of flow is unknown. Is the liquid moving 
upward or moving downward in the pipe? If the pipe diameter is 
8 mm and the liquid viscosity is 3.0 x 10° N - s/m’, what is 
the magnitude of the mean velocity in the pipe? 


Elevation = 10 m — 4 = —-—|—— p = 110 kPa 


Elevation = 0 m —-4———|—-— p = 200 kPa 








PROBLEM 10.15 


10.16 Oil (S = 0.97, p = 10” Ibf-s/ft? ) is pumped through a 
nominal 1 in., schedule 80 pipe at the rate of 0.004 cfs. What is 
the head loss per 100 ft of level pipe? 

10.17 A liquid (p = 1000 kg/m; p = 10`! N - s⁄2 m°; v = 10* 
m?/s) flows uniformly with a mean velocity of 1.5 m/s in a pipe 
with a diameter of 100 mm. Show that the flow is laminar. Also, 
find the friction factor fand the head loss per meter of pipe length. 
10.18 Kerosene (S = 0.80 and T = 68°F) flows from the tank 
shown and through the 1/4 in—diameter (ID) tube. Determine 
the mean velocity in the tube and the discharge. Assume the 
only head loss is in the tube. 
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1/4 in. diameter 


[> ) 
10 ft >| 
PROBLEM 10.18 


10.19 Oil (S = 0.94; u = 0.048 N - s/m’) is pumped through 
a horizontal 5 cm pipe. Mean velocity is 0.5 m/s. What is the 
pressure drop per 10 m of pipe? 

10.20 As shown, SAE 10W-30 oil is pumped through an 8 m 
length of 1 cm-diameter drawn tubing at a discharge of 
7.85 x 104 m3/s. The pipe is horizontal, and the pressures at 
points | and 2 are equal. Find the power necessary to operate the 
pump, assuming the pump has an efficiency of 100%. Properties 
of SAE 10W-30 oil: kinematic viscosity = 7.6 x 10> m?/s; 
specific weight = 8630 N/ m°. 











da 
| 











1 cm 


8m 
PROBLEM 10.20 





10.21 Oil (S = 0.9; u = 10° lbf-s/ ft; v = 0.0057 ft?/ s) flows 
downward in the pipe, which is 0.10 ft in diameter and has a 
slope of 30° with the horizontal. Mean velocity is 2 ft/s.What is 
the pressure gradient (dp/ ds) along the pipe? 


a 


PROBLEM 10.21 


10.22 In the pipe system for a given discharge, the ratio of the 
head loss in a given length of the 1 m pipe to the head loss in the 
same length of the 2 m pipe is (a) 2, (b) 4, (c) 16, or (d) 32. 





I< 200 m 





f= 0.01 


2m 


f=0.01 ım 








PROBLEM 10.22 


10.23 Glycerine (T = 68°F) flows in a pipe with a 1/2 ft diam- 
eter at a mean velocity of 2 ft/s. Is the flow laminar or turbu- 
lent? Plot the velocity distribution across the flow section. 


10.24 Glycerine (T = 20°C) flows through a funnel as shown. 
Calculate the mean velocity of the glycerine exiting the tube. 
Assume the only head loss is due to friction in the tube. 


30 cm | 
20 cm 


Į 


PROBLEM 10.24 


10.25 What nominal size of steel pipe should be used to carry 0.2 
cfs of castor oil at 90°F a distance of 0.5 mi with an allow- 
able pressure drop of 10 psi (uw = 0.085 Ibf-s/ft?)? Assume 
S = 0.85. 

10.26 Velocity measurements are made in a 30 cm pipe. The ve- 
locity at the center is found to be 1.5 m/s, and the velocity dis- 
tribution is observed to be parabolic. If the pressure drop is 
found to be 1.9 kPa per 100 m of pipe, what is the kinematic vis- 
cosity v of the fluid? Assume that the fluid’s specific gravity is 
0.80. 

10.27 The velocity of oil (S = 0.8) through the 5 cm smooth pipe 
is 1.2 m/s. Here L = 12 m,z, = 1 m, z, = 2 m, and the manom- 
eter deflection is 10 cm. Determine the flow direction, the resis- 
tance coefficient f, whether the flow is laminar or turbulent, and 
the viscosity of the oil. 







Deflection 











Mercury 


PROBLEMS 10.27, 10.28 


10.28 The velocity of oil (S = 0.8) through the 2 in. smooth 
pipe is 5 ft/s. Here L = 30 ft, z, = 2 ft, z, = 4 ft, and the ma- 
nometer deflection is 4 in. Determine the flow direction, the re- 
sistance coefficient f, whether the flow is laminar or turbulent, 
and the viscosity of the oil. 

10.29 Glycerine at 20°C flows at 0.6 m/s in the 2 cm commer- 
cial steel pipe. Two piezometers are used as shown to measure 
the piezometric head. The distance along the pipe between the 
standpipes is 1 m. The inclination of the pipe is 20°. What is the 
height difference Ah between the glycerine in the two 
standpipes? 
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PROBLEM 10.29 


10.30 Water is pumped through a heat exchanger consisting of 
tubes 5 mm in diameter and 5 m long. The velocity in each tube 
is 12 cm/s. The water temperature increases from 20°C at the 
entrance to 30°C at the exit. Calculate the pressure difference 
across the heat exchanger, neglecting entrance losses but ac- 
counting for the effect of temperature change by using proper- 
ties at average temperatures. 






































|< 5m >| 
S| Z 
— — 
— — 
— — 
— — 
Al N 


PROBLEM 10.30 


Flow in Pipes (Turbulent Flow) 


10.31 Water (70°F) flows through a nominal 4 in., schedule 40, 

PVC pipe at the rate of 2 cfs. What is the resistance coefficient 

f? 

10.32 Water at 20°C flows through a 3 cm ID smooth brass tube 

at a rate of 0.002 m?/s. What is f for this flow? 

10.33 Water (10°C) flows through a 25 cm smooth pipe at a rate 

of 0.05 m?/s. What is the resistance coefficient f? 

10.34 What is f for the flow of water at 10°C through a 10 cm 

cast-iron pipe with a mean velocity of 4 m/s? Also, apply Eq. 

(10.36) to plot the velocity distribution for this flow. 

10.35 A fluid (u = 107 N - s/m?; p = 800 kg/m?) flows with a 

mean velocity of 500 mm/s in a 100 mm diameter smooth pipe. 

Answer the following questions relating to the given flow con- 

ditions. 

a. What is the magnitude of the maximum velocity in the pipe? 

b. What is the magnitude of the resistance coefficient f ? 

c. What is the shear velocity? 

d. What is the shear stress at a radial distance of 25 mm from 
the center of the pipe? 

e. If the discharge is doubled, will the head loss per length of 
pipe also be doubled? 


10.36 Water (20°C) flows in a 15 cm cast-iron pipe at a rate of 
0.075 m?/s. For these conditions, determine or estimate the fol- 
lowing: 

a. Reynolds number 

b. Friction factor f 

c. Shear stress at the wall, To 

10.37 In a 4 in. uncoated cast-iron pipe, 0.02 cfs of water flows 
at 60°F. Determine f from Fig. 10.13. 

10.38 Determine the head loss in 900 ft of a concrete pipe 
with a 6 in. diameter (k, = 0.0002 ft) carrying 3.0 cfs of fluid. 
The properties of the fluid are v = 3.33 x 10° ft/s and p = 1.5 
slug /ft°. 

10.39 Points A and B are 1 km apart along a 15 cm new steel 
pipe. Point B is 20 m higher than A. With a flow from A to B of 
0.03 m/s of crude oil (S = 0.82) at 10°C (u = 107N - s/m”), 
what pressure must be maintained at A if the pressure at B is to 
be 300 kPa? 

10.40 A pipe can be used to measure the viscosity of a fluid. A 
liquid flows in a 1 cm smooth pipe 1 m long with an average ve- 
locity of 3 m/s. A head loss of 50 cm is measured. Estimate the 
kinematic viscosity. 

10.41 For a 40 cm pipe, the resistance coefficient f was found to 
be 0.06 when the mean velocity was 3 m/s and the kinematic 
viscosity was 10° m?/s. If the velocity were doubled, would 
you expect the head loss per meter of length of pipe to double, 
triple, or quadruple? 

10.42 Water (50°F) flows with a speed of 5 ft/s through a hori- 
zontal run of PVC pipe. The length of the pipe is 100 ft, and the 
pipe is schedule 40 with a nominal diameter of 2.5 inches. Cal- 
culate (a) the pressure drop in psi, (b) the head loss in feet, and 
(c) the power in horsepower needed to overcome the head loss. 
10.43 Water (10°C) flows with a speed of 2 m/s through a horizon- 
tal run of PVC pipe. The length of the pipe is 50 m, and the pipe is 
schedule 40 with a nominal diameter of 2.5 inches. Calculate (a) the 
pressure drop in kilopascals, (b) the head loss in meters, and (c) the 
power in watts needed to overcome the head loss. 

10.44 Air flows in a 3 cm smooth tube at a rate of 0.015 m’/s. If 
T = 20°C and p = 110 kPa absolute, what is the pressure drop 
per meter of length of tube? 

10.45 Points A and B are 3 mi apart along a 24 in. new cast-iron 
pipe carrying water (T = 50°F). Point A is 30 ft higher than B. 
The pressure at B is 20 psi greater than that at A. Determine the 
direction and rate of flow. 

10.46 Air flows in a 1 in. smooth tube at a rate of 30 cfm. If 
T = 80°F and p = 15 psia, what is the pressure drop per foot of 
length of tube? 

10.47 Water is pumped through a vertical 10 cm new steel pipe 
to an elevated tank on the roof of a building. The pressure on the 
discharge side of the pump is 1.6 MPa. What pressure can be 
expected at a point in the pipe 80 m above the pump when the 
flow is 0.02 m°/s? Assume T = 20°C. 
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10.48 A train travels through a tunnel as shown. The train and 

tunnel are circular in cross section. Clearance is small, causing 

all air (60°F) to be pushed from the front of the train and dis- 

charged from the tunnel. The tunnel is 10 ft in diameter and is 

concrete. The train speed is 50 fps. Assume the concrete is very 

rough (k, = 0.05 ft). 

a. Determine the change in pressure between the front and rear 
of the train that is due to pipe friction effects. 

b. Sketch the energy and hydraulic grade lines for the train po- 
sition shown. 

c. What power is required to produce the air flow in the tunnel? 














Air Air 
(atmospheric (atmospheric 
pressure) Tunnel . pressure) 
Train 
/ ú —> 50 ft/s N 

— m — 
m— 2500 ft — 
Ix 5000 ft >| 








PROBLEM 10.48 


10.49 Water (60°F) is pumped from a reservoir to a large, pressur- 
ized tank as shown. The steel pipe is 4 in. in diameter and 300 ft 
long. The discharge is | cfs. The initial water levels in the tanks 
are the same, but the pressure in tank B is 10 psig and tank A is 
open to the atmosphere. The pump efficiency is 90%. Find the 
power necessary to operate the pump for the given conditions. 




















PROBLEM 10.49 


Flow in Pipes (Iterative Solutions) 


10.50 PQ< Using the information on page 332, classify each 

problem given below as case 1, case 2, or case 3. For each of 

your choices, state your rationale. 

a. Problem 10.49. 

b. Problem 10.52. 

c. Problem 10.55. 

10.51 A plastic siphon hose with D = 1.2 cm and L = 5.5 mis 

used to drain water (15°C) out a tank. Calculate the velocity in 

the tube for the two situations given below. Use H = 3 mand 

h=1m. 

a. Assume the Bernoulli equation applies (neglect all head 
loss). 

b. Assume the component head loss is zero, and the pipe head 
loss is nonzero. 


10.52 A plastic siphon hose of length 7 m is used to drain water 
(15°C) out of a tank. For a flow rate of 1.5 L/s, what hose diam- 
eter is needed? Use H = 5 mand h = 0.5 m. Assume all head 
loss occurs in the tube. 


waa Siphon hose 


diameter D 





PROBLEMS 10.51, 10.52 


10.53 As shown, water (70°F) is draining from a tank through a 
galvanized iron pipe. The pipe length is L = 10 ft, the tank 
depth is H = 4 ft, and the pipe is 1 inch NPS schedule 40. Cal- 
culate the velocity in the pipe and the flow rate. Neglect compo- 
nent head loss. 














| Pipe of diameter D 


PROBLEMS 10.53, 10.54 


10.54 As shown, water (15°C) is draining from a tank through a 
galvanized iron pipe. The pipe length is L = 2 m, the tank depth 
is H = 1 m, and the pipe is a 0.5 inch NPS schedule 40. Calcu- 
late the velocity in the pipe. Neglect component head loss. 
10.55 Air (40°C, 1 atm) will be transported in a straight horizon- 
tal copper tube over a distance of 150 m at a rate of 0.1 m?/s. If 
the pressure drop in the tube should not exceed 6 in H,O, what 
is the minimum pipe diameter? 

10.56A fluid with v = 10° m’/s and p = 800 kg/m? flows 
through the 8 cm galvanized iron pipe. Estimate the flow rate 
for the conditions shown in the figure. 





p= 120 kPa 





Pipe has a 
p=150kPa Slope of 1/10 


PROBLEM 10.56 
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10.57 Determine the diameter of commercial steel pipe required 
to convey 300 cfs of water at 60°F with a head loss of 1 ft per 1000 
ft of pipe. Assume pipes are available in the even sizes when the 
diameters are expressed in inches (that is, 10 in., 12 in., etc.). 
10.58 A pipeline is to be designed to carry crude oil (S = 0.93, 
v = 10° m’/s) with a discharge of 0.10 m?/s and a head loss 
per kilometer of 50 m. What diameter of steel pipe is needed? 
What power output from a pump is required to maintain this 
flow? Available pipe diameters are 20, 22, and 24 cm. 


Flow in Systems (Combined Head Loss) 


10.59 The sketch shows a test of an electrostatic air filter. The 
pressure drop for the filter is 3 inches of water when the air- 
speed is 10 m/s. What is the minor loss coefficient for the fil- 
ter? Assume air properties at 20°C. 


Electrostatic filter 





Air ———> 


PROBLEM 10.59 


10.60 If the flow of 0.10 m/s of water is to be maintained in the 
system shown, what power must be added to the water by the 
pump? The pipe is made of steel and is 15 cm in diameter. 





Elevation = 13 m === 








F=======q Elevation = 10 m 




















40 m ,| 
PROBLEM 10.60 


lk 40m -|< 


10.61 Water will be siphoned through a 3/16 in.—diameter, 
50 in.—long Tygon tube from a jug on an upside-down wastebasket 
into a graduated cylinder as shown. The initial level of the water 
in the jug is 21 in. above the table top. The graduated cylinder is 
a 500 ml cylinder, and the water surface in the cylinder is 12 in. 
above the table top when the cylinder is full. The bottom of the 
cylinder is 1/2 in. above the table. The inside diameter of the jug 
is 7 in. Calculate the time it will take to fill the cylinder from an 
initial depth of 2 in. of water in the cylinder. 











PROBLEM 10.61 


10.62 Water flows from a tank through a 2.6 m length of gal- 
vanized iron pipe 26 mm in diameter. At the end of the pipe is an 
angle valve that is wide open. The tank is 2 m in diameter. Cal- 
culate the time required for the level in the tank to change from 
10 m to 2 m. Hint: Develop an equation for dh/dt where A is the 
level and ¢ if time. Then solve this equation numerically. 





20°C 10m 


A gle valve 


PROBLEM 10.62 




















10.63 A tank and piping system is shown. The galvanized pipe 
diameter is 1.5 cm, and the total length of pipe is 10 m. The two 
90° elbows are threaded fittings. The vertical distance from the 
water surface to the pipe outlet is 5 m. The velocity of the water 
in the tank is negligible. Find (a) the exit velocity of the water 
and (b) the height (/) the water jet would rise on exiting the 
pipe. The water temperature is 20°C. 











PROBLEM 10.63 


10.64 A pump is used to fill a tank from a reservoir as shown. The 
head provided by the pump is given by 4, = h(l- (O°/ Ovnax)) 
where ho is 50 meters, Q is the discharge through the pump, and 
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Q max is 2m*/s. Assume f = 0.018 and the pipe diameter is 90 cm. 
Initially the water level in the tank is the same as the level in the 
reservoir. The cross-sectional area of the tank is 100 m?. How 
long will it take to fill the tank to a height, h, of 40 m? 


























PROBLEM 10.64 


10.65 A water turbine is connected to a reservoir as shown. The 
flow rate in this system is 5 cfs. What power can be delivered by the 
turbine if its efficiency is 80%? Assume a temperature of 70°F. 











U m 
ee 


PROBLEM 10.65 


10.66 What power must the pump supply to the system to pump 
the oil from the lower reservoir to the upper reservoir at a rate of 
0.20 m3/s? Sketch the HGL and the EGL for the system. 

















p = 940 kg/m? Elevation = 112 m — == 
v=10° m/s ea 
p= oom 
—Elevation = 100 m 
© \ Steel pipe 
= D=30cm Pip 


PROBLEM 10.66 


10.67 A cast-iron pipe 1.0 ft in diameter and 200 ft long joins 
two water (60°F) reservoirs. The upper reservoir has a water- 
surface elevation of 100 ft, and the lower on has a water-surface 
elevation of 40 ft. The pipe exits from the side of the upper res- 
ervoir at an elevation of 70 ft and enters the lower reservoir at 
an elevation of 30 ft. There are two wide-open gate valves in 
the pipe. Draw the EGL and the HGL for the system, and deter- 
mine the discharge in the pipe. 

10.68 An engineer is making an estimate of hydroelectric power 
for a home owner. This owner has a small stream (Q = 2 cfs, 
T = 40°F) that is located at an elevation H = 34 ft above the 


owner’s residence. The owner is proposing to divert the stream 
and operate a water turbine connected to an electric generator to 
supply electrical power to the residence. The maximum accept- 
able head loss in the penstock (a penstock is a conduit that sup- 
plies a turbine) is 3 ft. The penstock has a length of 87 ft. If the 
penstock is going to be fabricated from commercial-grade, plas- 
tic pipe, find the minimum diameter that can be used. Neglect 
component head losses. Assume that pipes are available in even 
sizes—that is, 2 in., 4 in., 6 in., etc. 






Penstock 


Turbine and 
generator 








PROBLEM 10.68 


10.69 The water-surface elevation in a reservoir is 120 ft. A 
straight pipe 100 ft long and 6 in. in diameter conveys water 
from the reservoir to an open drain. The pipe entrance (it is 
abrupt) is at elevation 100 ft, and the pipe outlet is at elevation 
70 ft. At the outlet the water discharges freely into the air. The 
water temperature is 50°F. If the pipe is asphalted cast iron, 
what will be the discharge rate in the pipe? Consider all head 
losses. Also draw the HGL and the EGL for this system. 
10.70 A heat exchanger is being designed as a component of a 
geothermal power system in which heat is transferred from the 
geothermal brine to a “clean” fluid in a closed-loop power cy- 
cle. The heat exchanger, a shell-and-tube type, consists of 100 
galvanized-iron tubes 2 cm in diameter and 5 m long, as shown. 
The temperature of the fluid is 200°C, the density is 860 kg/m’, 
and the viscosity is 1.35 x 10% N -s/m’. The total mass flow 
rate through the exchanger is 50 kg/s. 

a. Calculate the power required to operate the heat exchanger, 
neglecting entrance and outlet losses. 

b. After continued use, 2 mm of scale develops on the inside sur- 
faces of the tubes. This scale has an equivalent roughness of 
0.5 mm. Calculate the power required under these conditions. 

10.71 The heat exchanger shown consists of 20 m of drawn tub- 

ing 2 cm in diameter with 19 return bends. The flow rate is 

3 x 10“ m’/s. Water enters at 20°C and exits at 80°C. The ele- 

vation difference between the entrance and the exit is 0.8 m. 

Calculate the pump power required to operate the heat ex- 

changer if the pressure at 1 equals the pressure at 2. Use the vis- 

cosity corresponding to the average temperature in the heat 
exchanger. 
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Side view 


PROBLEM 10.70 


@ 
80 cm 
© 
Pump 


PROBLEM 10.71 


10.72 A heat exchanger consists of a closed system with a series 
of parallel tubes connected by 180° elbows as shown in the fig- 
ure. There are a total of 14 return elbows. The pipe diameter is 2 
cm, and the total pipe length is 10 m. The head loss coefficient 
for each return elbow is 2.2. The tube is copper. Water with an 
average temperature of 40°C flows through the system with a 
mean velocity of 10 m/s. Find the power required to operate the 
pump if the pump is 80% efficient. 

10.73 A heat exchanger consists of 15 m of copper tubing with 
an internal diameter of 15 mm. There are 14 return elbows in 
the system with a loss coefficient of 2.2 for each elbow. The 
pump in the system has a pump curve given by 


h, = hyo|} a a) | 


where /,o is head provided by the pump at zero discharge and Q max 
is 10° m3/s. Water at 40°C flows through the system. Find the sys- 
tem operating point for values of A, of 2 m, 10 m, and 20 m. 








Pump 


L 
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10.74 Gasoline (T = 50°F) is pumped from the gas tank of an 
automobile to the carburetor through a 1/4 in. fuel line of drawn 


of 6. The gasoline discharges through a 1/32 in. jet in the carbu- 
retor to a pressure of 14 psia. The pressure in the tank is 14.7 psia. 
The pump is 80% efficient. What power must be supplied to the 
pump if the automobile is consuming fuel at the rate of 0.12 gpm? 
Obtain gasoline properties from Figs. A.2 and A.3. 






Carburetor 









1/4 in line (ID) 


PROBLEM 10.74 


10.75 Find the loss coefficient K, of the partially closed valve 
that is required to reduce the discharge to 50% of the flow with 
the valve wide open as shown. 

10.76 The pressure at a water main is 300 kPa gage. What 
size of pipe is needed to carry water from the main at a rate 
of 0.025 m?/s to a factory that is 160 m from the main? As- 
sume that galvanized-steel pipe is to be used and that the pres- 
sure required at the factory is 60 kPa gage at a point 10 m above 
the main connection. 


Threaded 
elbows 


10 cm diameter steel pipe 















































PROBLEM 10.75 


10.77 The 10 cm galvanized-steel pipe is 1000 m long and dis- 
charges water into the atmosphere. The pipeline has an open 
globe valve and four threaded elbows; h, = 3 mand h, = 15 m. 
What is the discharge, and what is the pressure at A, the mid- 
point of the line? 

10.78 Water is pumped at a rate of 25 m/s from the reservoir 
and out through the pipe, which has a diameter of 1.50 m. What 


tubing 10 ft long. The line has five 90° smooth bends with anr/d power must be supplied to the water to effect this discharge? 
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Globe valve 









PROBLEM 10.77 








t— Elevation = 140 m 
— Elevation = 135 m 





Elevation 
= 100 m == 









Steel pipe 
— Elevation = 95 m 











D=1.5m 
PROBLEM 10.78 


10.79 Both pipes shown have an equivalent sand roughness k, of 
0.10 mm and a discharge of 0.1 m?/s. Also, D, = 15 cm, LZ, = 50 
m, D, = 30cm, and L, = 160 m. Determine the difference in the 
water-surface elevation between the two reservoirs. 

















PROBLEM 10.79 


10.80 Liquid discharges from a tank through the piping system 
shown. There is a venturi section at A and a sudden contraction 
at B. The liquid discharges to the atmosphere. Sketch the energy 
and hydraulic gradelines. Where might cavitation occur? 











A 





PROBLEM 10.80 


10.81 The steel pipe shown carries water from the main pipe A 
to the reservoir and is 2 in. in diameter and 240 ft long. What 
must be the pressure in pipe 4 to provide a flow of 50 gpm? 


Elevation = 90 ft == 



















Open globe valve 


90° bends (threaded) 


Elevation = 20 ft 





2 in galvanized pipe 
PROBLEM 10.81 


10.82 If the water surface elevation in reservoir B is 110 m, what 
must be the water surface elevation in reservoir A if a flow of 
0.03 m3/s is to occur in the cast-iron pipe? Draw the HGL and 
the EGL, including relative slopes and changes in slope. 







E Elevation = ? 


A 










Dis 100 = 
m, D= 
cast-iron pipe ~ 20 cm, 





D= 15cm 
Cast-iron pipe 


PROBLEM 10.82 


Nonround Conduits 


10.83 Air at 60°F and atmospheric pressure flows in a horizon- 
tal duct with a cross section corresponding to an equilateral tri- 
angle (all sides equal). The duct is 100 ft long, and the 
dimension of a side is 6 in. The duct is constructed of galva- 
nized iron (k, = 0.0005 ft). The mean velocity in the duct is 12 
ft/s. What is the pressure drop over the 100 ft length? 





i 100 ft >| 





12 ft/s 





L— 6in —> 


PROBLEM 10.83 


10.84 A cold-air duct 100 cm by 15 cm in cross section is 100 m 
long and made of galvanized iron. This duct is to carry air at a 
rate of 6 m?/s at a temperature of 15°C and atmospheric pres- 
sure. What is the power loss in the duct? 

10.85 Air (20°C) flows with a speed of 10 m/s through a hori- 
zontal rectangular air-conditioning duct. The duct is 20 m long 
and has a cross section of 4 by 10 in. (102 by 254 mm). Calculate 
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(a) the pressure drop in inches of water and (b) the power in watts 
needed to overcome head loss. Assume the roughness of the duct 
is k, = 0.004 mm. Neglect component head losses. 

10.86 An air-conditioning system is designed to have a duct 
with a rectangular cross section | ft by 2 ft, as shown. During 
construction, a truck driver backed into the duct and made it a 
trapezoidal section, as shown. The contractor, behind schedule, 
installed it anyway. For the same pressure drop along the pipe, 
what will be the ratio of the velocity in the trapezoidal duct to 
that in the rectangular duct? Assume the Darcy-Weisbach resis- 
tance coefficient is the same for both ducts. 


| 1 | 
L > i 
| zt —_-] 


Before After 


PROBLEM 10.86 
Modeling Pumps in Systems 


10.87 What power must be supplied by the pump to the flow if 
water (T = 20°C) is pumped through the 300 mm steel pipe 
from the lower tank to the upper one at a rate of 0.314 m?/s? 


Elevation = 235 m 










— — Elevation = 200 m 
300 mm 


< n m | 


PROBLEM 10.87 








r= 300 mm 














10.88 If the pump for Fig. 10.184 is installed in the system of 
Prob. 10.87, what will be the rate of discharge of water from the 
lower tank to the upper one? 

10.89 A pump that has the characteristic curve shown in the ac- 
companying graph is to be installed as shown. What will be the 
discharge of water in the system? 

10.90 If the liquid of Prob. 10.89 is a superliquid (zero head loss 
occurs with the flow of this liquid), then what will be the pump- 
ing rate, assuming that the pump curve is the same? 


Pipes in Parallel and in Networks 


10.91 A pipe system consists of a gate valve, wide open 
(K, = 0.2), in line A and a globe valve, wide open (K, = 10), 
in line B. The cross-sectional area of pipe A is half of the 
cross-sectional area of pipe B. The head loss due to the junction, 
elbows, and pipe friction are negligible compared with the head 
loss through the valves. Find the ratio of the discharge in line B 
to that in line A. 





Elevation = 20 ft kes 















L = 950 ft 
D=10in 
f= 0.020 
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PROBLEMS 10.89, 10.90 

















PROBLEMS 10.91, 10.92 


10.92 A flow is divided into two branches as shown. A gate 
valve, half open, is installed in line 4, and a globe valve, fully 
open, is installed in line B. The head loss due to friction in each 
branch is negligible compared with the head loss across the 
valves. Find the ratio of the velocity in line A to that in line B 
(include elbow losses for threaded pipe fittings). 

10.93 In the parallel system shown, pipe 1 has a length of 1000 m 
and is 50 cm in diameter. Pipe 2 is 1500 m long and 40 cm in di- 
ameter. The pipe is commercial steel. What is the division of the 
flow of water at 10°C if the total discharge is to be 1.2 m?/s? 


© —» 
Jo | 
A B 


PROBLEMS 10.93, 10.94 


10.94 Pipes 1 and 2 are the same kind (cast-iron pipe), but pipe 
2 is four times as long as pipe 1. They are the same diameter (1 
ft). If the discharge of water in pipe 2 is 1 cfs, then what will be 
the discharge in pipe 1? Assume the same value of f in both 
pipes. 

10.95 Water flows from left to right in this parallel pipe system. 
The pipe having the greatest velocity is (a) pipe A, (b) pipe B, or 
(c) pipe C. 
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L = 6000 ft, D = 18 in 
f= 0.012 





f= 0.015 
PROBLEM 10.95 


10.96 Two pipes are connected in parallel. One pipe is twice the 
diameter of the other and three times as long. Assume that fin 
the larger pipe is 0.010 and fin the smaller one is 0.014. Deter- 


mine the ratio of the discharges in the two pipes. 


10.97 With a total flow of 14 cfs, determine the division of flow 


and the head loss from 4 to B. 


L = 6000 ft 
D=18in 
f= 0.018 





A L = 2000 ft B 
D=12in 
f= 0.018 


PROBLEM 10.97 


10.98 The pipes shown in the system are all concrete. With a 
flow of 25 cfs of water, find the head loss and the division of 
flow in the pipes from A to B. Assume f = 0.030 for all pipes. 


L = 3000 ft 
D=14in 


L = 2000 ft 


L = 3000 ft 
D=16in 
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L = 2000 ft 
D=24 in 











L = 3000 ft 
D = 30 in 






10.99 A parallel pipe system is set up as shown. Flow occurs 
from A to B. To augment the flow, a pump having the character- 
istics shown in Fig. 10.15 is installed at point C. For a total dis- 
charge of 0.60 m/s, what will be the division of flow between 
the pipes and what will be the head loss between A and B? As- 
sume commercial steel pipe. 
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10.100 For the given source and loads shown, how will the flow 
be distributed in the simple network, and what will be the pres- 
sures at the load points if the pressure at the source is 60 psi? 
Assume horizontal pipes and f = 0.012 for all pipes. 


L = 6000 m 
D = 0.50 m 





A B 
PROBLEM 10.99 


15 cfs A 24in,1000ft B 12in,1000ft C 10 cfs 











8 in, 1000 ft 
10 in, 1000 ft 


D 12in,1000ft £E 


PROBLEM 10.100 


5 cfs 





10.101 Frequently in the design of pump systems, a bypass line 
will be installed in parallel to the pump so that some of the fluid 
can recirculate as shown. The bypass valve then controls the 
flow rate in the system. Assume that the head-versus-discharge 
curve for the pump is given by A, = 100 — 100Q, where A, is in 
meters and Q is in m?/s. The bypass line is 10 cm in diameter. 
Assume the only head loss is that due to the valve, which has a 
head-loss coefficient of 0.2. The discharge leaving the system is 
0.2 m*/s. Find the discharge through the pump and bypass line. 


Valve 


Bypass line 





=> _ 0.20 m/s 





Pump 
PROBLEM 10.101 
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Drag and Lift 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Describe lift and drag. 
e Describe form drag and friction drag. 
e Relate lift and drag to pressure and shear-stress distributions. 
e Explain the significance and meaning of vortex shedding, streamlining, and terminal velocity. 
e Relate drag to flow separation. 


Procedural Knowledge 
e Find the coefficient of drag and calculate the drag force. 
e Find the coefficient of lift and calculate the lift force. 


Applications (Typical Examples) 
e For objects moving through a fluid (e.g., automobile, bird), determine power requirements. 
e For structures (e.g., bridge, sign, tower), determine wind loads. 
e For falling objects (e.g., pollen spore, parachute), calculate terminal velocity. 
e Fora wing, determine the lift force. 


Figure 11.1 





(a) A kite. 

(b) Forces acting on the 
kite due to the air flowing 
over the kite. 


Previous chapters have described various forces that are caused by fluids. This list includes 
hydrostatic force on a panel, buoyant force on a submerged object, and shear force on a flat 
plate. This chapter expands this list by describing lift and drag forces. 

When a body moves through a stationary fluid or when a fluid flows past a body, the fluid 
exerts a resultant force. The component of this resultant force that is parallel to the free-stream 
velocity is called the drag force. Similarly, the lift force is the component of the resultant force 
that is perpendicular to the free stream. For example, as air flows over a kite it creates a resultant 
force that can be resolved in lift and drag components as shown in Fig. 11.1. By definition, lift 
and drag forces are limited to those forces produced by a flowing fluid. 


FL 


Pa Lift force is the component of 
force perpendicular to the free stream. 


g Fp 
SU 
T Drag force is the component of 
force parallel to the free stream. 





Free stream 
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Relating Lift and Drag to Stress Distributions 


Figure 11.2 





Pressure and shear 
stress acting on an 
airfoil. 


This section explains how lift and drag forces are related to stress distributions. This section 
also introduces the concepts of form and friction drag. These ideas are fundamental to 
understanding of lift and drag. 


Integrating a Stress Distribution to Yield Force 


Lift and drag forces are related to the stress distribution on a body through integration. For 
example, consider the stress acting on the airfoil shown in Fig. 11.2. As shown, there is a 
pressure distribution and a shear-stress distribution. To relate stress to force, select a differen- 
tial area as shown in Fig. 11.3. The magnitude of the pressure force is dF, = p dA, and the 
magnitude of the viscous force is dF, =1dA.* The differential lift force is normal to the 
free-stream direction 


dF, =-p dAsin®@ -rT dAcos® 


and the differential drag is parallel to the free-stream direction 


dF p = -p dAcos@+7 dAsin@ 


Integration over the surface of the airfoil gives lift force (F’,) and drag force (Fp): 


F, = | (-psind — cos) dA (11.1) 


Fp= | (peosd + sind) dd (11.2) 


Equations (11.1) and (11.2) show that the lift and drag forces are related to the stress distribu- 
tions through integration. 





Negative gage pressure (vacuum) 


Shear stress 











Positive gage pressure 


* The sign convention on T is such that a clockwise sense of T dA on the surface of the foil signifies a pos- 
itive sign for T. 
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Figure 11.3 





Pressure and viscous 
forces acting on a 
differential element of 
area. 
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Form Drag and Friction Drag 
Notice that Eq. (11.2) can be written as the sum of two integrals. 


Fp = [pcoso) aa + [C sino) da (11.3) 





form drag friction drag 


Form drag is the portion of the total drag force that is associated with the pressure distribu- 
tion. Friction drag is the portion of the total drag force that is associated with the viscous 
shear-stress distribution. The drag force on any body is the sum of form drag and friction 
drag. In words, Eq. (11.3) can be written as 


(total drag force) = (form drag) + (friction drag) (11.4) 


Calculating Drag Force 


This section introduces the drag force equation, the coefficient of drag, and presents data for 
two-dimensional bodies. This information is used to calculate drag force on objects. 


Drag Force Equation 
The drag force Fp on a body is found by using the drag force equation: 


Po 
F= cpa) (11.5) 
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where Cp is called the coefficient of drag, A is a reference area of the body, p is the fluid den- 
sity, and Vj is the free-stream velocity measured relative to the body. 

The reference area A depends on the type of body. One common reference area, called 
projected area and given the symbol A,, is the silhouetted area that would be seen by a per- 
son looking at the body from the direction of flow. For example, the projected area of a plate 
normal to the flow is b€, and the projected area of a cylinder with its axis normal to the flow 
is d€. Other geometries use different reference areas; for example, the reference area for an 
airplane wing is the planform area, which is the area observed when the wing is viewed from 
above. 

The coefficient of drag Cp is a parameter that characterizes the drag force associated 
with a given body shape. For example, an airplane might have Cp = 0.03, and a baseball 
might have Cp = 0.4. The coefficient of drag is a 7-group that is defined by 


c Fp _ (drag force) (11.6) 
P j (p v? /2) (reference area) (kinetic pressure) f 


Values of the coefficient of drag Cp are usually found by experiment. For example, 
drag force Fp can be measured using a force balance in a wind tunnel. Then Cp can be calcu- 
lated using Eq. (11.6). For this calculation, speed of the air in the wind tunnel Vo can be mea- 
sured using a Pitot-static tube or similar device, and air density can be calculated by applying 
the ideal gas law using measured values of temperature and pressure. 

Equation (11.5) shows that drag force is related to four variables. Drag is related to 
the shape of an object because shape is characterized by the value of Cp. Drag is related 
to the size of the object because size is characterized by the reference area. Drag is related to 
the density of ambient fluid. Finally, drag is related to the speed of the fluid squared. This 
means that if the wind velocity doubles and Cp is constant, then the wind load on a building 
goes up by a factor of four. 


Coefficient of Drag (Two-Dimensional Bodies) 


This section presents Cp data and describes how Cp varies with the Reynolds number for ob- 
jects that can be classified as two-dimensional. A two-dimensional body is a body with a uni- 
form section area and a flow pattern that is independent of the ends of the body. Examples of 
two-dimensional bodies are shown in Fig. 11.4. In the aerodynamics literature, Cp values for 
two-dimensional bodies are called sectional drag coefficients. Two-dimensional bodies can 
be visualized as objects that are infinitely long in the direction normal to the flow. 

The sectional drag coefficient can be used to estimate Cp for real objects. For example, 
Cp for a cylinder with a length to diameter ratio of 20 (e.g., L/D 2 20 ) approaches the sec- 
tional drag coefficient because the end effects have an insignificant contribution to the total 
drag force. Alternatively, the sectional drag coefficient would be inaccurate for a cylinder 
with a small L/D ratio (e.g., L/D = 1 ) because the end effects would be important. 

As shown in Fig. 11.4, the Reynolds number sometimes, but not always, influences the 
sectional drag coefficient. The value of Cp for the flat plate and square rod are independent 
of Re. The sharp edges of these bodies produces flow separation, and the drag force is due 
to the pressure distribution (form drag) and not on the shear-stress distribution (friction drag, 
which depends on Re). Alternatively, Cp for the cylinder and the streamlined strut show 
strong Re dependence because both form and friction drag are significant. 
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Figure 11.4 
Coefficient of drag H Vo |! 5 
versus Reynolds number 46 make p28 
for two-dimensional i 2 i 
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To calculate drag force on an object, find a suitable coefficient of drag and then apply 
the drag force equation. This approach is illustrated by Example 11.1. 





EXAMPLE 11.1 DRAG FORCE ON A CYLINDER Assumptions: 
A vertical cylinder that is 30 m high and 30 cm in diameter 1. Wind speed is steady. 


is being used to support a television transmitting antenna. 
Find the drag force acting on the cylinder and the bending 
moment at its base. The wind speed is 35 m/s, the air 


pressure is 1 atm, and temperature is 20°C. 


Problem Definition 

Situation: Wind is blowing across a tall cylinder. 
Find: 

1. Drag force (in N) on the cylinder. 


2. Bending moment (in N - m ) acting at the base of the 


cylinder. 


2. Effects associated with the ends of the cylinder are 
negligible because L/D = 100. 


3. Neglect drag force on the antenna because the frontal area 
is much less than the frontal area of the cylinder. 


4. The line of action of the drag force is at an elevation of 15 m, 
halfway up to the cylinder. 


Properties: Air (20°C), Table A.5: p= 1.2 kg/m’, and 
pw = 1.81x10°N-s/m’. 
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Sketch: Solution 
1. Reynolds number 
Cylinder, D = 0.3 m Antenna 3 
_ Vode _ 35 m/s x 0.30 mx 1.20 kg/m“ _ 5 
Re = = 7 5 = 7.0 x 10 
u 1.81 10° N+ s/m 
T= 20°C 
p=1.0atm 2. From Fig. 11.4, the coefficient of drag is Cp = 0.20. 
Vo = 35 mis 3. Drag force 
2 
_ CpAppVo 
Plan Fp= 2 
1. Calculate the Reynolds number. _ (0.2)(30 m)(0.3 m)(1.20 kg/m*)(35°m’/s’) 
2. Find coefficient of drag using Fig. 11.4. 7 2 
3. Calculate drag force using Eq. (11.5). =[1323 N 


4. Calculate bending moment using M = Fp * L/2. 
4. Moment at the base 


m= ri] = 0323 (2 m) SOON] 





Discussion of Cp for a Circular Cylinder 


Drag Regimes 
The coefficient of drag Cp, as shown in Fig. 11.4, can be described in terms of three regimes. 

Regime I (Re < 10°). In this regime, Cp depends on both form drag and friction drag. As 
shown, Cp decreases with increasing Re. 

Regime II (10° < Re < 105). In this regime, Cp has a nearly constant value. The reason is 
that form drag, which is associated with the pressure distribution, is the dominant cause of drag. 
Over this range of Reynolds numbers, the flow pattern around the cylinder remains virtually un- 
changed, thereby producing very similar pressure distributions. This characteristic, the con- 
stancy of Cp at high values of Re, is representative of most bodies that have angular form. 

Regime III (10° < Re <5 x 10°). In this regime, Cp decreases by about 500%, a re- 
markable change! This change occurs because the boundary layer on the circular cylin- 
der changes. For Reynolds numbers less than 10°, the boundary layer is laminar, and 
separation occurs about midway between the upstream side and downstream side of the 
cylinder (Fig. 11.5). Hence the entire downstream half of the cylinder is exposed to a rel- 
atively low pressure, which in turn produces a relatively high value for Cp. When the 
Reynolds number is increased to about 10°, the boundary layer becomes turbulent, which 
causes higher-velocity fluid to be mixed into the region close to the wall of the cylinder. 
As a consequence of the presence of this high-velocity, high-momentum fluid in the 
boundary layer, the flow proceeds farther downstream along the surface of the cylinder 
against the adverse pressure before separation occurs (Fig. 11.6). This change in separa- 
tion produces a much smaller zone of low pressure and the lower value of Cp. 


Surface Roughness 


Surface roughness has a major influence on drag. For example, if the surface of the cylinder 
is slightly roughened upstream of the midsection, the boundary layer will be forced to be- 
come turbulent at lower Reynolds numbers than those for a smooth cylinder surface. The same 
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Figure 11.5 


High-pressure zone Low-pressure zone 





Flow pattern around a 
cylinder for 
10°< Re < 10°. 































Figure 11.6 High-pressure zone Low-pressure zone 
Flow pattern around a 
cylinder for 
Re>5 X 10°. 
trend can also be produced by creating abnormal turbulence in the approach flow. The effects of 
roughness are shown in Fig. 11.7 for cylinders that were roughened with sand grains of size k. 
A small to medium size of roughness (10° < k/d < 10° D) on a cylinder triggers an early 
onset of reduction of Cp. However, when the relative roughness is quite large 
(10 ° < k/d), the characteristic dip in Cp is absent. 
Figure 11.7 rou id i ea 
a of T A 1.38 TE 4 
p Jor a cylinder. [After = 
L kd = 6.3 x 10 4 
Miller, et al. (7).] ve Deas cae 
1.17 4 
1.0 4 
0.9b A 
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0.6 H 4 
O5- Slightly rough 2 
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0.4 H 4 
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0.2b 4 
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Drag of Axisymmetric and 3D Bodies 


Figure 11.8 
Coefficient of drag 


versus Reynolds number 





for axisymmetric bodies. 
[Data sources: Abbott 
(9), Brevoort and Joyner 
(10), Freeman (11), and 
Rouse (12).] 


Section 11.2 described drag for two-dimensional bodies. Drag on other body shapes is 
presented in this section. This section also describes power and rolling resistance. 


Drag Data 


An object is classified as an axisymmetric body when the flow direction is parallel to an axis 
of symmetry of the body and the resulting flow is also symmetric about his axis. Examples of 
axisymmetric bodies include a sphere, bullet, and javelin. When flow is not aligned with an axis 
of symmetry, the flow field is three-dimensional (3D), and the body is classified as a three- 
dimensional or 3D body. Examples of 3D bodies include a tree, a building, and an automobile. 

The principles that apply to two-dimensional flow over a body also apply to axisym- 
metric flows. For example, at very low values of the Reynolds number, the coefficient of 
drag is given by exact equations relating Cp and Re. At high values of Re, the coefficient of 
drag becomes constant for angular bodies, whereas rather abrupt changes in Cp occur for 
rounded bodies. All of these characteristics can be seen in Fig. 11.8, where Cp is plotted 
against Re for several axisymmetric bodies. 
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The drag coefficient of a sphere is of special interest because many applications involve the 
drag of spherical or near-spherical objects, such as particles and droplets. Also, the drag of a sphere 
is often used as a standard of comparison for other shapes. For Reynolds numbers less than 0.5, the 
flow around the sphere is laminar and amenable to analytical solutions. An exact solution by Stokes 
yielded the following equation, which is called Stokes’s equation, for the drag of a sphere: 


Fp = 3T u Vod (11.7) 


Note that the drag for this laminar flow condition varies directly with the first power of Vg. This 
is characteristic of all laminar flow processes. For completely turbulent flow, the drag is a func- 
tion of the velocity to the second power. When the drag force given by Eq. (11.7) is substituted 
into Eq. (11.6), the result is the drag coefficient corresponding to Stokes’s equation: 


24 
= = 1 1.8 
aT (11.8) 
Thus for flow past a sphere, when Re < 0.5, one may use the direct relation for Cp given in Eq. 


(11.8). 
Several correlations for the drag coefficient of a sphere are available (13). One such 
correlation has been proposed by Clift and Gauvin (14): 
cy = 2411 +0.15Re y+ —__02 __ 
Re 1 + 4.25 x 10°Re™ 


which deviates from the standard drag curve* by —4% to 6% for Reynolds numbers up to 
3 x 10°. Note that as the Reynolds number approaches zero, this correlation reduces to the 
equation for Stokes flow. 

Values for Cp for other axisymmetric and 3D bodies at high Reynolds numbers 
(Re > 10%) are given in Table 11.1. Extensive data on the drag of various shapes is available 
in Hoerner (15). 


0.687 


(11.9) 





Table 11.1 APPROXIMATE Cp VALUES FOR VARIOUS BODIES 



































Type of Body Length Ratio Re Cp 
Rectangular plate I/b=1 >104 1.18 
Wib=5 >104 1.20 
Vip = 10 Sle 1.30 
1/b = 20 >101 1.50 
I/b = e Silo" 1.98 
Circular cylinder with I/d=0 >104 1.17 
axis parallel to flow (disk) >104 L15 
l/d = 0.5 >10 0.90 
I/d=1 >104 0.85 
I/d=2 >104 0.87 
l/d=4 >104 0.99 
I/d=8 
aa Square rod co >104 2.00 
ere | 
(Continued) 


* The standard drag curve represents the best fit of the cumulative data that have been obtained for drag 
coefficient of a sphere. 
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Type of Body Length Ratio Re Cp 
V5, Square rod oo >104 1.50 
a ® ae, 
60% >) Triangular cylinder oo >104 1.39 
{> 
Semicircular shell >10* 1.20 


| 
5 
Ca 
8 














RA Semicircular shell oo >104 2.30 
— 3 
Er Hemispherical shell O 0.39 
m A 
A S 3 Hemispherical shell >10 1.40 
ao Cube >10 1.10 
e ree 
q Cube >104 0.81 
Oo 
T Cone—60° vertex >104 0.49 
Bd 
Parachute =3 x 107 1.20 








sources: Brevoort and Joyner (10), Lindsey (6), Morrison (16), Roberson et al. (17), Rouse (12), and Scher 
and Gale (18). 





To find the drag force on an object, find or estimate the coefficient of drag and then ap- 
ply the drag force equation. This approach is illustrated by Example 11.2. 





EXAMPLE 11.2 DRAG ON A SPHERE Assumptions: Sphere is moving at a steady speed 
(terminal velocity). 


What is the drag of a 12 mm sphere that drops at a rate of 3 
8 cm/sinoil ( = 10°" N-s/m’, S = 0.85)? Properties: 
Oil: p = 107 N-s/m’, S = 0.85, p = 850 kg/m’. 


Problem Definition 

Situation: Plan 

1. A sphere (d = 0.012 m) is falling in oil. 1. Calculate the Reynolds number. 

2. Speed of the sphere is V = 0.08 m/s. 2. Find the coefficient of drag using Fig. 11.8. 


Find: Drag force (in newtons) on the sphere. 3. Calculate drag force using Eq. (11.5). 
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Solution 


1. Reynolds number 


3. Drag force 


2 
Re — Vdp — (0.08 oik mj (850 i, po res 
[re 10 N-s/m 2 
ON ot 3 2 
2. Coefficient of drag (from Fig. 11.8) is Cp = 5.3. eon ae See ee 


2 


=|1.63 x 10” N 





Figure 11.9 





Horizontal forces acting 
on car that is moving at 
a steady speed. 


Power and Rolling Resistance 

When power is involved in a problem, the power equation from Chapter 7 is applied. For ex- 
ample, consider a car moving at a steady speed on a level road. Because the car in not accel- 
erating, the horizontal forces are balanced as shown in Fig. 11.9. Force equilibrium gives 


F 


Drive 


=F 


Drag +F 


Rolling resistance 


The driving force (Fprive) is the frictional force between the driving wheels and the 
road. The drag force is the resistance of the air on the car. The rolling resistance is the fric- 
tional force that occurs when an object such as a ball or tire rolls. It is related to the deforma- 
tion and types of the materials that are in contact. For example, a rubber tire on asphalt will 
have a larger rolling resistance than a steel train wheel on a steel rail. The rolling resistance is 
calculated using 

F Rotting resistance Fy = C, N d 1.10) 
where C, is the coefficient of rolling resistance and N is the normal force. 

The power required to move the car shown in Fig. 11.9 at a constant speed is given by 
Eq. (7.2a) 


ee F Drive V car E (FDrag + F Rotting resistance) Vear (a 1 AT) 


Thus, when power is involved in a problem, apply the equation P = FV while concurrently 
using a free-body diagram to determine the appropriate force. This approach is illustrated in 
Example 11.3. 





Forive FrRolling resistance 
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EXAMPLE 11.3 SPEED OF A BICYCLE RIDER 


A bicyclist of mass 70 km supplies 300 watts of power while 
riding into a 3 m/s head wind. The frontal area of the cyclist 
and bicycle together is 3.9 ft? = 0.362 m?, the drag 
coefficient is 0.88, and the coefficient of rolling resistance is 
0.007. Determine the speed V, of the cyclist. Express your 
answer in mph and in m/s. 


Problem Definition 

Situation: A bicycle rider is cycling into a head wind of 
magnitude V, = 3 m/s. 

Find: Speed (m/s and mph) of the rider. 

Sketch: 


Cyclist 
m= 70 kg 





Assumptions: 
1. The path is level, with no hills. 
2. Mechanical losses in the bike gear train are zero. 


Properties: Air (20°C, 1 atm), Table A.2: p = 1.2 kg/m’. 


Plan 

1. Relate bike speed (V,) to power using Eq. (11.11). 
2. Calculate rolling resistance. 

3. Develop an equation for drag force using Eq. (11.5). 
4. Combine steps | to 3. 

5. Solve for V... 


—6hwQ 


Terminal Velocity 





Solution 


1. Power equation 


e The power from the bike rider is being used to over- 
come drag and rolling resistance. Thus, 


PENERE 
2. Rolling resistance 
F, = C,N = C,mg = 0.007 (70 kg)(9.81 m/s”) = 4.81 N 


3. Drag force 
e Vo = speed of the air relative to the bike rider 


Va = V, + 3 m/s 


e Drag force 


pra) 0.88(0.362 m°) (1.2 kg/m*) 
hi = CA =e = 5 
x(V, +3 m/s)? 
= 0.1911 (V, +3 m/s)” 


4. Combine results: 
P = (Fp+F,)V, 
300 W = (0.1911 (V,+ 3)? +4.81)V, 





5. Since the equation is cubic, use a 


























V, RHS 

spreadsheet program as shown. In ae T 
this spreadsheet, let V, vary and 7 aR 
then search for the value of V, that E ae 
causes the right side of the 5 ar 
equation to equal 300. The result is 5 eae 
Onl 2991 
gm2 2999 
ons 300.6 











Another common application of the drag force equation is finding the steady-state speed of a 
body that is falling through a fluid. When a body is dropped, it accelerates under the action of 
gravity. As the speed of the falling body increases, the drag increases until the upward force 
(drag) equals the net downward force (weight minus buoyant force). Once the forces are 
balanced, the body moves at a constant speed called the terminal velocity, which is identified 
as the maximum velocity attained by a falling body. 
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To find terminal velocity, balance the forces acting on the object, and then solve the re- 
sulting equation. In general this process is iterative as illustrated by Example 11.4. 


EXAMPLE 11.4 TERMINAL VELOCITY OF A 
SPHERE IN WATER 


A 20 mm plastic sphere (S = 1.3) is dropped in water. 
Determine its terminal velocity. Assume T = 20°C. 


Problem Definition 


Situation: A smooth sphere (D = 0.02 m, S = 1.3) is falling 
in water. 
Find: Terminal velocity (m/s) of the sphere. 


Properties: Water (20°C), Table AS, v= 1x10% m’/s, 
p = 998 kg/m’, and y = 9790 N/m’. 


Plan 

This problem requires an iterative solution because the 
terminal velocity equation is implicit. 

1. Apply force equilibrium. 

2. Develop an equation for terminal velocity. 


3. To solve the terminal velocity equation, set up a procedure 
for iteration. 


4. To implement the iterative solution, build a table in a 
spreadsheet program. 
Solution 


1. Force equilibrium 
e Sketch a free-body diagram. 








e Apply force equilibrium (vertical direction): 
LED ab liane =y 
2. Terminal velocity equation 


e Analyze terms in the equilibrium equation: 


2) 


V, 
Cp {ee + VWF = ¥5¥ 


2)(pVo d? d° 
ofe dE] 





e Solve for Vo 











u= G7 eA 
p= Cae 

- CrP» 

= 3 3) 1/2 

_ | (12.7-9.79)(10° N/m*)(4/3)(0.02 m) 
Cp X 998 kg/m? 
1/2 
v= SUE) Poon. 
Cp 


1/2 
Cp 


3. Iteration 1 
e Initial guess: V) = 1.0 m/s 
e Calculate Re: 


e Calculate Cp using Eq. (11.9): 


ene 
P 20000 


0.687 


(1 + 0.15(20000 ~~ )) 


Gp OE 0,456 


1 + 4.25 x 10°(20000) "° 


° Find new value of Vj (use equation from step 2): 


12 
n= (22778) = tae = 0.413 m/s 
Cp 0.456" 





4. Iterative solution 

e As shown, use a spread sheet program to build a table. 
The first row shows the results of iteration 1. 

e The terminal velocity from iteration 1 
Vo = 0.413 m/s is used as the initial velocity for itera- 
tion 2. 

e The iteration process is repeated until the terminal ve- 
locity reaches a constant value of V) = 0.44 m/s. No- 
tice that convergence is reached in two iterations. 























Iteration # | Initial Vo Re Cp New Vo 
(m/s) (m/s) 
1 1.000 20000 0.456 0.413 
2 0.413 8264 0.406 0.438 
3 0.438 8752 0.409 0.436 
4 0.436 8721 0.409 0.436 
5 0.436 8723 0.409 0.436 
6 0.436 8722 0.409 0.436 























Vo = 0.44 m/s 
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Vortex Shedding 


Figure 11.10 





Formation of a vortex 
behind a cylinder. 


Figure 11.11 





Strouhal number versus 
Reynolds number for 
flow past a circular 
cylinder. [After Jones (5) 
and Roshko (8)] 


This section introduces vortex shedding, which is important for two reasons: It can be used to 
enhance heat transfer and mixing, and it can cause unwanted vibrations and failures of structures. 


Flow past a bluff body generally produces a series of vortices that are shed alternatively 
from each side, thereby producing a series of alternating vortices in the wake. This phenome- 
non is call vortex shedding. Vortex shedding for a cylinder occurs for Re > 50 and gives the 
flow pattern sketched in Fig. 11.10. In this figure, a vortex is in the process of formation near 
the top of the cylinder. Below and to the right of the first vortex is another vortex, which was 
formed and shed a short time before. Thus the flow process in the wake of a cylinder involves 
the formation and shedding of vortices alternately from one side and then the other. This al- 
ternate formation and shedding of vortices creates a cyclic change in pressure with conse- 
quent periodicity in side thrust on the cylinder. Vortex shedding was the primary cause of 
failure of the Tacoma Narrows suspension bridge in the state of Washington in 1940. 

Experiments reveal that the frequency of shedding can be represented by plotting Strouhal 
number (St) as a function of Reynolds number. The Strouhal number is a 7-group defined as 

nd 

St i (11.12) 
where n is the frequency of shedding of vortices from one side of the cylinder, in Hz, d is the 
diameter of the cylinder, and V, is the free-stream velocity. The Strouhal number for vortex 
shedding from a circular cylinder is given in Fig. 11.11. Other cylindrical and two-dimen- 
sional bodies also shed vortices. Consequently, the engineer should always be alert to vibra- 
tion problems when designing structures that are exposed to wind or water flow. 
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Reducing Drag by Streamlining 


EXAMPLE 11.5 COMPARING DRAG ON BLUFF 
AND STREAMLINED SHAPES 


Compare the drag of the cylinder of Example 11.1 with the 
drag of the streamlined shape shown in Fig. 11.4. Assume 
that both shapes have the same projected area. 


Problem Definition 


Situation: The cylinder from Example 11.1 is being 
compared to a streamlined shape. 

Find: Ratio of drag force on the streamlined body to drag 
force on the cylinder. 


Assumptions: 


1. The cylinder and the streamlined body have the same 


projected area. 


2. Both objects are two-dimensional bodies (neglect end 


effects). 


Plan 


1. Retrieve Re and Cp from Example 11.1. 
2. Find the coefficient of drag for the streamlined shape 


using Fig. 11.4. 


3. Calculate the ratio of drag forces using Eq. (11.4). 


An engineer can design a body shape to minimize the drag force. This process is called 
streamlining and is often focused on reducing form drag. The reason for focusing on form 
drag is that drag on most bluff objects (e.g., a cylindrical body at Re > 1000) is 
predominantly due to the pressure variation associated with flow separation. In this case, 
streamlining involves modifying the body shape to reduce or eliminate separation. The 
impacts of streamlining can be dramatic. For example, Fig. 11.4 shows that Cp for the 
streamlined shape is about 1/6 of Cp for the circular cylinder when Re = 5 x 10°. 


While streamlining reduces form drag, friction drag is typically increased. This is be- 
cause there is more surface area on a streamlined body as compared to a nonstreamlined 
body. Consequently, when a body is streamlined the optimum condition results when the sum 
of form drag and friction drag is minimum. 

Streamlining to produce minimum drag at high Reynolds numbers will probably not 
produce minimum drag at very low Reynolds numbers. For example, at Re < 1, the major- 
ity of the drag of a cylinder is friction drag. Hence, if the cylinder is streamlined, the friction 
drag will likely be magnified, and Cp will increase. 

Another advantage of streamlining at high Reynolds numbers is that vortex shedding is 
eliminated. Example 11.5 shows how to estimate the impact of streamlining by using a ratio 
of Cp values. 


Solution 


1. From Example 11.1, Re = 7 x 10° and 
Cp (cylinder) = 0.2. 

2. Using this Re and Fig. 11.4 gives Cp (streamlined 
shape) = 0.034. 


3. Drag force ratio (derived from Eq. 11.4) is 
Fp(streamlined shape) _ Cp(streamlined shape) 
F (cylinder) Cp(cylinder) 


< [ate 
Ap V5/2) 


F (streamlined shape) _ 0.034 _ 
F (cylinder) 0.2 - 


Review 


Notice that streamlining provided nearly a sixfold reduction 
in drag! 
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Drag in Compressible Flow 


Figure 11.12 





Drag characteristics of 
projectile, sphere, and 
cylinder with 
compressibility effects. 
[After Rouse (12)] 


So far, this chapter has described drag for flows with constant density. This section describes 
drag when the density of a gas is changing due to pressure variations. These types of flow are 
called compressible flows. This information is important for modeling of projectiles such as 
bullets and rockets. 


In steady flow, the influence of compressibility depends on the ratio of fluid velocity to 
the speed of sound. This ratio is a m-group called the Mach number. 

The variation of drag coefficient with Mach number for three axisymmetric bodies is 
shown in Fig. 11.12. In each case, the drag coefficient increases only slightly with the Mach 
number at low Mach numbers and then increases sharply as transonic flow (M = 1) is ap- 
proached. Note that the rapid increase in drag coefficient occurs at a higher Mach number 
(closer to unity) if the body is slender with a pointed nose. The drag coefficient reaches a 
maximum at a Mach number somewhat larger than unity and then decreases as the Mach 
number is further increased. 

The slight increase in drag coefficient with low Mach numbers is attributed to an in- 
crease in form drag due to compressibility effects on the pressure distribution. However, as 
the flow velocity is increased, the maximum velocity on the body finally becomes sonic. The 
Mach number of the free-stream flow at which sonic flow first appears on the body is called 
the critical Mach number. Further increases in flow velocity result in local regions of super- 
sonic flow (M > 1), which lead to wave drag due to shock wave formation and an apprecia- 
ble increase in drag coefficient. 

The critical Mach number for a sphere is approximately 0.6. Note in Fig. 11.12 that the 
drag coefficient begins to rise sharply at about this Mach number. The critical Mach number 
for the pointed body is larger, and, correspondingly, the rise in drag coefficient occurs at a 
Mach number closer to unity. 

The drag coefficient data for the sphere shown in Fig. 11.12 are for a Reynolds number 
of the order of 10*. The data for the sphere shown in Fig. 11.8, on the other hand, are for very 
low Mach numbers. The question then arises about the general variation of the drag coefficient 
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Figure 11.13 





Contour plot of the drag 
coefficient of the sphere 
versus Reynolds and 
Mach numbers. 


_& — 


Theory of Lift 





of a sphere with both Mach number and Reynolds number. Information of this nature is often 
needed to predict the trajectory of a body through the upper atmosphere or to model the motion 
of a nanoparticle. 

A contour plot of the drag coefficient of a sphere versus both Reynolds and Mach num- 
bers based on available data (19) is shown in Fig. 11.13. Notice the Cp-versus-Re curve from 
Fig. 11.8 in the M = 0 plane. Correspondingly, notice the Cp-versus-M curve from Fig. 
11.12 in the Re = 10* plane. At low Reynolds numbers Cp decreases with increasing Mach 
number, whereas at high Reynolds numbers the opposite trend is observed. Using this figure, 
the engineer can determine the drag coefficient of a sphere at any combination of Re and M. 
Of course, corresponding Cp contour plots can be generated for any body, provided the data 
are available. 


This section introduces circulation, the basic cause of lift, as well as the coefficient of lift. 


Circulation 

Circulation, a characteristic of a flow field, gives a measure of the average rate of rotation of 
fluid particles that are situated in an area that is bounded by a closed curve. Circulation is de- 
fined by the path integral as shown in Fig. 11.14. Along any differential segment of the path, 
the velocity can be resolved into components that are tangent and normal to the path. Signify 
the tangential component of velocity as V;. Integrate V, dL around the curve; the resulting 
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Figure 11.14 





Concept of circulation. 


dL 


quantity is called circulation, which is represented by the Greek letter I (capital gamma). 
Hence 


P= $V, dL (11.13) 


Sign convention dictates that in applying Eq. (11.13), one uses tangential velocity vectors 
that have a counterclockwise sense around the curve as negative and take those that have a 
clockwise direction as having a positive contribution.* For example, consider finding the cir- 
culation for an irrotational vortex. The tangential velocity at any radius is C/r, where a posi- 
tive C means a clockwise rotation. Therefore, if circulation is evaluated about a curve with 
radius r, the differential circulation is 


dr =V; dL = £r, dð = C d9 (11.14) 
1 
Integrate this around the entire circle: 
27 
al Cd0=2nC (11.15) 
0 


One way to induce circulation physically is to rotate a cylinder about its axis. Fig. 
11.15a shows the flow pattern produced by such action. The velocity of the fluid next to the 
surface of the cylinder is equal to the velocity of the cylinder surface itself because of 
the no-slip condition that must prevail between the fluid and solid. At some distance from the 
cylinder, however, the velocity decreases with r, much like it does for the irrotational vortex. 
The next section shows how circulation produces lift. 


Combination of Circulation and Uniform Flow around a Cylinder 


Superpose the velocity field produced for uniform flow around a cylinder, Fig. 11.155, onto a 
velocity field with circulation around a cylinder, Fig. 11.15a. Observe that the velocity is re- 
inforced on the top side of the cylinder and reduced on the other side (Fig. 11.15c). Also ob- 
serve that the stagnation points have both moved toward the low-velocity side of the cylinder. 
Consistent with the Bernoulli equation (assuming irrotational flow throughout), the pressure 
on the high-velocity side is lower than the pressure on the low-velocity side. Hence a pres- 
sure differential exists that causes a side thrust, or lift, on the cylinder. According to ideal 
flow theory, the lift per unit length of an infinitely long cylinder is given by F,/f = 
p Vol, where F, is the lift on the segment of length £. For this ideal irrotational flow there is 


* The sign convention is the opposite of that for the mathematical definition of a line integral. 
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Figure 11.15 





Ideal flow around a 
cylinder. 

(a) Circulation. 

(b) Uniform flow. 

(c) Combination of 
circulation and uniform 


flow. 


See 
a, 


(a) (b) 





High velocity, low pressure 





Stagnation points 


“\— Reduced velocity, high pressure 


(c) 


no drag on the cylinder. For the real-flow case, separation and viscous stresses do produce 
drag, and the same viscous effects will reduce the lift somewhat. Even so, the lift is sig- 
nificant when flow occurs past a rotating body or when a body is translating and rotat- 
ing through a fluid. Hence the reason for the “curve” on a pitched baseball or the “drop” 
on a Ping-Pong ball is a fore spin. This phenomenon of lift produced by rotation of a 
solid body is called the Magnus effect after a nineteenth-century German scientist who 
made early studies of the lift on rotating bodies. A paper by Mehta (28) offers an inter- 
esting account of the motion of rotating sports balls. 

Coefficients of lift and drag for the rotating cylinder with end plates are shown in Fig. 
11.16. In this figure, the parameter rw/V, is the ratio of cylinder surface speed to the free- 
stream velocity, where r is the radius of the cylinder and w is the angular speed in radians per 
second. The corresponding curves for the rotating sphere are given in Fig. 11.17. 


Coefficient of Lift 


The coefficient of lift is a parameter that characterizes the lift that is associated with a body. 
For example, a wing at a high angle of attack will have a high coefficient of lift, and a wing 
that has a zero angle of attack will have a low or zero coefficient of lift. The coefficient of lift 
is defined using a T-group: 


ae iit force S (11.16) 
. A(p v; /2) (reference area) (dynamic pressure) i 
To calculate lift force, engineers use the lift equation: 
pV, 
r= Gal | (11.17) 


where the reference area for a rotating cylinder or sphere is the projected area 4,. 
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Figure 11.16 
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EXAMPLE 11.6 LIFT ON A ROTATING SPHERE Sketch: 


A Ping-Pong ball is moving at 10 m/s in air and is spinning 
at 100 revolutions per second in the clockwise direction. The 


diameter of the ball is 3 cm. Calculate the lift and drag force 600 rpm 
and indicate the direction of the lift (up or down). The density 
of air is 1.2 kg/m’. 


Problem Definition 


Situation: A Ping-Pong ball is moving horizontally and 
rotating. 
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Find: 

1. Drag force (in newtons) on the ball. 
2. Lift force (in newtons) on the ball. 
3. The direction of lift (up or down?). 


Properties: Air: p = 1.2 kg/ m°. 


Plan 


1. Calculate the value of ræ/ Vo. 


2. Use the value of rw/V, to look up the coefficients of lift 
and drag on Fig. 11.7. 


3. Calculate lift force using Eq. (11.17). 
4. Calculate drag force using Eq. (11.5). 


Solution 
The rotation rate in rad/s is 
w = (100 rev/s)(27 rad/rev) = 628 rad/s 


The rotational parameter is 


wr _ (628 rad/s)(0.015 m) _ 


0.942 
Vo 10 m/s 


From Fig. 11.17, the lift coefficient is approximately 0.26, 
and the drag coefficient is 0.64. The lift force is 


1 
li = 50MCiA, 


= x12 kg/m’*)(10 m/s)’ (0.26) (0.03 m)’ 


=|1.10x 10" N 


The lift force is downward. | The drag force is 


1 
Fg 5p Vils 


=|27.1 x 10° N 





 &— 


Lift and Drag on Airfoils 


This section presents information on how to calculate lift and drag on wing-like objects. 
Some typical applications include calculating the takeoff weight of an airplane, determining 
the size of wings needed, and estimating power requirements to overcome drag force. 


Lift of an Airfoil 


An airfoil is a body designed to produce lift from the movement of fluid around it. Specifi- 
cally, lift is a result of circulation in the flow produced by the airfoil. To see this, consider 
flow of an ideal flow (nonviscous and incompressible) past an airfoil as shown in Fig. 
11.18a. Here, as for irrotational flow past a cylinder, the lift and drag are zero. There is a 
stagnation point on the bottom side near the leading edge, and another on the top side near 
the trailing edge of the foil. In the real flow (viscous fluid) case, the flow pattern around the 
upstream half of the foil is plausible. However, the flow pattern in the region of the trailing 
edge, as shown in Fig. 11.18a, cannot occur. A stagnation point on the upper side of the foil 
indicates that fluid must flow from the lower side around the trailing edge and then toward 
the stagnation point. Such a flow pattern implies an infinite acceleration of the fluid particles 
as they turn the corner around the trailing edge of the wing. This is a physical impossibility, 
and as we have seen in previous sections of the text, separation occurs at the sharp edge. As a 
consequence of the separation, the upstream stagnation point moves to the trailing edge. Flow 
from both the top and bottom sides of the airfoil in the vicinity of the trailing edge then 
leaves the airfoil smoothly and essentially parallel to these surfaces at the trailing edge (Fig. 


11.185). 
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Figure 11.18 





Patterns of flow around an 
airfoil. 
(a) Ideal flow—no 


circulation. 


(b) Real flow—circulation. 


Figure 11.19 





Definition sketch for an 
airfoil section. 


Stagnation point 
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(b) 


To bring theory into line with the physically observed phenomenon, it was hypothe- 
sized that a circulation around the airfoil must be induced in just the right amount so that the 
downstream stagnation point is moved all the way back to the trailing edge of the airfoil, thus 
allowing the flow to leave the airfoil smoothly at the trailing edge. This is called the Kutta 
condition (21), named after a pioneer in aerodynamic theory. When analyses are made with 
this simple assumption concerning the magnitude of the circulation, very good agreement oc- 
curs between theory and experiment for the flow pattern and the pressure distribution, as well 
as for the lift on a two-dimensional airfoil section (no end effects). Ideal flow theory then 
shows that the magnitude of the circulation required to maintain the rear stagnation point at 
the trailing edge (the Kutta condition) of a symmetric airfoil with a small angle of attack is 
given by 

T= mcha (11.18) 


where I is the circulation, c is the chord length of the airfoil, and a is the angle of attack of 
the chord of the airfoil with the free-stream direction (see Fig. 11.19 for a definition sketch). 
Like that for the cylinder, the lift per unit length for an infinitely long wing is 





F,/€ = pV 
The planform area for the length segment € is €c. Hence the lift on segment € is 
F, = pVomcla (11.19) 
For an airfoil the coefficient of lift is 
F 
C, = — (11.20) 
SpV 2 
Vo T 
a a 
\ 





i Chord 
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Figure 11.20 





Values of C; for two 


NACA airfoil sections. 


[After Abbott and Van 
Doenhoff (22).] 


where the reference area S is the planform area of the wing—that is, the area seen from the 
plan view. On combining Eqs. (11.18) and (11.19) and identifying S as the area associated 
with length segment £, one finds that C, for irrotational flow past a two-dimensional airfoil is 
given by 

C; = 27a (11.21) 


Equations (11.19) and (11.21) are the theoretical lift equations for an infinitely long air- 
foil at a small angle of attack. Flow separation near the leading edge of the airfoil produces 
deviations (high drag and low lift) from the ideal flow predictions at high angles of attack. 
Hence experimental wind-tunnel tests are always made to evaluate the performance of a 
given type of airfoil section. For example, the experimentally determined values of lift coef- 
ficient versus a for two NACA airfoils are shown in Fig. 11.20. Note in this figure that the 
coefficient of lift increases with the angle of attack, a, to a maximum value and then de- 
creases with further increase in a. This condition, where C; starts to decrease with a further 
increase in a, is called sta//. Stall occurs because of the onset of separation over the top of the 
airfoil, which changes the pressure distribution in such a way as not only to decrease lift but 
also to increase drag. Data for many other airfoil sections are given by Abbott and Von 
Doenhoff (22). 


Airfoils of Finite Length—Effect on Drag and Lift 


The drag of a two-dimensional foil at a low angle of attack (no end effects) is primarily vis- 
cous drag. However, wings of finite length also have an added drag and a reduced lift associ- 
ated with vortices generated at the wing tips. These vortices occur because the high pressure 
below the wing and the low pressure on top cause fluid to circulate around the end of the 
wing from the high-pressure zone to the low-pressure zone, as shown in Fig. 11.21. This in- 
duced flow has the effect of adding a downward component of velocity, w, to the approach 
velocity Vj. Hence, the “effective” free-stream velocity is now at an angle (@ = w/V, ) to the 
direction of the original free-stream velocity, and the resultant force is tilted back as shown in 
Fig. 11.22. Thus the effective lift is smaller than the lift for the infinitely long wing because 
the effective angle of incidence is smaller. This resultant force has a component parallel to 
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Figure 11.21 





Formation of tip 
vortices. 


Figure 11.22 





Definition sketch for 
induced-drag relations. 


Low-pressure region 


Tip vortex Tip vortex 





High-pressure region 


Induced drag, Fp; = Fo 







Resultant force, F, 


Effective approach sa 
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Vy that is called the induced drag and is given by F,. Prandtl (23) showed that the induced 
velocity w for an elliptical spanwise lift distribution is given by the following equation: 
2F 
w= (11.22) 
tpV yb 


where b is the total length (or span) of the finite wing. Hence 
2 2: 9 2 
2F C Vi 
L =k (11.23) 
twpVob mw b 2 





From Eq. (11.23) it can be easily shown that the coefficient of induced drag, Cp,, is given by 
2 
C 
Cp; = — (11.24) 
m(b /S) 


which happens to represent the minimum induced drag for any wing planform. Here the ratio 
b?/S is called the aspect ratio A of the wing, and S is the planform area of the wing. Thus, 
for a given wing section (constant C, and constant chord c), longer wings (larger aspect ra- 
tios) have smaller induced-drag coefficients. The induced drag is a significant portion of the 
total drag of an airplane at low velocities and must be given careful consideration in airplane 
design. Aircraft (such as gliders) and even birds (such as the albatross and gull) that are re- 
quired to be airborne for long periods of time with minimum energy expenditure are noted 
for their long, slender wings. Such a wing is more efficient because the induced drag is small. 
To illustrate the effect of finite span, look at Fig. 11.23, which shows C, and Cp versus a for 
wings with several aspect ratios. 
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Figure 11.23 
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Angle of attack, œ, degrees 


The total drag of a rectangular wing is computed by 


Fp 


= (Cpo + Cp) —5 7 


2 
bepV 
* 0 (11.25) 


where Cpo is the coefficient of form drag of the wing section and Cp; is the coefficient of in- 


duced drag. 





EXAMPLE 11.7 WING AREA FOR AN AIRPLANE 


An airplane with a weight of 10,000 lbf is flying at 600 ft/s 
at 36,000 ft, where the pressure is 3.3 psia and the 
temperature is 67°F. The lift coefficient is 0.2. The span of 
the wing is 54 ft. Calculate the wing area (in ft) and the 
minimum induced drag. 


Problem Definition 


Situation: 


1. An airplane (W = 10,000 lbf) is traveling at Vy) = 600 ft/s. 


2. Coefficient of lift is C, = 0.2. 

3. Wing span is b = 54 ft. 

Find: 

1. Required wing area (in ft’). 

2. Minimum value of induced drag (in N). 


Properties: Atmosphere (36,000 ft): T = —67°F, 


p = 3.3 psia. 


Plan 


1. Apply the idea gas law to calculate density of air. 


2. Apply force equilibrium to derive an equation for the the 
required wing area. 


3. Calculate induced drag using Eq. (11.24) with Cpo = 0. 


Solution 


Ideal gas law 


a (3.3 Ibf/in?)(144 in’/ ft’) 
(1716 ft-Ibf/slug-°R)(—67 + 460°R) 


= 0.000705 slug/ ft? 
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For steady flight, the lift force is equal to the weight, 


1 


a 5PVoC,S 


so 
2W 


S= 5 
pVoC, 





= 2 x 10,000 Ibf 
(0.000705 slug/ft*)(600° ft”/s”)(0.2) 


fore 


The minimum induced drag coefficient is 


The induced drag is 


LT 


D, = Sp VeCpis 


= £ (0.000705 slug/ ft?) (600 ft/s)"(0.00172)(394 ft’) 


-perm 





A graph showing C, and Cp versus a is given in Fig. 11.24. Note in this graph that Cp 
is separated into the induced-drag coefficient Cp; and the form drag coefficient Cpo. 


Figure 11.24 
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EXAMPLE 11.8 TAKEOFF CHARACTERISTICS 
OF AN AIRPLANE 

A light plane (weight = 10 kN) has a wingspan of 10 m and a 
chord length of 1.5 m. If the lift characteristics of the wing are 
like those given in Fig. 11.23, what must be the angle of 
attack for a takeoff speed of 140 km/h? What is the stall 
speed? Assume two passengers at 800 N each and standard 
atmospheric conditions. 


Problem Definition 
Situation: 


1. An airplane (W = 10 kN) with two passengers W = 1.6 
KN is taking off. 

2. Wing span is b = 10 m, and chord length is c = 1.5 m. 

3. Lift coefficient information is given by Fig. 11.23. 

4. Takeoff speed is V) = 140 km/h. 

Find: 

1. Angle of attack (in degrees). 

2. Stall speed (in km/h). 

Assumptions: 

1. Ground effects can be neglected. 

2. Standard atmospheric conditions prevail. 


Properties: Air: p = 1.2 kg/m’. 


Plan 

1. Find the lift by applying force equilibrium. 

2. Calculate the coefficient of lift using Eq. (11.20). 
3. Find the angle of attack a from Fig. 11.23. 
4 


. Read the maximum angle of attack from Fig. 11.23, and 
then calculate the correspoding stall speed using the lift 
force equation (11.17). 


— A 


Lift and Drag on Road Vehicles 





Solution 


Force equilibrium (y direction), so lift = weight = 11.6 kN. 
Thus, 





F 
C, = — 
SpVo/2 
= 11,600 N 
(15 m’)(1.2 kg/m*)[(140,000/3600)” m?/s”]/2 
= 0.852 
The aspect ratio is 
A=2=10 667 
E 


From Fig. 11.23, the angle of attack is 
a= 7° 


From Fig. 11.23, stall will occur when 
C, = 1.18 


Applying the lift force force equation gives 


2 
V, 
F,= c,a( e =! ) 


11,600 = 1.18(15)(42) Fai” 


V stall = 33.0 m/s =|119 km/h 


Review 


Notice that the stall speed (119 km/h) is less than the takeoff 
speed (140 km/h). 


Early in the development of cars, aerodynamic drag was a minor factor in performance 
because normal highway speeds were quite low. Thus in the 1920s, coefficients of drag for 
cars were around 0.80. As highway speeds increased and the science of metal forming 
became more advanced, cars took on a less angular shape, so that by the 1940s drag 
coefficients were 0.70 and lower. In the 1970s the average Cp for U.S. cars was 
approximately 0.55. In the early 1980s the average Cp for American cars dropped to 0.45, 
and currently auto manufacturers are giving even more attention to reducing drag in 
designing their cars. All major U.S., Japanese, and European automobile companies now 
have models with Cps of about 0.33, and some companies even report Cps as low as 0.29 on 
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new models. European manufacturers were the leaders in the streamlining of cars because 
European gasoline prices (including tax) have been, for a number of years, about three times 
those in the United States. Table 11.2 shows the Cp for a 1932 Fiat and for other, more 
contemporary car models. 


Great strides have been made in reducing the drag coefficients for passenger cars. However, 
significant future progress will be very hard to achieve. One of the most streamlined cars was the 
“Bluebird,” which set a world land-speed record in 1938. Its Cp was 0.16. The minimum Cp of 
well-streamlined racing cars is about 0.20. Thus, lowering the Cp for passenger cars below 0.30 
will require exceptional design and workmanship. For example, the underside of most cars is 
aerodynamically very rough (axles, wheels, muffler, fuel tank, shock absorbers, and so on). One 
way to smooth the underside is to add a panel to the bottom of the car. But then clearance may 
become a problem, and adequate dissipation of heat from the muffler may be hard to achieve. 
Other basic features of the automobile that contribute to drag but are not very amenable to drag- 
reduction modifications are interior airflow systems for engine cooling, wheels, exterior features 
such as rear-view mirrors and antennas, and other surface protrusions. The reader is directed to 
two books on road-vehicle aerodynamics, (24) and (25), which address all aspects of the drag and 
lift of road vehicles in considerably more detail than is possible here. 





Table 11.2 COEFFICIENTS OF DRAG FOR CARS 





Make and Model Profile Cp 





1932 Fiat Balillo 0.60 


C| Tomi 
Volkswagen “Bug” A 0.46 
Plymouth Voyager AEEA 0.36 














Toyota Paseo 0.31 
Dodge Intrepid 0.31 
Ford Taurus 0.30 
Mercedes-Benz E320 FIS 0.29 





Ford Probe V (concept car) 


GM Sunraycer 
(experimental solar vehicle) 
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Figure 11.25 


Effect of rear-deck lip on 
model surface. Pressure 





coefficients are plotted 
normal to the surface. [After 
Schenkel (25). Reprinted 
with permission from SAE 
Paper No. 770389. ©1977 
Society of Automotive 
Engineers, Inc.] 


To produce low-drag vehicles, the basic teardrop shape is an idealized starting point. 
This shape can be altered to accommodate the necessary functional features of the vehicle. 
For example, the rear end of the teardrop shape must be lopped off to yield an overall vehicle 
length that will be manageable in traffic and will fit in our garages. Also, the shape should be 
wider than its height. Wind-tunnel tests are always helpful in producing the most efficient de- 
sign. One such test was done on a 3/8 scale model of a typical notchback sedan. Wind-tunnel 
test results for such a sedan are shown in Fig. 11.25. Here the centerline pressure distribution 
(distribution of Cp) for the conventional sedan is shown by a solid line and that for a sedan 
with a 68 mm rear-deck lip is shown by a dashed line. Clearly the rear-deck lip causes the 
pressure on the rear of the car to increase (Cp is less negative), thereby reducing the drag on 
the car itself. It also decreases the lift, thereby improving traction. Of course, the lip itself 
produces some drag, and these tests show that the optimum lip height for greatest overall 
drag reduction is about 20 mm. 

Research and development programs to reduce the drag of automobiles continue. As an 
entry in the PNGV (Partnership for a New Generation of Vehicles), General Motors (26) has 
exhibited a vehicle with a drag coefficient as low as 0.163, which is approximately one-half 
that of the typical midsize sedan. These automobiles will have a rear engine to eliminate the 
exhaust system underneath the vehicle, and allow a flat underbody. Cooling air for the engine 
is drawn in through inlets on the rear fenders and exhausted out the rear, reducing the drag 
due to the wake. The protruding rear-view mirrors are also removed to reduce the drag. The 
cumulative effect of these design modifications is a sizable reduction in aerodynamic drag. 

The drag of trucks can be reduced by installing vanes near the corners of the truck body 
to deflect the flow of air more sharply around the corner, thereby reducing the degree of sep- 
aration. This in turn creates a higher pressure on the rear surfaces of the truck, which reduces 
the drag of the truck. 

One of the desired features in racing cars is the generation of negative lift to improve 
the stability and traction at high speeds. One idea (27) is to generate negative gage pressure 
underneath the car by installing a ground-effect pod. This is an airfoil section mounted across 
the bottom of the car that produces a venturi effect in the channel between the airfoil section 
and the road surface. The design of ground-effect vehicles involves optimizing design param- 
eters to avoid separation and possible increase in drag. Another scheme to generate negative 
lift is the use of vanes as shown in Fig. 11.26. Sometimes “gurneys” are mounted on these 
vanes to reduce separation effects. Gurneys are small ribs mounted on the upper surface of 
the vanes near the trailing edge to induce local separation, reduce the separation on the lower 
surface of the vane, and increase the magnitude of the negative lift. As the speed of racing 
cars continues to increase, automobile aerodynamics will play an ever-increasing role in trac- 
tion, stability, and control. 
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Figure 11.26 





Racing car with 
negative-lift devices. 
Front vane 


Rear vane 














EXAMPLE 11.9 NEGATIVE LIFT ON A 
RACE CAR 


The rear vane installed on the racing car of Fig. 11.26 is at an 
angle of attack of 8° and has characteristics like those given in 
Fig. 11.23. Estimate the downward thrust (negative lift) and 
drag from the vane that is 1.5 m long and has a chord length of 
250 mm. Assume the racing car travels at a speed of 270 

km/h on a track where normal atmospheric pressure and a 
temperature of 30°C prevail. 


Problem Definition 
Situation: 


1. A racing car experiences downward lift from a rear 
mounted vane. 


2. Vane overall length is € = 1.5 m, and chord length is 
E = 025 im, 


3. Car speed is Vy = 270 km/h = 75 m/s. 
Find: 

1. Downward lift force from vane (in newtons). 
2. Drag force from vane (in newtons). 


Properties: Air: p = 1.17 kg/m’. 


S 


Summary 





Plan 


1. Find the coefficient of lift C, and the coefficient of drag 
Cp from Fig. 11.23. 


2. Calculate the downward thrust using the lift force equation 
(11.17). 
3. Calculate the drag using the drag force equation (11.5). 


Solution 


1. The aspect ratio is 


From Fig. 11.23, the lift and drag coefficients are 
C; = 0.93 and Cp = 0.070 


2. Lift force equation 


p Vy 
PEGAS 


F, = 0.93 x 1.5 x 0.25 x 1.17 x (75)/2 =[1148 N 


3. Drag force equation 


2 
pV Cp 


Fp = (0.070/0.93) x 1148 =[86.4 N] 





A body immersed in a flowing fluid is subjected to pressure and shear-stress distributions. 
When the stress distributions are integrated, the resulant force is resolved into lift and drag. By 
definition, the drag force is parallel to the free-stream velocity and the lift force is perpendicular. 


The drag force on a body is evaluated using 


2 
V, 
F= cpa) 
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where Cp is a the drag coefficient, Vp is the relative speed between the body and free-stream 
velocity, and A is the reference area. The drag coefficient is typically a function of Reynolds 
number based on the relative speed and a characteristic dimension of the body. Values of the 
drag coefficient for various shapes are determined analytically or experimentally and are 
published as equations or in tabular or graphical format. The drag force is the combination of 
two effects, form drag and skin friction drag. Form drag is due to pressure forces acting on 
the body, whereas skin friction is due to shear stress on the body surface. 

The drag coefficient of a sphere for Reynolds numbers less than 0.5 is 
24 
Re 

For bluff bodies in high—Reynolds number flows, the drag force is primarily form drag 
and results from the reduced pressure in the body’s wake. For streamlined bodies the form 
drag is reduced, and skin friction drag plays a more important role. The drag coefficients of 
cylinders and spheres show a marked decrease at Reynolds numbers near 10°. This effect is 
attributed to the flow in the boundary layer changing from laminar to turbulent, moving the 
separation point downstream, reducing the wake region, and decreasing the form drag. The 
Reynolds number where the drag coefficient decreases is the critical Reynolds number, and 
the phenomenon is known as the critical Reynolds number effect. 

Cylinders and bluff bodies in a cross-flow produce vortex shedding in which vortices 
are released alternately from each side of the body. The frequency of vortex shedding is 
given by the Strouhal number 


Cp = 


= nd 
Vo 


where n is the rate at which vortices are shed (Hz) from one side and d is the cross-stream di- 
mension of the body. 
Increasing the Mach number of flow past a body increases the drag coefficient. The free- 
stream Mach number where sonic flow first occurs on a body is the critical Mach number. 
The lift force on a body is quantified by 


St 


2 
r, = cae) 
2 

where C; is the lift coefficient and A is the reference area. The values for the lift coefficient 
for various bodies are obtained by analysis or experiment. 

The lift on an airfoil is due to the circulation produced by the airfoil on the surrounding 
fluid. This circulatory motion causes a change in the momentum of the fluid and a lift on the 
airfoil. The lift coefficient for a symmetric two-dimensional wing (no tip effect) is 


C, = 2740 


where a is the angle of attack (expressed in radians) and the reference angle is the product of 
the chord and a unit length of wing. As the angle of attack increases, the airfoil stalls and the 
lift coefficient decreases. A wing of finite span produces trailing vortices that reduce the an- 
gle of attack and produce an induced drag. The drag coefficient corresponding to the mini- 
mum induced drag is 


Cc 


Cp = = 
m(b /S) 


Di 


where b is the wing span and S is the planform area of the wing. 
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PROBLEM 11.1 


11.4The pressure distribution on a rod having a triangular 
(equilateral) cross section is shown, where flow is from left to 
right. What is Cp for the rod? 
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PROBLEM 11.4 


Drag Calculations 


11.5 PQ Apply the grid method to each situation that follows. 

a. Use Eq. (11.5) to predict the drag force in newtons for a au- 
tomobile that is traveling at V = 60 mph on a summer day. 
Assume that the frontal area is 2 m°, and the coefficient of 
drag is Cp = 0.4. 

b. Apply Eq. (11.5) to predict the the speed in mph of a bicycle 
rider that is subject to a drag force of 5 lbf on a summer’s 
day. Assume the frontal area of the rider is A = 0.5 m’, and 
the coefficient of drag is Cp = 0.3. 

11.6 PQ< Using the first two sections in this chapter and using 

other resources, answer the questions that follow. Strive for 

depth, clarity, and accuracy. Also, strive for effective use of 
sketches, words, and equations. 

a. What are the four most important factors that influence the 
drag force? 

b. How are stress and drag related? 

c. What is form drag? What is friction drag? 


11.7 PQ Use information in sections 11.2 and 11.3 to find the 

the coefficient of drag for each case described here. 

a. A sphere is falling through water, Re = 10,000. 

b. Air is blowing normal to a very long circular cylinder, and 
Re = 7,000. 

c. Wind is blowing normal to a billboard that is 20 ft wide by 
10 ft high. 

11.8 Estimate the wind force on a billboard 10 ft high and 30 ft 

wide when a 50 mph wind (T = 60°F) is blowing normal to it. 

11.9 If Stokes’s law is considered valid below a Reynolds num- 

ber of 0.5, what is the largest raindrop that will fall in accor- 

dance with Stokes’s law? 

11.10 Determine the drag of a 4 ft x 8 ft sheet of plywood held at 

aright angle to a stream of air (60°F, | atm) having a velocity of 

45 mph. 

11.11 Estimate the drag of a thin square plate (3 m by 2 m) when 

it is towed through water (10°C). Assume a towing speed of 

about 2 m/s. 

a. The plate is oriented for minimum drag. 

b. The plate is oriented for maximum drag. 

11.12 A cooling tower, used for cooling recirculating water in a 

modern steam power plant, is 350 ft high and 250 ft average di- 

ameter. Estimate the drag on the cooling tower in a 200 mph 

wind (T = 60°F). 


350 ft 





LITIN 
PROBLEM 11.12 





11.13 Estimate the wind force that would act on you if you were 
standing on top of a tower in a 30 m/s (115 ft/s) wind on a day 
when the temperature was 20°C (68°F) and the atmospheric 
pressure was 96 kPa (14 psia). 

11.14 As shown, wind is blowing on a 55-gallon drum. Estimate 
the wind speed needed to tip the drum over. Work in SI units. 
The drum weighs 48 lbm, the diameter is 22.5 in., and the height 
is 34.5 in. 


pan 
a" 
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11.15 What drag is produced when a disk 0.75 m in diameter is 
submerged in water at 10°C and towed behind a boat at a speed 
of 4 m/s? Assume orientation of the disk so that maximum 
drag is produced. 

11.16 A circular billboard having a diameter of 6 m is mounted 
so as to be freely exposed to the wind. Estimate the total force 
exerted on the structure by a wind that has a direction normal to 
the structure and a speed of 30 m/s. Assume T = 10°C and 
p = 101 kPa absolute. 

11.17 Consider a large rock situated at the bottom of a river and 
acted on by a strong current. Estimate a typical speed of the cur- 
rent that will cause the rock to move downstream along the bot- 
tom of the river. List and justify all your major assumptions. 
Shown all calculations and work in SI units. 

11.18 Compute the overturning moment exerted by a 35 m/s 
wind on a smokestack that has a diameter of 2.5 m and a height 
of 75 m. Assume that the air temperature is 20°C and that p, is 
99 kPa absolute. 

11.19 What is the moment in SI units at the bottom of a flagpole 
35 m high and 10 cm in diameter in a 30 m/s wind? The atmo- 
spheric pressure is 100 kPa, and the temperature is 20°C. 
11.20A cylindrical anchor (vertical axis) made of concrete 
(y = 15 kN/m?) is reeled in at a rate of 1.0 m/s by a man ina 
boat. If the anchor is 30 cm in diameter and 30 cm long, what 
tension must be applied to the rope to pull it up at this rate? Ne- 
glect the weight of the rope. 

11.21 A Ping-Pong ball of mass 2.6 g and diameter 38 mm is sup- 
ported by an air jet. The air is at a temperature of 18°C and a pres- 
sure of 27 in-Hg. What is the minimum speed of the air jet? 
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11.22 Estimate the moment at ground level on a signpost sup- 
porting a sign measuring 3 m by 2 m if the wind is normal to the 
surface and has a speed of 40 m/s and the center of the sign is 3 
m above the ground. Neglect the wind load on the post itself. 
Assume T = 10°C and p = 1 atm. 

11.23 Windstorms sometimes blow empty boxcars off their 
tracks. The dimensions of one type of boxcar are shown. What 
minimum wind velocity normal to the side of the car would be 
required to blow the car over? 


k— 12.5 m (41 ft) —————— 
| | 3.2m 
: (10.5 ft) 
Weight = 190 kN (42,700 Ibf) | 
v Oe) > F ANEZA v 10.91 m (3 fi) 
Track gage = 1.44 m (4 ft, 8 in) 
PROBLEM 11.23 



































11.24 A semiautomatic popcorn popper is shown. After the un- 
popped corn is placed in screen S, the fan F blows air past the 
heating coils C and then past the popcorn. When the corn pops, 
its projected area increases; thus it is blown up and into a con- 
tainer. Unpopped corn has a mass of about 0.15 g per kernel and 
an average diameter of approximately 6 mm. When the corn 
pops, its average diameter is about 18 mm. Within what range of 
airspeeds in the chamber will the device operate properly? 














PROBLEM 11.24 


11.25 Hoerner (15) presents data that show that fluttering flags 
of moderate-weight fabric have a drag coefficient (based on the 
flag area) of about 0.14. Thus the total drag is about 14 times the 
skin friction drag alone. Design a flagpole that is 100 ft high and 
is to fly an American flag 6 ft high. Make your own assump- 
tions regarding other required data. 


Power, Energy, and Rolling Resistance 


11.26 How much power is required to move a spherical-shaped 
submarine of diameter 1.5 m through sea water at a speed of 10 
knots? Assume the submarine is fully submerged. 

11.27 A dirigible flies at 25 ft/s at an altitude where the specific 
weight of the air is 0.07 lbf/ft*? and the kinematic viscosity is 
1.3 x 10% ft?/s. The dirigible has a length-to-diameter ratio of 
5 and has a drag coefficient corresponding to the streamlined 
body in Fig. 11.8. The diameter of the dirigible is 100 ft. What 
is the power required to propel the dirigible at this speed? 

11.28 Estimate the energy in joules and kcal (food calories) that 
a runner supplies to overcome aerodynamic drag during a 10 km 
race. The runner runs a 6:30 pace (i.e., each mile takes 6 min- 
utes and 30 seconds). The product of frontal area and coefficient 
of drag is ChA =8 ft’. (One “food calorie” is equivalent to 
4186 J.) Assume an air density of 1.22 kg/m*. 
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11.29 A cylindrical rod of diameter d and length L is rotated in 

still air about its midpoint in a horizontal plane. Assume the 

drag force at each section of the rod can be calculated assuming 

a two-dimensional flow with an oncoming velocity equal to the 

relative velocity component normal to the rod. Assume Cp is 

constant along the rod. 

a. Derive an expression for the average power needed to rotate 
the rod. 

b. Calculate the power for œ = 50 rad/s,d = 2 cm, L = 1.5 m, 
p =12 kg/m’, and Cy = 1.2. 











e "l 
L 
PROBLEM 11.29 
11.30 Estimate the additional power (in hp) required for the truck 
when it is carrying the rectangular sign at a speed of 30 m/s over 


that required when it is traveling at the same speed but is not car- 
rying the sign. 


k— 1.83 m—| 











Patrol truck 

















PROBLEM 11.30 


11.31 Estimate the added power (in hp) required for the car when the 
cartop carrier is used and the car is driven at 100 km/h ina 25 km/h 
head wind over that required when the carrier is not used in the 
same conditions. 
































PROBLEM 11.31 


11.32 The resistance to motion of an automobile consists of roll- 
ing resistance and aerodynamic drag. The weight of an automo- 
bile is 3000 Ibf, and it has a frontal area of 20 ft?. The drag 
coefficient is 0.30, and the coefficient of rolling friction is 0.02. 
Determine the percentage savings in gas mileage that one 
achieves when one drives at 55 mph instead of 65 mph on a 
level road. Assume an air temperature of 60°F. 


11.33 A car coasts down a very long hill. The weight of the car 
is 2500 lbf, and the slope of the grade is 6%. The rolling friction 
coefficient is 0.01. The frontal area of the car is 20 ft”, and the 
drag coefficient is 0.32. The density of the air is 0.002 slugs/ft’. 
Find the maximum coasting speed of the car in mph. 

11.34 An automobile with a mass of 1000 kg is driven up a hill 
where the slope is 3° (5.2% grade). The automobile is moving at 
30 m/s. The coefficient of rolling friction is 0.02, the drag coef- 
ficient is 0.4, and the cross-sectional area is 4 m°. Find the 
power (in kW) needed for this condition. The air density is 1.2 
kg/m’. 

11.35 A bicyclist is coasting down a hill with a slope of 8° into a 
head wind (measured with respect to the ground) of 5 m/s. The 
mass of the cyclist and bicycle is 80 kg, and the coefficient of 
rolling friction is 0.02. The drag coefficient is 0.5, and the pro- 
jected area is 0.5 m?. The air density is 1.2 kg/m>. Find the 
speed of the bicycle in meters per second. 

11.36 A bicyclist is capable of delivering 275 W of power to the 
wheels. How fast can the bicyclist travel in a 3 m/s head wind 
if his or her projected area is 0.5 m?, the drag coefficient is 0.3, 
and the air density is 1.2 kg/m?? Assume the rolling resistance is 
negligible. 

11.37 Assume that the horsepower of the engine in the original 
1932 Fiat Balillo (see Table 11.2) was 40 bhp (brake horsepower) 
and that the maximum speed at sea level was 60 mph. Also as- 
sume that the projected area of the automobile is 30 ft”. Assume 
that the automobile is now fitted with a modern 220 bhp motor 
with a weight equal to the weight of the original motor; thus the 
rolling resistance is unchanged. What is the maximum speed of 
the “souped up” Balillo at sea level? 

11.38 One way to reduce the drag of a blunt object is to install 
vanes to suppress the amount of separation. Such a procedure 
was used on model trucks in a wind-tunnel study by Kirsch and 
Bettes. For tests on a van-type truck, they noted that without 
vanes the Cp was 0.78. However, when vanes were installed 
around the top and side leading edges of the truck body (see the 
figure), a 25% reduction in Cp was achieved. For a truck with a 
projected area of 8.36 m?, what reduction in drag force will be 
effected by installation of the vanes when the truck travels at 
100 km/h? Assume standard atmospheric pressure and a tem- 
perature of 20°C. 








PROBLEM 11.38 
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11.39 For the truck of Prob. 11.38, assume that the total resis- 
tance is given by R = Fp + C, where Fp is the air drag and C is 
the resistance due to bearing friction. If C is constant at 350 N for 
the given truck, what fuel-savings percentage will be effected by the 
installation of the vanes when the truck travels at 100 km/h? 


Terminal Velocity 


11.40 PQ< Suppose you are designing an object to fall through 
seawater with a terminal velocity of exactly 1 m/s. What vari- 
ables will have the most influence on the terminal velocity? List 
these variables and justify your decisions. 

11.41 As shown a 20 cm diameter parachute supporting a mass 
of 10 g is falling through air (20°C). Assume a coefficient of 
drag of Cp = 1.4 and estimate the terminal velocity Vp. Use a 
projected area of (mD? )/4. 


e] 


Mass M 


V, 


(°) 


PROBLEM 11.41 


11.42 Consider a small air bubble (approximately 4 mm diame- 
ter) rising in a very tall column of liquid. Will the bubble accel- 
erate or decelerate as it moves upward in the liquid? Will the 
drag of the bubble be largely skin friction or form drag? 
Explain. 

11.43 Determine the terminal velocity in water (T = 10°C) of a 
10 cm ball that weighs 20 N in air. 

11.44 This cube is weighted so that it will fall with one edge 
down as shown. The cube weighs 19.8 N in air. What will be its 
terminal velocity in water? 





PROBLEM 11.44 


11.45 A spherical rock weighs 30 N in air and 5 N in water. Esti- 
mate its terminal velocity as it falls in water (20°C). 


11.46 A spherical balloon 2 m in diameter that is used for mete- 
orological observations is filled with helium at standard condi- 
tions. The empty weight of the balloon is 3 N. What velocity of 
ascent will it attain under standard atmospheric conditions? 
11.47 A sphere 2 cm in diameter rises in oil at a velocity of 
1.5 cm/s. What i A the specific weight of the sphere if the oil den- 
sity is 900 kg/m? and the dynamic viscosity is 0.096 N-s/m Pg 
11.48 Estimate the terminal velocity of a 1.5 mm plastic sphere 
in oil. The oil has a specific gravity of 0.95 and a kinematic vis- 
cosity of 10“ m?/s. The plastic has a specific gravity of 1.07. 
The volume of a sphere is given by mD/6. 

11.49 A 120 lbf (534 N) skydiver is free-falling at an altitude 
of 6500 ft (1980 m). Estimate the terminal velocity in mph for 
minimum and maximum drag conditions. At maximum drag 
conditions, the product of frontal area and coefficient of drag is 
Cp4A =8 ft? (0.743 mô). At minimum drag conditions, 
CpA = 1 ft? (0.0929 m°). Assume the pressure and temperature 
at sea level are 14.7 psia (101 kPa) and 60°F (15°C). To calcu- 
late air properties, use the lapse rate for the U.S. standard atmo- 
sphere (see Chapter 3). 





PROBLEM 11.49 


11.50 What is the terminal velocity of a 0.5 cm hailstone in air 
that has an atmospheric pressure of 96 kPa absolute and a tem- 
perature of 0°C? Assume that the hailstone has a specific weight 
of 6 kN/m’. 

11.51 A drag chute is used to decelerate an airplane after touch- 
down. The chute has a diameter of 12 ft and is deployed when 
the aircraft is moving at 200 ft/s. The mass of the aircraft is 
20,000 Ibm, and the density of the air is 0.075 lbm/ ft. Find the 
initial deceleration of the aircraft due to the chute. 

11.52 A paratrooper and parachute weigh 900 N. What rate of 
descent will they have if the parachute is 7 m in diameter and 
the air has a density of 1.20 kg/m*? 

11.53 If a balloon weighs 0.15 N (empty) and is inflated with 
helium to a diameter of 50 cm, what will be its terminal velocity 
in air (standard atmospheric conditions)? The helium is at stan- 
dard conditions. 

11.54A 2 cm plastic ball with a specific gravity of 1.2 is re- 
leased from rest in water at 20°C. Find the time and distance 
needed to achieve 99% of the terminal velocity. Write out the 
equation of motion by equating the mass times acceleration to 
the buoyant force, weight, and drag force and solve by develop- 
ing a computer program or using available software. Use Eq. 
(11.9) for the drag coefficient. [Hint: The equation of motion 
can be expressed in the form 
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Pp — Pw 


p a Pp 

where p, is the density of the ball and p, is the density of the 
water. This form avoids the problem of the drag coefficient ap- 
proaching infinity when the velocity approaches zero because 
Cp Re/24 approaches unity as the Reynolds number approaches 
zero. An “if-statement” is needed to avoid a singularity in Eq. 
(11.9) when the Reynolds number is zero. ] 


dv _ (<e BS) 18s 


dt \ 24 


Lift Force 


11.55 PQ< From the following list, select one topic that is inter- 
esting to you. Then, use references such as the Internet to research 
your topic and prepare one page of written documentation that 
you could use to present your topic to your peers. 

a. Explain how an airplane works. 

b. Describe the aerodynamics of a flying bird. 

c. Explain how a propellor produces thrust. 

d. Explain how a kite flies. 

11.56 PQ Apply the grid method to each situation below. 

a. Use Eq. (11.17) to predict the lift force in newtons for a spin- 
ning baseball. Use a coefficient of lift of C, = 1.2. The 
speed of the baseball is 90 mph. Calculate area using 
A =r ,where the radius of a baseball is r = 1.45 in. As- 
sume a hot summer day. 

b. Use Eq. (11.17) to predict the size of wing in mm? needed 
for a model aircraft that has a mass of 570 g. Wing size is 
specified by giving the wing area (A) as veiwed by an ob- 
server looking down on the wing. Assume the airplane is 
traveling at 80 mph on a hot summer day. Use a coefficient 
of lift of C, = 1.2. Assume straight and level flight so lift 
force balances weight. 

11.57 PO Using Section 11.8 and other resources, answer the 

following questions. Strive for depth, clarity, and accuracy. 

Also, strive for effective use of sketches, words, and equations. 

a. What is circulation? Why is it important? 

b. What is lift force? 

c. What variables influence the magnitude of the lift force? 

11.58 As shown, a glider traveling at a constant velocity will 

move along a straight glide path that has an angle 0 with respect 

to the horizontal. The angle 9, also called the glide ratio, is 
given by 0 = (Cp/C,). Use basic principles to prove the above 
statement. 





PROBLEM 11.58 


11.59 The baseball is thrown from west to east with a spin about 
its vertical axis as shown. Under these conditions it will “break” 
toward the (a) north, (b) south, or (c) neither. 


os 
A N East 
Toe 
Soe 


Plan view 


PROBLEM 11.59 


11.60A sphere of diameter 100 mm, rotating at a rate of 
286 rpm, is situated in a stream of water (15°C) that has a veloc- 
ity of 1.5 m/s. Determine the lift force (in newtons) on the ro- 
tating sphere. 

11.61 Analyses of pitched baseballs indicate that C, of a rotat- 
ing baseball is approximately three times that shown in Fig. 
11.17. This greater C, is due to the added circulation caused by 
the seams of the ball. What is the lift of a ball pitched at a 
speed of 85 mph and with a spin rate of 35 rps? Also, how much 
will the ball be deflected from its original path by the time it 
gets to the plate as a result of the lift force? Note: The mound- 
to-plate distance is 60 ft, the weight of the baseball is 5 oz, and 
the circumference is 9 in. Assume standard atmospheric condi- 
tions, and assume that the axis of rotation is vertical. 

11.62 An airplane wing having the characteristics shown in Fig. 
11.23 is to be designed to lift 2000 lbf when the airplane is 
cruising at 200 ft/s with an angle of attack of 3°. If the chord 
length is to be 4 ft, what span of wing is required? Assume 
p = 0.0024 slugs/ft°. 

11.63 A boat of the hydrofoil type has a lifting vane with an as- 
pect ratio of 4 that has the characteristics shown in Fig. 11.23. If 
the angle of attack is 4° and the weight of the boat is 5 tons, 
what foil dimensions are needed to support the boat at a velocity 
of 60 fps? 

11.64 One wing (wing A) is identical (same cross section) to an- 
other wing (wing B) except that wing B is twice as long as wing 
A. Then for a given wind speed past both wings and with the 
same angle of attack, one would expect the total lift of wing B 
to be (a) the same as that of wing A, (b) less than that of wing 
A, (c) double that of wing A, or (d) more than double that of 
wing A. 

11.65 What happens to the value of the induced drag coefficient 
for an aircraft that increases speed in level flight? (a) it in- 
creases, (b) it decreases, (c) it does not change. 

11.66 The total drag coefficient for an airplane wing is Cp = 
Cpo + Ci/mA, where Cpg is the form drag coefficient, C, is the 
lift coefficient and A is the aspect ratio of the wing. The power is 
given by P = FpV = 1/2C,pV°S. For level flight the lift is 
equal to the weight, so W/S = 1/2pC,V, where W/S is called 
the “wing loading.” Find an expression for V for which the power 
is a minimum in terms Of Vminpower = f (Pp,4,W/S,Cpo), and 
find the V for minimum power when p = 1 kg/m?, A = 10, 
W/S = 600 N/m’, and Cp = 0.02. 

11.67 The airstream affected by the wing of an airplane can be 
considered to be a cylinder (stream tube) with a diameter equal 
to the wing span, b. Far downstream from the wing, the tube is- 


400 


DRAG AND LIFT 





deflected through an angle @ from the original direction. Apply 
the momentum equation to the stream tube between sections 1 
and 2 and find the lift of the wing as a function of b, p, V, and 0. 
Relating the lift to the lift coefficient, find @ as a function of b, 
C,, and wing area, S. Using the relation for induced drag, 
Fp; = F,9/2, show that Cp; = C / TA, where A is the wing 
aspect ratio. 


r. 


Side view 


PROBLEM 11.67 


End view 


11.68 The landing speed of an airplane is 8 m/s faster than its 
stalling speed. The lift coefficient at landing speed is 1.2, and 
the maximum lift coefficient (stall condition) is 1.4. Calculate 
both the landing speed and the stalling speed. 

11.69 An airplane has a rectangular-planform wing that has an 
elliptical spanwise lift distribution. The airplane has a mass of 
1200 kg, a wing area of 20 m°, and a wingspan of 14 m, and it is 
flying at 60 m/s at 3000 m altitude in a standard atmosphere. If 
the form drag coefficient is 0.01, calculate the total drag on the 
wing and the power (P = FpV) necessary to overcome the drag. 
11.70 The figure shows the relative pressure distribution for a 
Göttingen 387-FB lifting vane (19) when the angle of attack is 
8°. If such a vane with a 20 cm chord were used as a hydrofoil at 
a depth of 70 cm, at what speed in 10°C fresh water would cavi- 
tation begin? Also, estimate the lift per unit of length of foil at 
this speed. 


-2.0 






C, for upper side 
of lifting vane 






-1.0 








C, for lower side 
of lifting vane 





PROBLEM 11.70 


11.71 Consider the distribution of C,, as given for the wing section 
in Prob. 11.70. For this distribution of C,, the lift coefficient C} 
will fall within which range of values: (a) 0 < C, < 1.0; (b) 
1.01 < C; < 2.0; (c)2.01 < C; < 3.0; (d)3.0 < C}? 
11.72 The total drag coefficient for a wing with an elliptical lift 
distribution is Cp = Cp, + C A aA, where A is the aspect ratio. 
Derive an expression for C z that corresponds to minimum 
Cp/ C; (maximum C;/ Cp) and the corresponding C;/ Cp. 

11.73 A glider at 1,000 m altitude has a mass of 200 kg and a 
wing area of 20 m’. The glide angle is 1.7°, and the air density is 
1.2 kg/m’. If the lift coefficient of the glider is 0.8, how many 
minutes will it take to reach sea level on a calm day? 

11.74 The wing loading on an airplane is defined as the aircraft 
weight divided by the wing area. An airplane with a wing load- 
ing of 2000 N/m” has the aerodynamic characteristics given 
by Fig. 11.24. Under cruise conditions the lift coefficient is 0.3. 
If the wing area is 10 m?, find the drag force. 

11.75 An ultralight airplane has a wing with an aspect ratio of 5 
and with lift and drag coefficients corresponding to Fig. 11.23. 
The planform area of the wing is 200 ft?. The weight of the air- 
plane and pilot is 400 lbf. The airplane flies at 50 ft/s in air with 
a density of 0.002 slugs/ft*. Find the angle of attack and the 
drag force on the wing. 

11.76 Your objective is to design a human-powered aircraft us- 
ing the characteristics of the wing in Fig. 11.23. The pilot 
weighs 130 pounds and is capable of outputting 1/2 horse- 
power (225 ft-lbf/s) of continuous power. The aircraft without 
the wing has a weight of 40 lbf, and the wing can be designed 
with a weight of 0.12 lbf per square foot of wing area. The drag 
consists of the drag of the structure plus the drag of the wing. 
The drag coefficient of the structure, Cpo is 0.05, so that the to- 
tal drag on the craft will be 


1 
Fp = (Cp, + Cp) 5p Vos 


where Cp is the drag coefficient from Fig. 11.23. The power re- 
quired is equal to F,Vp. The air density is 0.00238 slugs/ft’. 
Assess whether the airfoil is adequate and, if it is, find the opti- 
mum design (wing area and aspect ratio). 


C H A P T E R 


Compressible Flow 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Explain the propagation of a sound wave. 
e Explain the significance of the Mach number. 
e Describe a normal shock wave. 
e Describe how flow properties vary through a Laval nozzle. 


Procedural Knowledge 
e Calculate the speed of sound and Mach number. 
e Calculate property change across normal shock wave. 
e Determine Mach number in a Laval nozzle. 


Typical Applications 
e In Laval nozzles, calculate the mass flow rates and Mach number. 
e In truncated nozzles, calculate flow rate. 


— a 


The compressibility effects in gas flows become significant when the Mach number exceeds 
0.3. The performance of high-speed aircraft, the flow in rocket nozzles, and the re-entry me- 
chanics of spacecraft require inclusion of compressible flow effects. The purpose ofthis chapter 
is to introduce the basic concepts for compressible flow and demonstrate their applications. 


Wave Propagation in Compressible Fluids 


Wave propagation in a fluid is the mechanism through which the presence of boundaries is 
communicated to the flowing fluid. In a liquid the propagation speed of the pressure wave is 
much higher than the flow velocities, so the flow has adequate time to adjust to a change in 
boundary shape. Gas flows, on the other hand, can achieve speeds that are comparable to and 
even exceed the speed at which pressure disturbances are propagated. In this situation, with 
compressible fluids, the propagation speed is an important parameter and must be 
incorporated into the flow analysis. In this section it will be shown how the speed of an 
infinitesimal pressure disturbance can be evaluated and what its significance is to flow of a 
compressible fluid. 


Speed of Sound 

Everyone has had the experience during a thunderstorm of seeing lightning flash and hearing 
the accompanying thunder an instant later. Obviously, the sound was produced by the lightning, 
so the sound wave must have traveled at a finite speed. If the air were totally incompressible 
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(if that were possible), the sound of thunder and the lightening flash would be simultaneous, 
because all disturbances propagate at infinite speed through incompressible media.* It is anal- 
ogous to striking one end ofa bar of incompressible material and recording instantaneously the 
response at the other end. Actually, all materials are compressible to some degree and propagate 
disturbances at finite speeds. 

The speed of sound is defined as the rate at which an infinitesimal disturbance (pressure 
pulse) propagates in a medium with respect to the frame of reference of that medium. Actual 
sound waves, comprised of pressure disturbances of finite amplitude, such that the ear can 
detect them, travel only slightly faster than the “speed of sound.” In Chapter 6 it was found 
that the speed at which a pressure wave travels through a fluid depends on the bulk modulus 
of the fluid and its density. The analysis was performed by considering the unsteady flow 
within a control volume as the wave passed through the control volume. Here the equation 
for the speed of sound is developed assuming the control volume moves with the wave, 
thereby analyzing a steady-flow problem. 

Consider a small section of a pressure wave as it propagates at velocity c through a me- 
dium, as depicted in Fig. 12.1. As the wave travels through the gas at pressure p and density 
p, it produces infinitesimal changes of Ap, Ap, and AV. These changes must be related 
through the laws of conservation of mass and momentum. Select a control surface around the 
wave and let the control volume travel with the wave. The velocities, pressures, and densities 
relative to the control volume (which is assumed to be very thin) are shown in Fig. 12.2. Con- 
servation of mass in a steady flow requires that the net mass flux across the control surface be 
zero. Thus 


—pcA+(p+Ap)(c-AV)A = 0 (12.1) 


where A is the cross-sectional area of the control volume. Neglecting products of higher-or- 
der terms (ApAV’) and dividing by the area reduces the conservation-of-mass equation to 


—pAV+cAp = 0 (12.2) 
The momentum equation for a non-accelerating steady flow, 
SF = m, Vo- mV, (12.3) 
applied to the control volume containing the pressure wave gives 
(p + Ap)A -pA = (-c)(-pAc) + (c + AV )pAc (12.4) 
where the direction to the right is defined as positive. The momentum equation reduces to 


Ap = pcAV (12.5) 


* Actually, the thunder would be heard before the lightning was seen, because light also travels at a finite, 
though very high, speed! However, this would violate one of the basic tenets of relativity theory. No medium 
can be completely incompressible and propagate disturbances exceeding the speed of light. 
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Substituting the expression for AV obtained from Eq. (12.2) into Eq. (12.5) gives 


c= ôP (12.6) 
Ap 
which shows how the speed of propagation is related to the pressure and density change 
across the wave. It is immediately obvious from this equation that if the flow were ideally 
incompressible, Ap = 0, the propagation speed would be infinite, which confirms the argu- 
ment presented earlier. 

Equation (12.6) provides an expression for the speed of a general pressure wave. The 
sound wave is a special type of pressure wave. By definition, a sound wave produces only in- 
finitesimal changes in pressure and density, so it can be regarded as a reversible process. 
There is also negligibly small heat transfer, so one can assume the process is adiabatic. A re- 
versible, adiabatic process is an isentropic process; thus the resulting expression for the speed 
of sound is 


gate (12.7) 
Op], 


This equation is valid for the speed of sound in any substance. However, for many substances 
the relationship between p and p at constant entropy is not very well known. 

To reiterate, the speed of sound is the speed at which an infinitesimal pressure distur- 
bance travels through a fluid. Waves of finite strength (finite pressure change across the 
wave) travel faster than sound waves. Sound speed is the minimum speed at which a pressure 
wave can propagate through a fluid. 

For an isentropic process in an ideal gas, the following relationship exists between 
pressure and density (1) 


= constant (12.8) 


PLIS 


where & is the ratio of specific heats; that is, the ratio of specific heat at constant pressure to 
that at constant volume. 


Is 


k= (12.9) 


Q 


v 


The values of k for some commonly used gases are given in Table A.2. Taking the derivative 
of Eq. (12.8) to obtain dp/dp|, results in 


2 = (12.10) 
Op|, P 
However, from the ideal gas law, 
P -RT 
p 
so the speed of sound is given by 
c = JkRT (12.11) 


Thus the speed of sound in an ideal gas varies with the square root of the temperature. 
Using this equation to predict sound speeds in real gases at standard conditions gives re- 
sults very near the measured values. Of course, if the state of the gas is far removed from 
ideal conditions (high pressures, low temperatures), then using Eq. (12.11) is not valid. 
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EXAMPLE 12.1 SPEED OF SOUND 


CALCULATION 


Problem Definition 


Find: The speed of sound in air at 15°C 
Assumptions: Air is an ideal gas. 


Properties: Table A.2: R = 287 J/kg K, andk = 1.4. 


Figure 12.3 





Propagation of a sound 
wave by an airfoil. 


Example 12.1 illustrates the calculation of sound speed for a given temperature. 


Plan 


Apply the speed of sound equation, Eq. (12.11), with 
T = 288 K. 


Solution 

c= JkRT 

c = [(1.4)(287 J/kg K)(288 K)]'” =[340 m/s 
Review 


Hint: The absolute temperature must always be used in speed 
of sound equation. 





It is possible to demonstrate, in a very simple way, the significance of sound in a com- 
pressible flow. Consider the airfoil traveling at speed V in Fig. 12.3. As this airfoil travels 
through the fluid, the pressure disturbance generated by the airfoil’s motion propagates as a 
wave at sonic speed ahead of the airfoil. These pressure disturbances travel a considerable 
distance ahead of the airfoil before being attenuated by the viscosity of the fluid, and they 
“warn” the upstream fluid that the airfoil is coming. In turn, the fluid particles begin to move 
apart in such a way that there is a smooth flow over the airfoil by the time it arrives. If a pres- 
sure disturbance created by the airfoil is essentially attenuated in time Az, then the fluid at a 
distance At(c — V) ahead is alerted to prepare for the airfoil’s impending arrival. 

What happens as the speed of the airfoil is increased? Obviously, the relative velocity 
c — Vis reduced, and the upstream fluid has less time to prepare for the airfoil’s arrival. The 
flow field is modified by smaller streamline curvatures, and the form drag on the airfoil is 
increased. If the airfoil speed increases to the speed of sound or greater, the fluid has no 
warning whatsoever that the airfoil is coming and cannot prepare for its arrival. Nature, at 
this point, resolves the problem by creating a shock wave that stands off the leading edge, 
as shown in Fig. 12.4. As the fluid passes through the shock wave near the leading edge, it is 
decelerated to a speed less than sonic speed and therefore has time to divide and flow around 
the airfoil. Shock waves will be treated in more detail in Section 12.3. 





a 
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Figure 12.4 Shock wave 





Standing shock wave in 
front of an airfoil. 


Shock wave 


Figure 12.5 


Sound field generated by 
a moving point source of 
sound. 

(a) Speed of sound 


source less than local 





sound source. 

(b) Speed of sound 
source greater than local 
sound force. 








(a) V<e (b) V >c 


Another approach to appreciating the significance of sound propagation in a compress- 
ible fluid is to consider a point source of sound moving in a quiescent fluid, as shown in Fig. 
12.5. The sound source is moving at a speed less than the local sound speed in Fig. 12.5a and 
faster than the local sound speed in Fig. 12.5b. At time ¢ = 0 a sound pulse is generated and 
propagates radially outward at the local speed of sound. At time ¢, the sound source has 
moved a distance Vt, and the circle representing the sound wave emitted at ¢ = 0 has a ra- 
dius of ct,. The sound source emits a new sound wave at ¢, that propagates radially outward. 
At time ż, the sound source has moved to Vt, and the sound waves have moved outward as 
shown. 

When the sound source moves at a speed less than the speed of sound, the sound waves 
form a family of nonintersecting eccentric circles, as shown in Fig. 12.5a. For an observer 
stationed at A the frequency of the sound pulses would appear higher than the emitted fre- 
quency because the sound source is moving toward the observer. In fact, the observer at Æ 
will detect a frequency of 


f=h/U-V/c) 


where fọ is the emitting frequency of the moving sound source. This change in frequency is 
known as the Doppler effect. 

When the sound source moves faster than the local sound speed, the sound waves inter- 
sect and form the locus of a cone with a half-angle of 


= sin '(c/V) 


The observer at A will not detect the sound source until it has passed. In fact, only an ob- 
server within the cone is aware of the moving sound source. 
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In view of the physical arguments given, it is apparent that an important parameter 
relating to sound propagation and compressibility effects is the ratio V/ c. This parameter, 
already introduced in Chapter 1, was first proposed by Ernst Mach, an Austrian scientist, and 
bears his name. The Mach number is defined as 
V 


M=- 
E 


(12.12) 


The conical wave surface depicted in Fig. 12.5b is known as a Mach wave and the conical 
half-angle as the Mach angle. 

Besides the qualitative argument presented for the Mach number, it is also recalled 
from Chapter 8 that the Mach number is the ratio of the inertial to elastic forces acting on the 
fluid. If the Mach number is small, the inertial forces are ineffective in compressing the fluid, 
and the fluid can be regarded as incompressible. 

Compressible flows are characterized by their Mach number regimes as follows: 


M< 1 subsonic flow 
M= 1 transonic flow 
M > 1 supersonic flow 


Flows with Mach numbers exceeding 5 are sometimes referred to as hypersonic. Air- 
planes designed to travel near sonic speeds and faster are equipped with Mach meters because 
of the significance of the Mach number with respect to aircraft performance. 

Evaluation of the Mach number of an airplane flying at altitude is demonstrated in 
Example 12.2. 


Solution 
1. Temperature at 13 km 


of 470 m/s. Assume a U.S. standard atmosphere and 
calculate the Mach number of the aircraft. 


Problem Definition 
Situation: Aircraft flying at 470 m/s at an altitude of 13 km. 
Find: The Mach number of the aircraft. 


Assumptions: Temperature varies as U.S. standard atmo- 
sphere. 


Properties: From Table A.2: R,;, = 287 J/kg K, 
and k = 1.4. 


Plan 


1. Find temperature at 13 km using Eq. (3.13). 
2. Calculate the speed of sound. 
3. Calculate the Mach number. 





= Iya Oe 

T = 296 —5.87 K/km x 13 km = 220 K 
2. Speed of sound 

c= VERT = J/1.4x 287 x 220 = 297 m/s 
3. Mach number 





— Ya is — 


Review 


The aircraft is flying at supersonic speed. 
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Figure 12.6 


Control volume enclosed 
by streamlines. 


In this section it will be shown how fluid properties vary the Mach number in compressible 
flows. Consider a control volume bounded by two streamlines in a steady compressible flow, 
as shown in Fig. 12.6. Applying the energy equation, Eq. (7.20), to this control volume, 
realizing that the shaft work is zero, gives 


a y2 : 
-rn (m + St gz) + rin( m + 2 + gz9) = Ò (12.13) 


As pointed out in Chapter 4, the elevation terms (z, and z,) can usually be neglected for gas- 
eous flows. If the flow is adiabatic (Q = 0), the energy equation reduces to 


2 2 


V f y: 
mfa) = inh +) (12.14) 
2 2 
From the principle of continuity, the mass flow rate is constant, mı = m3, SO 
y2 y2 
hyts=h+ 12.15 
Since positions | and 2 are arbitrary points on the same streamline, one can say that 
2 
h+ > = constant along a streamline in an adiabatic flow (12.16) 


The constant in this expression is called the total enthalpy, h, It is the enthalpy that would 
arise if the flow velocity were brought to zero in a adiabatic process. Thus the energy equa- 
tion along a streamline under adiabatic conditions is 
2 
h+ =h, 
If h, is the same for all streamlines, the flow is homenergic. 


(12.17) 


It is instructive at this point to compare Eq. (12.17) with the Bernoulli equation. 
Expressing the specific enthalpy as the sum of the specific internal energy and p/p, Eq. 
(12.17) becomes 


y? 
ut p + > = constant 


Pp 






Control 
volume 
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EXAMPLE 12.3 TOTAL TEMPERATURE 
CALCULATION 


An aircraft is flying at M = 1.6 at an altitude where the 
atmospheric temperature is -50°C. The temperature on the 
aircraft’s surface is approximately the total temperature. 


COMPRESSIBLE FLOW 





If the fluid is incompressible and there is no heat transfer, the specific internal energy is con- 
stant and the equation reduces to the Bernoulli equation (excluding the pressure due to eleva- 
tion change). 


Temperature 
The enthalpy of an ideal gas can be written as 
h= gT (12.18) 


where c, is the specific heat at constant pressure. Substituting this relation into Eq. (12.17) and 
dividing by c,7, results in 





2 
T, 
i$ =o (12.19) 
2cT T 
where 7, is the total temperature. From thermodynamics (1) it is known for an ideal gas that 
ee tas (12.20) 
or k-1= Lise 
G G 
Therefore c, = AR (12.21) 
P k-1 


Substituting this expression for c, back into Eq. (12.19) and realizing that ART is the speed 
of sound squared results in the total temperature equation 


T,= r(1 + En?) (12.22) 

The temperature T is called the static temperature—the temperature that would be 
registered by a thermometer moving with the flowing fluid. Total temperature is analo- 
gous to total enthalpy in that it is the temperature that would arise if the velocity were 
brought to zero adiabatically. If the flow is adiabatic, the total temperature is constant 
along a streamline. If not, the total temperature varies according to the amount of thermal 
energy transferred. 

Example 12.3 illustrates the evaluation ofthe total temperature on an aircraft’s surface. 


Plan 


This problem can be visualized as the aircraft being stationary 
and an airstream with a static temperature of -50°C flowing 
past the aircraft at a Mach number of 1.6. 


1. Convert the local static temperature to degrees K. 


Estimate the surface temperature, taking k = 1.4. 


Problem Definition 


Situation: Aircraft flying at M = 1.6 with static temperature 
ESOC 
Find: Total temperature. 





2. Use total temperature equation, Eq. (12.22). 

Solution 

1. Static temperature in absolute temperature units 
T = 273 — 50 = 223 K 


2. Total temperature 


T = 223[1 + 0.2(1.6)"] =[337 K or 64°C 
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If the flow is isentropic, thermodynamics shows that the following relationship for pressure 
and temperature of an ideal gas between two points on a streamline is valid (1): 


TS k/(k-1) 
a = P (12.23) 
2 


Isentropic flow means that there is no heat transfer, so the total temperature is constant along 
the streamline. Therefore 


Pani tmi) =1,(1+ m) (12.24) 


Solving for the ratio T,/T, and substituting into Eq. (12.23) shows that the pressure variation 
with the Mach number is given by 


Dy _ |: + [(k- mane 


5 (12.25) 
P2 1+[(k-1)/2]Mi 
In the ideal gas law used to derive Eq. (12.23), absolute pressures must always be used in cal- 
culations with these equations. 
The fofal pressure in a compressible flow is given by 


k/(k-1 
a= rl + Em?) _ (12.26) 
which is the pressure that would result if the flow were decelerated to zero speed reversibly 
and adiabatically. Unlike total temperature, total pressure may not be constant along stream- 
lines in adiabatic flows. For example, it will be shown that flow through a shock wave, 
although adiabatic, is not reversible and, therefore, not isentropic. The total pressure varia- 
tion along a streamline in an adiabatic flow can be obtained by substituting Eqs. (12.26) 
and (12.24) into Eq. (12.25) to give 


Po afine oami a 


5 = (12.27) 
Pa P2\1+[(k-1)/2]M53 P2`\Ti 

Unless the flow is also reversible and Eq. (12.23) is applicable, the total pressures at points 1 
and 2 will not be equal. However, if the flow is isentropic, total pressure is constant along 
streamlines. 


Density 


Analogous to the total pressure, the total density in a compressible flow is given by 
_ 1/(k-1) 
ae el + tm’) (12.28) 


where p is the local or static density. If the flow is isentropic, then p, is a constant along 
streamlines and Eq. (12.28) can be used to determine the variation of gas density with the 
Mach number. 

In literature dealing with compressible flows, one often finds reference to “stagnation” 
conditions—that is, “stagnation temperature” and “stagnation pressure.” By definition, stag- 
nation refers to the conditions that exist at a point in the flow where the velocity is zero, 
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EXAMPLE 12.4 DRAG FORCE ON A SPHERE 


The drag coefficient for a sphere at a Mach number of 0.7 is 
0.95. Determine the drag force on a sphere 10 mm in diameter 


in air ifp = 101 kPa. 


Problem Definition 


Situation: A sphere is moving at a Mach number of 0.7 in air. 
Find: The drag force (in newtons) on the sphere. 


Properties: From Table A.2, k ir = 1.4. 


Plan 


The drag force on a sphere is Fp = qCpA. 


1. Calculate the kinetic pressure q from Eq. (12.30). 
2. Calculate the drag force. 


regardless of whether or not the zero velocity has been achieved by an adiabatic, or revers- 
ible, process. For example, if one were to insert a Pitot-static tube into a compressible flow, 
strictly speaking one would measure stagnation pressure, not total pressure, since the deceler- 
ation of the flow would not be reversible. In practice, however, the difference between stag- 
nation and total pressure is insignificant. 


Kinetic Pressure 

The kinetic pressure, g = p V/ 2,is often used, as seen in Chapter 11, to calculate aerody- 
namic forces with the use of appropriate coefficients. It can also be related to the Mach num- 
ber. Using the ideal gas law to replace p gives 


2 
1 pV 
ere 12.2 
1-35 RT (12.29) 
Then using the equation for the speed of sound, Eq. (12.11), results in 
ge pM? (12.30) 


where p must always be an absolute pressure since it derives from the ideal gas law. 
The use of the equation for kinetic pressure to evaluate the drag force is shown in 
Example 12.4. 

The Bernoulli equation is not valid for compressible flows. Consider what would 
happen if one decided to measure the Mach number of a high-speed air flow with a Pitot- 
static tube, assuming that the Bernoulli equation was valid. Assume a total pressure of 180 
kPa and a static pressure of 100 kPa were measured. By the Bernoulli equation, the kinetic 
pressure is equal to the difference between the total and static pressures, so 


1 Ke) 
pV =p,-P or 5PM = P.-P 


Solving for the Mach number, 


Solution 


1. Kinetic pressure 


ge kpm? z taor kPa) (0.7)? = 34.6 kPa 
2. Drag force: 


Fp= Coa Z) 0” = 0.95(34.6 x 10°) (F)o.01 my? 


=/2.58 N 


> “air 
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Figure 12.7 





Variation of the pressure 
coefficient with Mach 
number. 


and substituting in the measured values, one obtains 
M = 1.07 


The correct approach is to relate the total and static pressures in a compressible flow using 
Eq. (12.26). Solving that equation for the Mach number gives 


M= ea- Ji (12.31) 


and substituting in the measured values yields 
M = 0.96 


Thus applying the Bernoulli equation would have led one to say that the flow was supersonic, 
whereas the flow was actually subsonic. In the limit of low velocities (p,/p — 1), Eq. 
(12.31) reduces to the expression derived using the Bernoulli equation, which is indeed valid 
for very low (M < 1) Mach numbers. 

It is instructive to see how the pressure coefficient at the stagnation (total pressure) con- 
dition varies with Mach number. The pressure coefficient is defined by 


pre 
P 1 2 
3P V 


Using Eq. (12.30) for the kinetic pressure enables one to express C, as a function of the Mach 
number and the ratio of specific heats. 


E k/(k-1) 
c =A +m’) -1] 
kM 2 


The variation of C, with Mach number is shown in Fig. 12.7. At a Mach number of zero, the 
pressure coefficient is unity, which corresponds to incompressible flow. The pressure coeffi- 
cient begins to depart significantly from unity at a number of about 0.3. From this observa- 
tion it is inferred that compressibility effects in the flow field are unimportant for Mach 
numbers less than 0.3. 





P 
1/2 (pv?) 


P7 


Pressure coefficient, 








! i | j | I I 
0 al i2 3 A 5 6 7 


Mach number, M 
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Normal Shock Waves 


Normal shock waves are wave fronts normal to the flow across which a supersonic flow is 
decelerated to a subsonic flow with an attendant increase in static temperature, pressure, and 
density. The normal shock wave is analogous to the water hammer introduced in Chapter 6. The 
purpose ofthis section is to develop relations for property changes across normal shock waves. 


EE chy, 


| 
| 

Py | | Pe 
P1 | | Pa 
T i] | 1 

| 

t=- Is Control volume 

Figure 12.8 





Control volume 
enclosing a normal 
shock wave. 


Change in Flow Properties Across a Normal Shock Wave 


The most straightforward way to analyze a normal shock wave is to draw a control surface 
around the wave, as shown in Fig. 12.8, and write down the continuity, momentum, and 
energy equations. 


The net mass flux into the control volume is zero because the flow is steady. Therefore 
-pı V4 +p, VA =0 (12.32) 
where A is the cross-sectional area of the control volume. Equating the net pressure 


forces acting on the control surface to the net efflux of momentum from the control 
volume gives 


pV A(-V, + V2) = (pı - pa)A (12.33) 
The energy equation can be expressed simply as 


T, =T, (12.34) 


because the temperature gradients on the control surface are assumed negligible and thus 
heat transfer is neglected (adiabatic). 


Using the equation for the speed of sound, Eq. (12.11), and the ideal gas law, the con- 


tinuity equation can be rewritten to include the Mach number as follows: 


Pi 


ZLM, JERT, = 22 M, ERT, (12.35) 
1 


RT, 


The Mach number can be introduced into the momentum equation in the following way: 


p= =p 


Pry 


Pi 52 
Pi + Rr = P? + RT, Vz (12.36) 


p(l +kMÎ) = p (1 + kMŻ) 


Rearranging Eq. (12.36) for the static-pressure ratio across the shock wave results in 


Pa _ (1+kMj) 


- (12.37) 
Pi (1+kM3) 


As will be shown later, the Mach number of a normal shock wave is always greater than unity up- 
stream and less than unity downstream, so the static pressure always increases across a shock wave. 
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Rewriting the energy equation in terms of the temperature and Mach number, as done in Eq. 
(12.22), by utilizing the fact that T nl f= 1, yields the static temperature ratio across the shock 
wave. 


T, _ {1+[(k-1)/21M;} 
1 {1+[(k-1)/2]M3} 


(12.38) 


N 


Substituting Eqs. (12.37) and (12.38) into Eq. (12.35) gives the following relationship for the 
Mach numbers upstream and downstream of a normal shock wave: 
M = 1/2 M z 1/2 
(1 +) =— (1 +=) 
1+kM; 1+kM, 








zM =M, (12.39) 


Solving this equation for M, as a function of M}, results in two solutions. One solution is triv- 
ial, M; = M, which corresponds to no shock wave in the control volume. The other solution 
gives the Mach number downstream of the shock wave: 


2 (k-1)M; +2 


M? ; (12.40) 
2kM? -(k-1) 


Note: Because of the symmetry of Eq. (12.39), one can also use Eq. (12.40) to solve for M, 
given M, by simply interchanging the subscripts on the Mach numbers. 

Setting M, = 1 in Eq. (12.40) results in M, also being equal to unity. Equations (12.38) 
and (12.39) also show that there would be no pressure or temperature increase across such a 
wave. In fact, the wave corresponding to M} = 1 is the sound wave across which, by defini- 
tion, pressure and temperature changes are infinitesimal. Thus the sound wave represents a 
degenerate normal shock wave. 

Example 12.5 demonstrates how to calculate properties downstream of a normal shock 
wave given the upstream Mach number. 

The changes in flow properties across a shock wave are presented in Table A.1 for a 
gas, such as air, for which k = 1.4. 

A shock wave is an adiabatic process in which no shaft work is done. Thus for ideal 
gases the total temperature (and total enthalpy) is unchanged across the wave. The total pres- 
sure, however, does change across a shock wave. The total pressure upstream of the wave in 
Example 12.5 is 


k-1..2 k/(k-1) 
Pr, =pli + tmi) 
= 100 kPa[1 + (0.2)(1.67)]"> = 425 kPa 


The total pressure downstream of the same wave is 


k-1. 2 k/(k-1) 
P.,= pal + 2 M3) 


= 282 kPa[ 1 +(0.2)(0.668")]”> = 380 kPa 


Thus the total pressure decreases through the wave, which occurs because the flow through 
the shock wave is not an isentropic process. Total pressure remains constant along stream- 
lines only in isentropic flow. Values for the ratio of total pressure across a normal shock wave 
are also provided in Table A.1. 
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EXAMPLE 12.5 PROPERTY CHANGES ACROSS 
NORMAL SHOCK WAVE 


A normal shock wave occurs in air flowing at a Mach number 
of 1.6. The static pressure and temperature of the air upstream 
of the shock wave are 100 kPa absolute and 15°C. Determine 
the Mach number, pressure, and temperature downstream of 
the shock wave. 


Problem Definition 


Situation: The Mach number upstream of a normal shock 
wave in air is 1.6. 

Find: The downstream Mach number, pressure, and 
temperature. 


Sketch: 


pı = 100 kPa abs 





Properties: From table A.2, k = 1.4. 


Plan 


1. Use Eq. (12.40) to calculate M). 


2. Use Eq. (12.37) to calculate p. 
Convert upstream temperature to degrees Kelvin and use Eq. 
(12.38) to find T). 





Solution 


1. Downstream Mach number 

Wee 1)Mi+2 _ (0.4)(1.6)2 +2 

QS pee LS = O 
2kM,-(k-1)  (2.8)(1.6)’- 0.4 

M, =|0.668 


= 0.447 


2. Downstream pressure 
1+kM; 
P2-P 2 
1+kM, 
2 
= (100 kPa) ++ C0016) | _ 1589 kPa, absolute 
1 + (1.4)(0.668) 


3. Downstream temperature 





14+[(k-1)/2]M; 
1 +[(k-1)/2]M; 


- 1 + (0.2)(2.56) ] _ 3 
ete ol: + ODOH. 


Review 


Note that absolute values for the pressure and temperature 
have to be used in the equations for property changes across 
shock waves. 


Existence of Shock Waves Only in Supersonic Flows 
Refer back to Eq. (12.40), which gives the Mach number downstream of a normal shock 
wave. If one were to substitute a value for M, less than unity, it is easy to see that a value for 
M, would be larger than unity. For example, if M, = 0.5 in air, then 


M3 


2_ (0.4)(0.5) +2 
(2.8)(0.5)° — 0.4 


M, = 2.65 


Is it possible to have a shock wave in a subsonic flow across which the Mach number be- 
comes supersonic? In this case the total pressure would also increase across the wave; that is, 


P 
2>] 


Pr, 


The only way to determine whether such a solution is possible is to invoke the second 
law of thermodynamics, which states that for any process the entropy of the universe must re- 


main unchanged or increase. 
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AS univ Z (12.41) 


Because the shock wave is an adiabatic process, there is no change in the entropy of the sur- 
roundings; thus the entropy of the system must remain unchanged or increase. 


As,,,2 0 (12.42) 
The entropy change of an ideal gas between pressures p, and p, and temperatures 7; and T, is 
given by (1) 
= T, P2 
AS, y= S (12.43) 


Using the relationship between c, and R, Eq. (12.21), one can express the entropy change as 


p(T. k/(k-l) 
a Pil 22 
As, = awl? 6 | (12.44) 


2 


Note that the quantity in the square brackets is simply the total pressure ratio as given by Eq. 
(12.27). Therefore the entropy change across a shock wave can be rewritten as 


P 
As = Rin— (12.45) 
Pr 


A shock wave across which the Mach number changes from subsonic to supersonic would 
give rise to a total pressure ratio less than unity and a corresponding decrease in entropy, 


A <0 


S gys 
which violates the second law of thermodynamics. Therefore shock waves can exist only in su- 
personic flow. 

The total pressure ratio approaches unity for M, —> 1, which conforms with the defi- 
nition that sound waves are isentropic (In| = 0). Example 12.6 demonstrates the increase in 
entropy across a normal shock wave. 

More examples of shock waves will be given in the next section. This section is con- 
cluded by qualitatively discussing other features of shock waves. 

Besides the normal shock waves studied here, there are oblique shock waves that are 
inclined with respect to the flow direction. Look once again at the shock wave structure in 
front of a blunt body, as depicted qualitatively in Fig. 12.9. The portion of the shock wave 
immediately in front of the body behaves like a normal shock wave. As the shock wave 
bends in the free-stream direction, oblique shock waves result. The same relationships de- 
rived earlier for the normal shock waves are valid for the velocity components normal to ob- 
lique waves. The oblique shock waves continue to bend in the downstream direction until 
the Mach number of the velocity component normal to the wave is unity. Then the oblique 
shock has degenerated into a so-called Mach wave across which changes in flow properties 
are infinitesimal. 

The familiar sonic booms are the result of weak oblique shock waves that reach ground 
level. One can appreciate the damage that would ensue from stronger oblique shock waves if 
aircraft were permitted to travel at supersonic speeds near ground level. 
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EXAMPLE 12.6 ENTROPY INCREASE ACROSS 2. Pressure ratio 


SHOCK WAVE 


A normal shock wave occurs in air flowing at a Mach number 
of 1.5. Find the change in entropy across the wave. 


oe 1+kM; 


Pi |1+kM; 


2 
a l EKOO l Er 
1 + (1.4)(0.701) 


Problem Definition 


Situation: A normal shock wave in air with upstream Mach 
number of 1.5. 


3. Temperature ratio 
T ( + [(k- = 
E OAM 


Find: The change in entropy (in J/kg K) across the wave. 
Properties: From Table A.2, R,;, = 287 J/kg K, and k = 1.4. 


Plan 

1. Calculate downstream Mach number using Eq. (12.40). 
2. Calculate pressure ratio across wave using Eq. (12.37). 
3. Calculate temperature across the wave using Eq. (12.38). 
4. Calculate entropy change using Eq. (12.44). 


_ 1 + (0.2)(2.25) 


ee Ca mie 


4. Entropy change 


7 k/(k-1) 
As = Rin (2) 6 
P2) \Ti 


Solution 
1. Downstream Mach number 


(k-1)Mi+2 _ (0.4)(1.5)?+2 





M3 = So Le Si =287(J/kg K) in| (53 ) 132)" 
2kM2—(k-1)  (2.8)(1.5)?-0.4 aes 
Sin ai =|20.5 J/kg K 
Figure 12.9 





Mach ie 
Shock wave structure in 
front of a blunt body. Oblique Y 


— 


Isentropic Compressible Flow 
Through a Duct with Varying Area 


With the flow of incompressible fluids through a venturi configuration, as the flow 
approaches the throat (smallest area), the velocity increases and the pressure decreases; then as 
the area again increases, the velocity decreases. The same velocity-area relationship is not always 
found for compressible flows. The purpose of this section is to show the dependence of flow 
properties on changes in cross-sectional area with compressible flow in variable area ducts. 
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Figure 12.10 — x 
Duct with variable area. = ae 
— V 





a 


Dependence of the Mach Number on Area Variation 
Consider the duct of varying area shown in Fig. 12.10. It is assumed that the flow is isentropic 
and that the flow properties at each section are uniform. This type ofanalysis, in which the flow 
properties are assumed to be uniform at each section yet in which the cross-sectional area 
is allowed to vary (nonuniform), is classified as “quasi one-dimensional.” 

The mass flow through the duct is given by 


m = pAV (12.46) 


where A is the duct’s cross-sectional area. Since the mass flow is constant along the duct, 


dm _ d(pAV) _ 
— = ot = 0 12.47 
dx dx ( ) 
which can be written as* 
ldp 1dA ldV _ 
pdx Adx Vdx 
The flow is assumed to be inviscid, so Euler’s equation, Eq. (4.8), is valid. For steady flow 
dx dx 
Making use of Eq. (12.7), which relates dp / dp to the speed of sound in an isentropic flow, gives 
-V dV _ ldp 


ae (12.49) 


0 (12.48) 


pV 0 


Using this relationship to eliminate p in Eq. (12.48) results in 


ldV 1 1dA 
pls see 12.50 

V dx M? = 14 dx ( a) 
which can be written in an alternate form as 


Wall 
dA AM?-1 





(12.50b) 


This equation, although simple, leads to the following important, far-reaching conclusions. 


* This step can easily be seen by first taking the logarithm of Eq. (12.46): 
In(pAV) = Inp + In4 + InV 

and then taking the derivative of each term: 

ldp , 1dA , 1dv 


d = = — 
g POPAN] ý pdx Adx Vdx 
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Figure 12.11 





Engine for supersonic 
aircraft. 


Figure 12.12 





Duct contours for which 
dA/dx is zero. 


Subsonic Flow 


For subsonic flow, M? — 1 is negative so dV/dA < 0, which means that a decreasing area 
leads to an increasing velocity, and, correspondingly, an increasing area leads to a decreasing 
velocity. This velocity area relationship parallels the trend for incompressible flows. 


Supersonic Flow 

For supersonic flow, M? — 1 is positive so dV/dA > 0, which means that a decreasing area 
leads to a decreasing velocity, and an increasing area leads to an increasing velocity. Thus the 
velocity at the minimum area of a duct with supersonic compressible flow is a minimum. 
This is the principle underlying the operation of diffusers on jet engines for supersonic air- 
craft, as shown in Fig. 12.11. The purpose of the diffuser is to decelerate the flow so that there is 
sufficient time for combustion in the chamber. Then the diverging nozzle accelerates the flow 
again to achieve a larger kinetic energy of the exhaust gases and an increased engine thrust. 


Transonic Flow (M = 1) 


Stations along a duct corresponding to dA / dx = 0 represent either a local minimum or a lo- 
cal maximum in the duct’s cross-sectional area, as illustrated in Fig. 12.12. If at these sta- 
tions the flow were either subsonic (M < 1) or supersonic (M > 1), then by Eq. (12.50a) 
dV/ dx = 0, so the flow velocity would have either a maximum or a minimum value. In par- 
ticular, if the flow were supersonic through the duct of Fig. 12.12a, then the velocity would be 
a minimum at the throat; if subsonic, a maximum. 

Now, what happens if the Mach number is unity? Equation (12.50a) states that if the 
Mach number is unity and d4/ dx is not equal to zero, the velocity gradient dV/ dx is 
infinite—a physically impossible situation. Therefore, dA / dx must be zero where the Mach 
number is unity in order for a finite, physically reasonable velocity gradient to exist.* 














M>1 I T 
— Diffuser | Combustor | Nozzle —> 
| | 
l | 
l | 
J 
dA dA 
0 
dx i dx re 
2E <0 a >0 
dx dx 
Xo Xo 
— — 








dA 


da da 
dx 


Xo dx 








xo 
(a) (b) 


* Actually, the velocity gradient is indeterminate because the numerator and denominator are both zero. It 
can be shown by application of L’Hôpital’s rule, however, that the velocity gradient is finite. 
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The argument can be taken one step further here to show that sonic flow can occur 
only at a minimum area. Consider Fig. 12.12a. If the flow is initially subsonic, the con- 
verging duct accelerates the flow toward a sonic velocity. If the flow is initially super- 
sonic, the converging duct decelerates the flow toward a sonic velocity. Using this same 
reasoning, one can prove that sonic flow is impossible in the duct depicted in Fig. 12.125. 
If the flow is initially supersonic, the diverging duct increases the Mach number even 
more. If the flow is initially subsonic, the diverging duct decreases the Mach number; thus 
sonic flow cannot be achieved at a maximum area. Hence the Mach number in a duct of 
varying cross-sectional area can be unity only at a local area minimum (throat). This does 
not imply, however, that the Mach number must always be unity at a local area minimum. 


Laval Nozzle 


The Laval nozzle is a duct of varying area that produces supersonic flow. The nozzle is 
named after its inventor, de Laval (1845-1913), a Swedish engineer. According to the fore- 
going discussion, the nozzle must consist of a converging section to accelerate the subsonic 
flow, a throat section for transonic flow, and a diverging section to further accelerate the 
supersonic flow. Thus the shape of the Laval nozzle is as shown in Fig. 12.13. 

One very important application of the Laval nozzle is the supersonic wind tunnel, 
which has been an indispensable tool in the development of supersonic aircraft. Basically, the 
supersonic wind tunnel, as illustrated in Fig. 12.14, consists of a high-pressure source of gas, 
a Laval nozzle to produce supersonic flow, and a test section. The high-pressure source may 
be from a large pressure tank, which is connected to the Laval nozzle through a regulator 
valve to maintain a constant upstream pressure, or from a pumping system that provides a 
continuous high-pressure supply of gas. 

The equations relating to the compressible flow through a Laval nozzle have already 
been developed. Since the mass flow rate is the same at every cross section, 


pVA = constant 


and the constant is usually evaluated corresponding to those conditions that exist when the 
Mach number is unity. Thus 


pVA = peViAy (12.51) 


where the asterisk signifies conditions wherein the Mach number is equal to unity. Rearrang- 
ing Eq. (12.51) gives 
A Px Va 





However, the velocity is the product of the Mach number and the local speed of sound. Therefore 


A PMs JKRT« 
Aa ee (12.52) 
Asx P MJKRT 
By definition M. = 1, so 
enn 
I pT M (12.53) 


420 











COMPRESSIBLE FLOW 
Figure 12.13 Figure 12.14 
Laval nozzle. SEE Wind tunnel. Laval 
M<1 M=1 M>1 High- nozzle 
=a Se E pressure > Test section 
gas 


Because the flow in a Laval nozzle is assumed to be isentropic, the total temperature 
and total pressure (and total density) are constant throughout the nozzle. From Eq. 
(12.28), 


1/(k-1) 


ps _ [1+ [(k-1)/2]M” 
p (k+ 1)/2 


and from Eq. (12.24) 


Ts _1+[(k-1)/2]M° 


T (k+1)/2 


Substituting these expressions into Eq. (12.53) yields the following relationship for area ra- 
tio as a function of Mach number in a variable area duct: 


(k+1)/2(k-1) 


A _ 1f1+i(k-1)/2]M° 
4- (k+ 1)/2 | Ueo 


This equation is valid, of course, for all Mach numbers—subsonic, transonic, and super- 
sonic. The area ratio A/A. is the ratio of the area at the station where the Mach number is 
M to the area where M is equal to unity. Many supersonic wind tunnels are designed to 
maintain the same test-section area and to vary the Mach number by varying the throat 
area. 

Example 12.7 illustrates the use of the Mach-number-area ratio expression to size the 
test section of a supersonic wind tunnel. 

Example 12.7 demonstrates that it is a straightforward task to calculate the area ratio 
given the Mach number and ratio of specific heats. However, in practice, one usually knows 
the area ratio and wishes to determine the Mach number. It is not possible to solve Eq. 
(12.54) for the Mach number as an explicit function of the area ratio. For this reason, com- 
pressible-flow tables have been developed that allow one to obtain the Mach number easily 
given the area ratio (as shown in Table A.1). 
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EXAMPLE 12.7 TEST SECTION SIZE IN 
SUPERSONIC WIND TUNNEL 

Suppose a supersonic wind tunnel is being designed to 
operate with air at a Mach number of 3. If the throat area is 10 
cm’, what must the cross-sectional area of the test section be? 


Problem Definition 


Situation: Design of supersonic wind tunnel with air for 
Mach number 3 in test section. 


Find: The cross-sectional area (in cm) of test section. 
Sketch: 








Properties: From Table A.2, kıy = 1.4. 


2 "rair 
Plan 


1. Use Eq. (12.54), which gives area ratio with respect to the 
throat section. 


2. Calculate area of test section. 


Solution 
1. Area ratio 
(k+1)/2(k-1) 


Ee 
Ax 


M (k+1)/2 


3 1.2 


2. Cross-sectional area of test section 


A = 4.23 x 10cm? =|42.3 cm?| 


_ i seo] e 





EXAMPLE 12.8 FLOW PROPERTIES IN 
SUPERSONIC WIND TUNNEL 


The test section of a supersonic wind tunnel using air has an 
area ratio of 10. The absolute total pressure and temperature 
are 4 MPa and 350 K. Find the Mach number, pressure, 


Problem Definition 


Situation: Supersonic wind tunnel has an area ratio of 10 at 
test section. 

Find: The Mach number, pressure, temperature, and velocity 
at test section. 


Sketch: 


p, = 4 MPa abs 





Properties: From Table A.2, k, 


> “air 


= A Ry = W I/R 


Plan 
1. Use Table A.1 and interpolate to find the Mach number at 
test section. 


2. Use Table A.1 to find the pressure and temperature ratios 
at test section. 


3. Evaluate the pressure and temperature in test section. 
4. Calculate the speed of sound using Eq. (12.11). 
5. Find the velocity using V = Mc. 


Solution 
1. From Table A.1 





M A/Ax 
35 6.79 
4.0 10.72 


Interpolating between the two points gives M = 3.91 at 
A ak = OO, 


2. Interpolation using Table A.1 to find the pressure and 
temperature ratios: 


P = 0.00743 and 


Pr 


= 0.246 


Als 
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Solution Review 
3. In the test section Notice that the temperature of air in the test section is only 86 
p = 0.00743 x 4 MPa = 29.7 kPa K, or -187°C. At this temperature, the water vapor in the air 


can condense out, creating fog in the tunnel and 


T = 0.246 x 350 K = 86K ae A 
compromising tunnel utility. 


4. Speed of sound 
c = JKRT = y 14X 287 x 86 = 186 m/s 
5. Velocity 





V = 3.91 x 186 m/s = 727 m/s 





Consider again Table A.1. This table has been developed for a gas, such as air, for 
which k = 1.4. The symbols that head each column are defined at the beginning of the table. 
Tables for both subsonic and supersonic flow are provided. Example 12.8 shows how to use 
the tables to find flow properties at a given area ratio. 


Mass Flow Rate Through a Laval Nozzle 


An important consideration in the design of a supersonic wind tunnel is size. A large wind 
tunnel requires a large mass flow rate, which, in turn, requires a large pumping system for a 
continuous-flow tunnel or a large tank for sufficient run time in an intermittent tunnel. The 
purpose of this section is to develop an equation for the mass flow rate. 

The easiest station at which to calculate the mass flow rate is the throat, because there 
the Mach number is unity. 


m = pAs Vs = pxAx /KRT. 


It is more convenient, however, to express the mass flow in terms of total conditions. The local 
density and static temperature at sonic velocity are related to the total density and temperature by 


a 2) 
T, k+1 


di 2 \ 1/0) 
P: 7 E z) 


which, when substituted into the foregoing equation, give 

2 ~ 
k+1 
Usually, the total pressure and temperature are known. Using the ideal gas law to eliminate p,, 
yields the expression for critical mass flow rate 


in =p, ERT, A. (12.55) 


As (k+1)/2(k-1) 
ne Ta le (12.56) 
RT, 
For gases with a ratio of specific heats of 1.4, 
. Ax 
m = 0.685 (12.57) 
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For gases with k = 1.67, 


m = 0.727 


DAs 


JRT, 





(12.58) 


Example 12.9 illustrates how to calculate mass flow rate in a supersonic wind tunnel 
given the conditions in the test section. 


EXAMPLE 12.9 MASS FLOW RATE IN 
SUPERSONIC WIND TUNNEL 

A supersonic wind tunnel with a square test section 15 cm by 
15 cm is being designed to operate at a Mach number of 3 
using air. The static temperature and pressure in the test 
section are —20°C and 50 kPa abs, respectively. Calculate the 
mass flow rate. 


Problem Definition 


Situation: A Mach-3 supersonic wind tunnel has 15 cm by 15 
cm test section. 


Find: Mass flow rate (kg/s) in tunnel. 
Properties: From Table A.2, kr = 1.4 andR 
Sketch: 


air 


A=15cm Xx 15cm 





Plan 


1. Use Eq. (12.54) to find area ratio and calculate throat area. 


2. Use Eq. (12.22) to find total temperature. 
3. Use Eq. (12.26) to find total pressure. 
4. Use Eq. (12.56) to find the mass flow rate. 


= I IK 





Solution 


1. Area ratio 
(k+1)/2(k-1) 


A _ ECAN 

A. M| (k+1)72 

2 Tetras 
3 


3 
= | =A 


Throat area 





A, = 23 9M = 53,2 cm? = 0.00532 m? 
4.23 
2. Total temperature 
k-1,,2 
T,=T\1+ “al = 253 K(2.8) = 708 K 


3. Total pressure 


y k/(k-1) 
k=l 3) = 50 kPa(36.7) 


P= p(t F =M 
= 1840 kPa = 1.84 MPa 


4. Mass flow rate 


Pâ» _ (0.685)[1.840(10° N/m”) ](0.00532 m^) 


m = 0.685 TA 
IRI [(287 J/kg K)(708 K)] 
=[|14.9 kg/s 
Review 


1. An alternate way to do this problem is to calculate the 
density in the test section using the ideal gas law, calculate 
the speed of sound with the speed of sound equation, find 
the air speed using the Mach number, and finally 
determine the mass flow rate with m = p VA. 

2. A pump capable of moving air at this rate against a 1.8 
MPa pressure would require over 6000 kW of power 
input. Such a system would be large and costly to build 
and to operate. 


Classification of Nozzle Flow by Exit Conditions 

Nozzles are classified by the conditions at the nozzle exit. Consider the Laval nozzle de- 
picted in Fig. 12.15 with the corresponding pressure and Mach-number distributions plotted 
beneath it. The pressure at the nozzle entrance is very near the total pressure, because the Mach 
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Figure 12.15 





Distribution of static 


pressure and Mach 


number in a Laval nozzle. 


Figure 12.16 





Conditions at a nozzle 
exit. (a) Expansion 
waves. (b) Oblique shock 
waves. (c) Normal shock 
wave. 


number is small. As the area decreases toward the throat, the Mach number increases and the 
pressure decreases. The static-to-total-pressure ratio at the throat, where conditions are sonic, 
is called the critical pressure ratio. It has a value of 


pa 2 Nk) 
P, = (= ;) 


which for air with k = 1.4 is 


P* = 0.528 

Pr 
It is called a critical pressure ratio because to achieve sonic flow with air in a nozzle, it is nec- 
essary that the exit pressure be equal to or less than 0.528 times the total pressure. The pressure 
continues to decrease until it reaches the exit pressure corresponding to the nozzle-exit area ra- 
tio. Similarly, the Mach number monotonically increases with distance down the nozzle. 

The nature of the exit flow from the nozzle depends on the difference between the exit 
pressure, p,, and the back pressure (the pressure to which the nozzle exhausts). If the exit 
pressure is higher than the back pressure, an expansion wave exists at the nozzle exit, as 
shown in Fig. 12.16a. These waves, which will not be studied here, effect a turning and fur- 
ther acceleration of the flow to achieve the back pressure. As one watches the exhaust of a 
rocket motor as it rises through the ever-decreasing pressure of higher altitudes, one can see 
the plume fan out as the flow turns more in response to the lower back pressure. A nozzle for 
which the exit pressure is larger than the back pressure is called an wnderexpanded nozzle be- 
cause the flow could have expanded further. 

If the exit pressure is less than the back pressure, shock waves occur. If the exit pres- 
sure is only slightly less than the back pressure, then pressure equalization can be obtained by 
oblique shock waves at the nozzle exit, as shown in Fig. 12.160. 


ee oe 


M, p A 
P =P: 


P = Px 


M=1 

















— Pp 

















— M>1/M<l 


gerne. 


xpansion waves Oblique shock waves Normal shock wave 


(a) (b) (c) 
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If, however, the difference between back pressure and exit pressure is larger than 
can be accommodated by oblique shock waves, a normal shock wave will occur in the 
nozzle, as shown in Fig. 12.16c. A pressure jump occurs across the normal shock wave. 
The flow becomes subsonic and decelerates in the remaining portion of the diverging 
section in such a way that the exit pressure is equal to the back pressure. As the back 
pressure is further increased, the shock wave moves toward the throat region until, fi- 
nally, there is no region of supersonic flow. A nozzle in which the exit pressure corre- 
sponding to the exit area ratio of the nozzle is less than the back pressure is called an 
overexpanded nozzle. Any flow that exits from a duct (or pipe) subsonically must always 


exit at the local back pressure. 


A nozzle with supersonic flow in which the exit pressure is equal to the back pressure is 


ideally expanded. 


The assessment of the nozzle exit conditions is provided by Example 12.10. 


EXAMPLE 12.10 NOZZLE EXIT CONDITION 
The total pressure in a nozzle with an area ratio (A/A.) of 4 
is 1.3 MPa. Air is flowing through the nozzle. If the back 
pressure is 100 kPa, is the nozzle overexpanded, ideally 
expanded, or underexpanded? 


Problem Definition 
Situation: Air flows through a nozzle with exit area ratio 
of 4. 


Find: The state of the exit condition (ideally expanded, 
overexpanded or underexpanded). 


Sketch: 


AIAx = 4 


| Pr= 1.3 MPa abs > 
l 
l 


e a ae P= 100 kPa abs 
| 


Plan 

1. Interpolate Table A.1 to find Mach number corresponding 
to exit area ratio. 

2. Calculate exit pressure using Eq. (12.26). 


3. Compare exit pressure with back pressure to determine 
exit condition. 











Solution 


1. Interpolation for Mach number from Table A.1. 





M A/Asx 
2.90 3.850 
3.00 4.235 


M = 2.94 at A/A» = 4.0. 
2. Exit pressure 


fn el 


2 
_ 1300kPa 
(02x 21042)" 


3. Because p, < pp, the nozzle is overexpanded. 


J k/(k-1) 
Pe 


= 38.7 kPa. 


e 


Review 


Because the nozzle is overexpanded, there will be a shock 
wave structure inside the nozzle to achieve pressure 
equilibration at the nozzle exit. 


Example 12.11 illustrates how to calculate the static pressure at the exit of a Laval noz- 


zle with overexpanded flow. 
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ios) 


EXAMPLE 12.11 SHOCK WAVE IN LAVAL 
NOZZLE 


The Laval nozzle shown in the figure has an expansion ratio 
of 4 (exit area / throat area). Air flows through the nozzle, and 


. Calculate total pressure downstream of shock wave. 

4. Treat the problem as flow in virtual subsonic nozzle with 

Mach number equal to the Mach number behind the wave 
with new total pressure. Calculate exit area ratio of virtual 


ace nozzle. 
pera Succ eye crue W ners Be eae hes 5. Use subsonic flow table to find subsonic Mach number at 
total pressure upstream of the shock is 1 MPa. Determine the exit 
Sette Bee eu Sire oai, 6. Use total pressure equation to calculate static pressure at 
exit. 
Solution 


1. From interpolation of the supersonic-flow part of Table 
A.1, 


at A/A, = 2,and M = 2.2. 


2. From the same entry in the table, 








M, = 0.547 
foz 0.6281 
Situation: Air flows in Laval nozzle with an exit area ratio Pr 


(A,/A+) of 4 and normal shock at A/A» = 2. 


: 9 : : 3. Total pressure downstream of the shock wave 
Find: Static pressure (in kPa) at exit. 


Properties: k, = 1.4. ign 0.6281 x 1 MPa = 6.28 kPa 
Sketch: 4. From the subsonic part of Table A.1, 

at M = 0.547, and A/A», = 1.26. 
Virtual 


nozzle 5. Exit area ratio of virtual nozzle 


do á de á 


e S 


SS Ses 
Ax, A, Al. Ax, 











= 4x3x 126 = 2.52 


Normal shock wave 





where A, is cross-sectional area at the shock wave. 
6. From subsonic part of Table A.1, 


at A/A = 2.52, M = 0.24 


Plan 


This problem will require the identification of a “virtual 
nozzle” shown in the sketch. The virtual nozzle is an 
expanding nozzle with subsonic flow and with a Mach 
number equal to the downstream Mach number behind the 


Exit pressure from Eq. (12.26) 


zil k/(k-1) 
normal shock wave. = (1 + En?) 
1. From Table A.1, interpolate to find the Mach number for ; 628 kP 
A/ Az = 2. p= =I STS 


2. Using the same table, find the Mach number downstream [1 + CCA 


of shock and total pressure ratio across shock. 
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Figure 12.17 





Truncated nozzle. 


Mass Flow Through a Truncated Nozzle 


The truncated nozzle is a Laval nozzle cut off at the throat, as shown in Fig. 12.17. The noz- 
zle exits to a back pressure p,. This type of nozzle is important to engineers because of its fre- 
quent use as a flow-metering device for compressible flows. The purpose of this section is to 
develop an equation for mass flow through a truncated nozzle. 

To calculate the mass flow, one must first determine whether the flow at the exit is 
sonic or subsonic. Of course, the flow at the exit could never be supersonic, since the nozzle 
area does not diverge. First calculate the value of the critical pressure ratio: 


p» ( 2 k/(k-1) 
P, Mkt ) 

which, for air, is 0.528. Then evaluate the ratio of back pressure to total pressure, p,/p,, and 
compare it with the critical pressure ratio: 


1. If p,/p, S p»/p,, the exit pressure is higher than or equal to the back pressure, so the 
exit flow must be sonic. Pressure equilibration is achieved after exit by a series of ex- 
pansion waves. The mass flow is calculated using Eq. (12.56), where A, is the area at 
the truncated station. 

2. Ifp,/p, > p«/p,, the flow exits subsonically. In this case the exit pressure is equal to 
the back pressure. One must first determine the Mach number at the exit by using Eq. 


(12.31): 
m= fey 


Then, using this value for Mach number, one calculates the static temperature and 
speed of sound at the exit: 





T = T, 
© £14 [(k-1)/2]M23 
C= KRT, 

Ph 


The gas density at the nozzle exit is determined by using the ideal gas law with the exit 
temperature and back pressure: 





A 
e RT, 
Finally, the mass flow is given by 
m = p.4.M,c, 


where A, is the area at the truncated section. 
Example 12.12 shows how to calculate mass flow in a truncated nozzle. 
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EXAMPLE 12.12 MASS FLOW IN TRUNCATED 
NOZZLE 


Air exhausts through a truncated nozzle 3 cm in diameter from 
a reservoir at a pressure of 160 kPa and a temperature of 80°C. 
Calculate the mass flow rate if the back pressure is 100 kPa. 
Problem Definition 

Situation: Air flows through 3 cm diameter truncated nozzle. 
Find: Mass flow rate (in kg/s) through nozzle. 

Properties: From Table A.2, k ir = 1.4. 

Sketch: 


p = 160 kPa abs 
T=80 °C 


$ 3cm 


Pp = 100 kPa 








Plan 


1. Determine exit condition by comparing exit pressure with 
back pressure. If p,/p, < p«/p;, exit flow is sonic. If 
P/P, > P+/ Pp exit flow is subsonic. 


2. Calculate mass flow according to exit condition. 
Solution 
1. Ratio of exit pressure to total pressure 

P/P, = 100/160 = 0.625 


Because 0.625 is larger than the critical pressure ratio for 
air (0.528), the flow at the nozzle exit must be subsonic. 





2. Mach number at exit. From total pressure equation, 


Eq. (12.26), 
(k-l)/k 
ee a 
ENO 


M, = 0.85 
Static temperature at exit. From total temperature 
equation, Eq. (12.22), 
T 
T, = A = 308 K 
ET Ma 
Static density at exit. From ideal gas law, 


_ Pa _ 100x10? N/m? 


Speed of sound at the exit from speed-of-sound equation, 
Eq. (12.11), 


e = JRRT, = [(1.4)(287 J/kg K) (309 K)] 


= 352 m/s 
Mass flow rate. 


m = p,4.M,c, 
m = (1.13 kg/m*)(a/4)(0.03" m”)(0.85)(352 m/s) 


-[)29 48/5] 


Review 


Had p,/ p, been less than 0.528, then Eq. (12.56) would have 
been used to calculate the mass flow rate. 


Further information and other topic areas in compressible flow can be found in other 
sources, such as Anderson (2) and Shapiro (3). 


— 


Summary 


The speed of sound is the speed at which an infinitesimal pressure disturbance travels 
through a fluid. The speed of sound in an ideal gas is 


c= JkRT 


where k is the ratio of specific heats, R is the gas constant, and T is the absolute temperature. 
The Mach number is defined as 


M= 


a lIS 
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References 


Compressible flows are classified as 


M< 1 subsonic 
M=1 transonic 
M>1 supersonic 


In general, if the Mach number is less than 0.3, a steady flow can be regarded as incom- 
pressible. 


For an adiabatic flow (no heat transfer), the temperature varies along a streamline ac- 
cording to 
-1 -1 
T= r(1 + Elv?) 
2 
where T, the total temperature, is the temperature attained if the flow is decelerated to zero 
velocity. If the flow is isentropic, the pressure varies along a streamline as 


_ k/(k-1) 
pf) 


where p, is the total pressure, the pressure achieved if the flow is decelerated to zero velocity 
isentropically. 

A normal shock wave is a narrow region where a supersonic flow is decelerated to a 
subsonic flow with an attendant rise in pressure, temperature, and density. The total tempera- 
ture does not change through a shock wave, but the total pressure decreases. The shock wave 
is a nonisentropic process and can only occur in supersonic flows. 

A Laval nozzle is a duct with a converging and expanding area that is used to accelerate 
a compressible fluid to supersonic speeds. Sonic flow can occur only at the nozzle throat 
(minimum area). The ratio of the area at a location in the nozzle to the throat area, A/ 4+, is a 
function of the local Mach number and the ratio of specific heats. The flow rate through a La- 
val nozzle is given by 
rn = 0,685 21 


JET, 


A Laval nozzle is classified by comparing the pressure at the exit, p,, for supersonic 
flow in the nozzle with the back (ambient) pressure, p,. 


P.-/P, > | underexpanded 
P./P, = 1 ideally expanded 


P./P, < |1 overexpanded 


Shock waves occur in overexpanded nozzles, yielding a subsonic flow at the exit. 
A truncated nozzle is a Laval nozzle terminated at the throat typically used for mass 
flow measurement. 
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Problems 


Speed of Sound and Mach Number 


12.1 PQ4 Find from available sources the Mach number at 
which modern day airliners fly at altitude. Discuss whether it is 
possible to have regions of supersonic flow on the aircraft. 

12.2 PQ< The speed of sound in air is 340 m/s. What is this 
speed in miles per hour? 

12.3 PO It takes 3 seconds between seeing lightning and 
hearing the thunder, how far away (miles) is the storm (T = 
50°F)? 
12.4 PQ From available sources, find the orbital velocity of a 
satellite circling the earth. If the satellite entered the earth’s at- 
mosphere at this speed and the air temperature were —60°C, 
what would the Mach number be? Classify the flow. 

12.5 How fast (in meters per second) will a sound wave travel in 
methane at 0°C? 

12.6 Calculate the speed of sound in helium at 60°C. 

12.7 Calculate the speed of sound in hydrogen at 68°F. 





12.8 How much faster will a sound wave propagate in helium 
than in nitrogen if the temperature of both gases is 20°C? 

12.9 Determine what the equation for the speed of sound in an 
ideal gas would be if the sound wave were an isothermal 
process. 

12.10 The relationship between pressure and density for the 
propagation of a sound wave through a fluid is 


P -Po = E, In(p/ po) 


where py and py are the reference pressure and density (con- 

stants) and Æ, is the bulk modulus of elasticity. Determine the 

equation for the speed of a sound wave in terms of E, and p. 

Calculate the sound speed for water with p = 1000 kg/m? and 

E, = 2.20 GN/m’. 

12.11 A supersonic aircraft is flying at Mach 1.5 through air at 

—30°C. What temperature could be expected on exposed aircraft 

surfaces? 

12.12 What is the temperature on the nose of a supersonic 

fighter flying at Mach 2 through air at 273 K? 

12.13 A high-performance aircraft is flying at a Mach number of 

1.8 at an altitude of 10,000 m, where the temperature is —-44°C 

and the pressure is 30.5 kPa. How fast is the aircraft traveling in 

kilometers per hour? 

a. The total temperature is an estimate of surface temperature on the 
aircraft. What is the total temperature under these conditions? 

b. If the aircraft slows down, at what speed (kilometers per 
hour) will the Mach number be unity? 

12.14 An airplane travels at 800 km/h at sea level where the 

temperature is 15°C. How fast would the airplane be flying at 

the same Mach number at an altitude where the temperature was 

—40°C? 


12.15 An airplane flies at a Mach number of 0.95 at a 10,000 m 
altitude, where the static temperature is -44°C and the pres- 
sure is 30 kPa absolute. The lift coefficient of the wing is 0.05. 
Determine the wing loading (lift force / wing area). 


Mach-Number Relationships 


12.16 PQ Early passenger aircraft used to fly at a cruising 
speed of 250 mph at 15,000 ft altitude. Did the designers of 
these aircraft have to be concerned about compressible flow 
effects? Explain. 

12.17 PQA total heat tube inserted in the flow of a compress- 
ible fluid measures the stagnation pressure. Explain the differ- 
ence between the total and stagnation pressure. 

12.18 An object is immersed in an airflow with a static pres- 
sure of 200 kPa absolute, a static temperature of 20°C, and a ve- 
locity of 250 m/s. What are the pressure and temperature at the 
stagnation point? 

12.19 An airflow at M = 0.75 passes through a conduit with a 
cross-sectional area of 50 cm?. The total absolute pressure is 
360 kPa, and the total temperature is 10°C. Calculate the mass 
flow rate through the conduit. 

12.20 Oxygen flows from a reservoir in which the temperature 
is 200°C and the pressure is 300 kPa absolute. Assuming isen- 
tropic flow, calculate the velocity, pressure, and temperature 
when the Mach number is 0.9. 

12.21 One problem in creating high-Mach-number flows is con- 
densation of the oxygen component in the air when the tempera- 
ture reaches 50 K. If the temperature of the reservoir is 300 K 
and the flow is isentropic, at what Mach number will condensa- 
tion of oxygen occur? 

12.22 Hydrogen flows from a reservoir where the temperature is 
20°C and the pressure is 500 kPa absolute to a section 2 cm in 
diameter where the velocity is 250 m/s. Assuming isentropic 
flow, calculate the temperature, pressure, Mach number, and 
mass flow rate at the 2 cm section. 

12.23 The total pressure in a Mach-2.5 wind tunnel operating 
with air is 600 kPa absolute. A sphere 2 cm in diameter, posi- 
tioned in the wind tunnel, has a drag coefficient of 0.95. Calcu- 
late the drag of the sphere. 

12.24 Using Eq. (12.26), develop an expression for the pressure 
coefficient at stagnation conditions—that is, C, = (p, — p)/ 
[(1/2)pV7}~in terms of Mach number and ratio of specific 
heats, C, = f(k, M). Evaluate C, at M = 0, 2, and 4 for k = 1.4. 
What would its value be for incompressible flow? 

12.25 For low velocities, the total pressure is only slightly larger 
than the static pressure. Thus one can write p,/p=1+e, 

where € is a small positive number (€ < 1). Using this approxi- 
mation, show that as e > 0 (M —> 0), Eq. (12.31) reduces to 


is pee yy 
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Normal Shock Waves 


12.26 PQ< Which of the following statements are true? (a) 
Shock waves only occur in supersonic flows. (b) The static 
pressure increases across a normal shock wave. (c) The Mach 
number downstream of a normal shock wave can be supersonic. 
12.27 PQ< Can normal shock waves occur in subsonic flows? 
Explain your answer. 

12.28 A normal shock wave exists in a 500 m/s stream of nitro- 
gen having a static temperature of -50°C and a static pressure of 
70 kPa. Calculate the Mach number, pressure, and temperature 
downstream of the wave and the entropy increase across the 
wave. 

12.29 A normal shock wave exists in a Mach 2 stream of air 
having a static temperature and pressure of 45°F and 30 psia. 
Calculate the Mach number, pressure, and temperature down- 
stream of the shock wave. 

12.30 A Pitot-static tube is used to measure the Mach number 
on a supersonic aircraft. The tube, because of its bluntness, cre- 
ates a normal shock wave as shown. The absolute total pressure 
downstream of the shock wave ( Pi) is 150 kPa. The static pres- 
sure of the free stream ahead of the shock wave (p,) is 40 kPa 
and is sensed by the static pressure tap on the probe. Determine 
the Mach number (M,) graphically. 








PROBLEM 12.30 


12.31 A shock wave occurs in a methane stream in which the 
Mach number is 3, the static pressure is 100 kPa absolute, and 
the static temperature is 20°C. Determine the downstream Mach 
number, static pressure, static temperature, and density. 

12.32 The Mach number downstream of a shock wave in helium 
is 0.9, and the static temperature is 100°C. Calculate the veloc- 
ity upstream of the wave. 

12.33 Show that the lowest Mach number possible downstream 
of a normal shock wave is 


k-1 


2k 
and that the largest density ratio possible is 


M, = 


P2_k+1 


pı k-1 
What are the limiting values of M, and p,/p, for air? 
12.34 Show that the Mach number downstream of a weak wave 
(M = 1) is approximated by 


M; =2-M;, 


(Hint: Let M? = | +e, where e < 1, and expand Eq. (12.40) in 
terms of €.] Compare values for M, obtained using this equation 
with values for M, from Table A.1 for M, = 1, 1.05, 1.1, and 1.2. 


Mass Flow in Truncated Nozzle 


12.35 PQ< What is meant by “back pressure”? 
12.36 Develop a computer program for calculating the mass 
flow in a truncated nozzle. The input to the program would be 
total pressure, total temperature, back pressure, ratio of specific 
heats, gas constant, and nozzle diameter. Run the program and 
compare the results with Example 12.12. Run the program for 
back pressures of 80, 90, 110, 120, and 130 kPa and make a ta- 
ble for the variation of mass flow rate with back pressure. What 
trends do you observe? 

This program will be useful for Probs. 12.37, 12.38, 12.40, 
and 12.41. 


12.37 The truncated nozzle shown in the figure is used to meter 
the mass flow of air in a pipe. The area of the nozzle is 3 cm’. 
The total pressure and total temperature measured upstream of 
the nozzle in the pipe are 300 kPa absolute and 20°C. The pres- 
sure downstream of the nozzle (back pressure) is 90 kPa abso- 
lute. Calculate the mass flow rate. 


Se 


— 


á C 


PROBLEM 12.37 








12.38 The truncated nozzle shown in Prob. 12.37 is used to 
monitor the mass flow rate of methane. The area of the nozzle is 
3 cm’, and the area of the pipe is 12 cm?. The upstream total 
pressure and total temperature are 150 kPa absolute and 30°C. 
The back pressure is 100 kPa. 

a. Calculate the mass flow rate of methane. 

b. Calculate the mass flow rate assuming the Bernoulli equa- 
tion is valid, with the density being the density of the gas at 
the nozzle exit. 

12.39 A truncated nozzle with an exit area of 5 cm? is used to 

measure a mass flow of air of 0.30 kg/s. The static temperature 

of the air at the exit is 10°C, and the back pressure is 100 kPa. 

Determine the total pressure. 

12.40 A truncated nozzle with a 10 cm? exit area is supplied 

from a helium reservoir in which the absolute pressure is first 

130 kPa and then 350 kPa. The temperature in the reservoir is 

28°C, and the back pressure is 100 kPa. Calculate the mass flow 

rate of helium for the two reservoir pressures. 

12.41 A sampling probe is used to draw gas samples from a 

gas stream for analysis. In sampling, it is important that the 
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velocity entering the probe equal the velocity of the gas stream 
(isokinetic condition). Consider the sampling probe shown, 
which has a truncated nozzle inside it to control the mass flow 
rate. The probe has an inlet diameter of 4 mm and a truncated 
nozzle diameter of 2 mm. The probe is in a hot-air stream with 
a Static temperature of 600°C, a static pressure of 100 kPa ab- 
solute, and a velocity of 60 m/s. Calculate the pressure re- 
quired in the probe (back pressure) to maintain the isokinetic 
sampling condition. 

12.42 Truncated nozzles are often used for flow-metering de- 
vices. Assume that you have to design a truncated nozzle, or a 
series of truncated nozzles, to measure the performance of an air 
compressor. The compressor is rated at 100 scfm (standard cubic 
feet per minute) at 120 psig. (A standard cubic foot is the vol- 
ume the air would occupy at atmospheric conditions.) A per- 
formance curve for the compressor would be a plot of flow 
rate versus supply pressure. Explain how you would carry out 
the test program. 








U = 60 m/s | ~~ 
4mm 
= 2 mm 
T = 600°C | 
p= 100 kPa _ 
EA | iy 
Pb 


PROBLEM 12.41 


Flow in Laval Nozzles 


12.43 PQ Sketch how the Mach number and velocity vary 
through a Laval nozzle from the entrance to the exit? How is the 
velocity variation different from a venturi configuration? 
12.44 PQ < When a Laval nozzle has expansion ratio of 4, what 
does that mean? 
12.45 Develop a computer program that requires the Mach num- 
ber and ratio of specific heats as input and prints out the area ra- 
tio, the ratio of static to total pressure, the ratio of static to total 
temperature, the ratio of density to total density, and the ratio of 
pressure before and after a shock wave. Run the program for a 
Mach number of 2 and a ratio of specific heats of 1.4, and com- 
pare with results in Table A.1. Then run the program for the 
same Mach number with ratios of specific heats of 1.3 (carbon 
dioxide) and 1.67 (helium). 

This program will be useful for Probs. 12.47, 12.48, 12.51, 
12.55, 12.56, 12.58, and 12.59. 


12.46 Develop a computer program that, given the area ratio, ra- 
tio of specific heats, and flow condition (subsonic or super- 
sonic) as input, provides the Mach number. This will require 
some numerical root-finding scheme. Run the program for an 


area ratio of 5 and ratio of specific heats of 1.4. Compare the re- 
sults with those in Table A.1. Then run the program for the same 
area ratio but with the ratios of specific heats of 1.67 (helium) 
and 1.31 (methane). 

This program will be useful for Probs. 12.49, 12.50, and 
12.53-12.59. 


12.47 A wind tunnel using air is designed to have a Mach num- 
ber of 3, a static pressure of 1.5 psia, and a static temperature of 
—10°F in the test section. Determine the area ratio of the nozzle 
required and the reservoir conditions that must be maintained if 
air is to be used. 
12.48 A Laval nozzle is to be designed to operate supersonically 
and expand ideally to an absolute pressure of 30 kPa. If the stag- 
nation pressure in the nozzle is 1 MPa, calculate the nozzle area 
ratio required. Determine the nozzle throat area for a mass flow 
of 5 kg/s and a stagnation temperature of 550 K. Assume that 
the gas is nitrogen. 
12.49 A rocket nozzle with an area ratio of 4 is operating at a to- 
tal absolute pressure of 1.3 MPa and exhausting to an atmo- 
sphere with an absolute pressure of 30 kPa. Determine whether 
the nozzle is overexpanded, underexpanded, or ideally ex- 
panded. Assume k = 1.4. 
12.50 Repeat Prob. 12.49 for a nozzle with the same area ratio 
but with a ratio of specific heats of 1.2. Classify the nozzle flow. 
12.51 A Laval nozzle with an exit area ratio of 1.688 exhausts 
air from a large reservoir into ambient conditions at p = 100 
kPa. 
a. Show that the reservoir pressure must be 782.5 kPa to 
achieve ideally expanded exit conditions at M = 2. 
b. What are the static temperature and pressure at the throat if 
the reservoir temperature is 17°C with the pressure as in (a)? 
c. If the reservoir pressure were lowered to 700 kPa, what 
would be the exit condition (overexpanded, ideally ex- 
panded, underexpanded, subsonic flow in entire nozzle)? 
d. What reservoir pressure would cause a normal shock to form 
at the exit? 
12.52 Determine the Mach number and area ratio at which the 
dynamic pressure is maximized in a Laval nozzle with air. 
[Hint: Express q in terms of p and M, and use Eq. (12.26) for p. 
Differentiate with respect to M and equate to zero.] 
12.53 A rocket motor operates at an altitude where the atmo- 
spheric pressure is 30 kPa. The expansion ratio of the nozzle is 
4 (exit area/ throat area). The chamber pressure of the motor 
(total pressure) is 1.2 MPa, and the chamber temperature (total 
temperature) is 3000°C. The ratio of the specific heats of the ex- 
haust gas is 1.2, and the gas constant is 400 J/kg K. The throat 
area of the rocket nozzle is 100 cm”. 
a. Determine the Mach number, density, pressure, and velocity 
at the nozzle exit. 
b. Determine the mass flow rate. 
c. Calculate the thrust of the rocket using 


T=mV,+(p.-Po)A. 
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d. What would the chamber pressure of the rocket have to be to 
have an ideally expanded nozzle? Calculate the rocket thrust 
under this condition. 


12.54 A rocket motor is being designed to operate at sea level, 
where the pressure is 100 kPa absolute. The chamber pressure 
(total pressure) is 2.0 MPa, and the chamber temperature (total 
temperature) is 3300 K. The throat area of the nozzle is 10 cm’. 
The ratio of the specific heats (k) of the exhaust gas is 1.2, and 
the gas constant is 400 J/kg K. 

a. Determine the nozzle expansion ratio that is required to 
achieve an ideally expanded nozzle, and determine the noz- 
zle thrust under these conditions (see Prob. 12.53 for the 
thrust equation). 

b. Determine the thrust that would be obtained if the expansion 
ratio were reduced by 10% to achieve an underexpanded 
nozzle. 


12.55 Air flows through a Laval nozzle with an expansion ratio 
of 4. The total pressure of the air entering the nozzle is 200 kPa, 
and the back pressure is 100 kPa. Determine the area ratio at 
which the shock wave occurs in the expansion section of the 
nozzle. (Hint: This problem can be solved graphically by calcu- 
lating the exit pressure corresponding to different shock wave 
locations and finding the location where the exit pressure is 
equal to the back pressure.) 


12.56 A rocket nozzle has the configuration shown. The diame- 
ter of the throat is 4 cm, and the exit diameter is 8 cm. The half- 
angle of the expansion cone is 15°. Gases with a specific heat 
ratio of 1.2 flow into the nozzle with a total pressure of 250 kPa. 
The back pressure is 100 kPa. First, using an iterative or graphi- 
cal method, determine the area ratio at which the shock occurs. 
Then determine the shock wave’s distance from the throat in 
centimeters. 


| P, = 100 kPa 





PROBLEM 12.56 


12.57 A normal shock wave occurs in a nozzle at an area ratio of 
5. Determine the entropy increase if the gas is hydrogen. 

12.58 Consider airflow in the variable-area channel shown in 
the figure. Determine the Mach number, static pressure, and 
stagnation pressure at station 3. Assume isentropic flow except 
for normal shock waves. 


12.59 Determine the back pressure necessary for the shock wave 
to position itself as shown in the figure. The fluid is air. 

12.60 Design a supersonic wind tunnel that achieves a Mach 
number of 1.5 in a test section 5 cm by 5 cm. The tunnel is to be 
attached to a vacuum tank as shown in the figure. After the tank 
is evacuated, the valve is opened and atmospheric air is drawn 
through the tunnel into the tank. The tunnel should operate for 
30 seconds before the pressure rises to the point in the tank that 
supersonic flow is no longer achievable. Do a preliminary de- 
sign of this system including details such as nozzle dimensions, 
configuration, and tank size. 
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PROBLEM 12.58 


Shock wave 


A, = 120 cm2 

l 
Mı =0.3 Ay = 140 cm? 
A, = 200 cm2 
pı = 400 kPa 
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Test section 


PROBLEM 12.60 
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C H A P T E R 


Flow Measurements 





SIGNIFICANT LEARNING OUTCOMES 


Contextual Knowledge 
¢ Sketch common measuring instruments. 
e Explain the operating principles of common measuring instruments. 
e List the advantages and disadvantages of common measuring 
instruments (common measurment instruments include the hot-wire 
anemometer, orifice meter, laser-Doppler anemometer venturi meter, 
rotameter, and the weir). 


Procedural Knowledge 
e Calculate flow rate for an orifice meter, a venturi meter, or a weir. 
e Calculate flow rate by integrating velocity distribution data. 
e Fora weir or an orifice meter, estimate uncertainty using the RMS 
method. 


The pattern of flow that occurs when 

an air jet is discharged into quiescent 
air is revealed in this photo. (Courtesy 
Cecilia D. Richards.) 


_ — 


Measurement techniques are important because fluid mechanics relies heavily on experi- 
ments. Thus, Chapter 3 described instruments for measuring pressure including the piezome- 
ter, the manometer, the Bourdon-tube gage, and the pressure transducer. Chapter 4 describes 
the Pitot-static tube and the Pitot tube. This chapter builds on this knowledge by introducing 
additional ways to measure flow rate, pressure, and velocity. Also, this chapter describes 
how to estimate the uncertainty of a measurement. 


Measuring Velocity and Pressure 


Stagnation (Pitot) Tube 


The stagnation tube, also called the Pitot tube, is shown in Fig. 13.1a. A Pitot tube measures 
stagnation pressure with an open tube that is aligned parallel with the velocity direction and 
then senses pressure in the tube using a pressure gage or transducer. 


When the stagnation tube was introduced in Chapter 4, viscous effects were not dis- 
cussed. Viscous effects are noteable because they can influence the accuracy of a measure- 
ment. The effects of viscosity, from reference (1), are shown in Fig. 13.2. This shows the 
pressure coefficient C, plotted as a function of the Reynolds number. Viscous effects are im- 
portant when C, > 1.0. 
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Figure 13.1 





Section view of 
(a) Pitot tube, 

(b) Static tube, 

(c) the Pitot-static 
tube. 


Figure 13.3 


Pitot tube Viscous effects on 


Static tube 


Pitot-static tube -00 








Static tube. 


Figure 13.2 
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In Fig. 13.2 it is seen that when the Reynolds number for the circular stagnation tube is 
greater than 60, the error in measured velocity is less than 1%. For boundary-layer measure- 
ments a stagnation tube with a flattened end can be used. By flattening the end of the tube, the 
velocity measurement can be taken nearer the boundary than if a circular tube were used. For 
these flattened tubes, the pressure coefficient remains near unity for a Reynolds number as low 
as 30. See reference (15) for more information on flattened-end stagnation tubes. 


Static Tube 


A static tube, as shown in Fig. 13.15, is an instrument for measuring static pressure. Static 
pressure is the pressure in a fluid that is stationary or in a fluid that is flowing. When the fluid 
is flowing, the static pressure must be measured in a way that does not disturb the pressure. 
Thus, in the design of the static tube, as shown in Fig. 13.3, the placement of the holes along 
the probe is critical because the rounded nose on the tube causes some decrease of pressure 
along the tube and the downstream stem causes an increase in pressure in front of it. Hence 
the location for sensing the static pressure must be at the point where these two effects cancel 
each other. Experiments reveal that the optimum location is at a point approximately six di- 
ameters downstream of the front of the tube and eight diameters upstream from the stem. 
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Figure 13.4 





Various types of yaw 
meters. 

(a) Cylindrical-tube yaw 
meter. 

(b) Two-tube yaw meter. 
(c) Three-dimensional 
yaw meter. 
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Pitot-Static Tube 


The Pitot-static tube, Fig. 13.1c, measures velocity by using concentric tubes to measure static 
pressure and dynamic pressure. Application of the Pitot-static tube is presented in Chapter 4. 


Yaw Meters 


A yaw meter, Fig. 13.4, is an instrument for measuring velocity by using multiple pressure 
ports to determine the magnitude and direction of fluid velocity. The first two yaw meters in 
Fig. 13.4 can be used for two-dimensional flow, where flow direction in only one plane needs 
to be found. The third yaw meter in Fig. 13.4 is used for determining flow direction in three di- 
mensions. In all these devices, the tube is turned until the pressure on symmetrically opposite 
openings is equal. This pressure is sensed by a differential pressure gage or manometer con- 
nected to the openings in the yaw meter. The flow direction is sensed when a null reading is 
indicated on the differential gage. The velocity magnitude is found by using equations that 
depend on the type of yaw meter that is used. 


The Vane or Propeller Anemometer 


The term anemometer originally meant an instrument that was used to measure the velocity 
of the wind. However, anemometer now means an instrument that is used to measure fluid 
velocity, because anemometers are used in water, air, nitrogen, blood, and many other fluids. 
See (18) for an overview of the many types of anemometers. 
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Figure 13.5 





(a) Vane anemometer, 
(b) Propeller anemometer. 





Figure 13.6 





Cup anemometer. 






Housing 





(a) (b) 


The vane anemometer (Fig. 13.5a) and the propeller anemometer (Fig. 13.5b) measure 
velocity by using vanes typical of a fan or propeller, respectively. These blades rotate with a 
speed of rotation that depends on the wind speed. Typically, an electronic circuit converts the 
rotational speed into a velocity reading. On some older instruments the rotor drives a low- 
friction gear train that, in turn, drives a pointer that indicates feet on a dial. Thus if the ane- 
mometer is held in an airstream for 1 min and the pointer indicates a 300 ft change on the 
scale, the average airspeed is 300 ft/min. 


Cup Anemometer 


Instead of using vanes, the cup anemometer, in Fig. 13.6, is a device that uses the drag on 
cup-shaped objects to spin a rotor around a central axis. Since the rotational speed of the ro- 
tor is related to drag force, the frequency of rotation is related to the fluid velocity by appro- 
priate calibration data. A typical rotor comprises three to five hemispherical or conical cups. 
In addition to applications in air, engineers use a cup anemometer to measure the velocity in 
streams and rivers. 


Hot-wire and Hot-film Anemometers 


The hot-wire anemometer (HWA), Fig. 13.7, is an instrument for measuring velocity by sens- 
ing the heat transfer from a heated wire. As velocity increases, more energy is needed to keep 
the wire hot and the corresponding changes in electrical characteristics can be used to deter- 
mine the velocity of the fluid that is passing by the wire. 

The HWA has advantages over other instruments. The HWA is well suited for measur- 
ing velocity fluctuations that occur in turbulent flow, whereas instruments such as the Pitot- 
static tube are only suitable for measuring velocity that either is steady or changes slowly 
with time. The sensing element of the HWA is quite small, allowing the HWA to be used in 
locations such as the boundary layer, where the velocity is varying in a region that is small in 
size. Many other instruments are too large for recording velocity in a region that is geometri- 
cally small. Another advantage of the HWA is that it is sensitive to low-velocity flows, a 
characteristic lacking in the Pitot tube and other instruments. The main disadvantages of the 
HWA are its delicate nature (the sensor wire is easily broken), its relatively high cost, and its 
need for an experienced user. 

The basic principle of the hot-wire anemometer is described as follows: A wire of very 
small diameter—the sensing element of the hot-wire anemometer—is welded to supports as 
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Figure 13.7 





Probe for hot-wire 
anemometer (enlarged). 



































é |_| Heated wire 


Wire supports 


shown in Fig. 13.7. In operation the wire either is heated by a fixed flow of electric current 
(the constant-current anemometer) or is maintained at a constant temperature by adjusting 
the current (the constant-temperature anemometer). 

A flow of fluid past the hot wire causes the wire to cool because of convective heat trans- 
fer. In the constant-current anemometer, the cooling of the wire causes its resistance to change, 
and a corresponding voltage change occurs across the wire. Because the rate of cooling is a 
function of the speed of flow past the heated wire, the voltage across the wire is correlated with 
the flow velocity. The more popular type of anemometer, the constant-temperature ane- 
mometer, operates by varying the current in such a manner as to keep the resistance (and 
temperature) constant. The flow of current is correlated with the speed of the flow: the higher 
the speed, the greater the current needed to maintain a constant temperature. Typically, the 
wires are 1 mm to 2 mm in length and heated to 150°C. The wires may be 10 um or less in 
diameter; the time response improves with the smaller wire. The lag of the wire’s response to 
a change in velocity (thermal inertia) can be compensated for more easily, using modern 
electronic circuitry, in constant-temperature anemometers than in constant-current anemome- 
ters. The signal from the hot wire is processed electronically to give the desired information, 
such as mean velocity or the root-mean-square of the velocity fluctuation. 

To illustrate the versatility of these instruments, note that the hot-wire anemometer can mea- 
sure accurately gas flow velocities from 30 cm/s to 150 m/s; it can measure fluctuating velocities 
with frequencies up to 100,000 Hz; and it has been used satisfactorily for both gases and liquids. 

The single hot wire mounted normal to the mean flow direction measures the fluctuat- 
ing component of velocity in the mean flow direction. Other probe configurations and elec- 
tronic circuitry can be used to measure other components of velocity. 

For velocity measurements in liquids or dusty gases, where wire breakage is a problem, 
the hot-film anemometer is more suitable. This anemometer consists of a thin conducting 
metal film (less than 0.1 um thick) mounted on a ceramic support, which may be 50 um in 
diameter. The hot film operates in the same fashion as the hot wire. Recently, the split film 
has been introduced. It consists of two semicylindrical films mounted on the same cylindrical 
support and electrically insulated from each other. The split film provides both speed and di- 
rectional information. 

For more detailed information on the hot-wire and hot-film anemometers, see King and 
Brater (2) and Lomas (3). 


Laser-Doppler Anemometer 


The /aser-Doppler anemometer (LDA) is an instrument for measuring velocity by using the 
Doppler shift that occurs when a particle in a flow scatters light from crossed laser beams. 
Advantages of the LDA are (a) the flow field is not disturbed by the presence of a probe, and 
(b) it provides excellent spatial resolution. Disadvantages of the LDA include cost, complex- 
ity, the need for a transparent fluid, and requirement for particle seeding. 

There are several different configurations for the LDA. The dual-beam mode, Fig. 13.8, 
splits a laser beam into two parallel beams and then uses a converging lens to cause the two 
beams to cross. The point where beams cross is called the measuring volume, which might 
best be described as an ellipsoid that is typically 0.3 mm in diameter and 2 mm long, illustrat- 
ing the excellent spatial resolution achievable. The interference of the two beams generates a 
series of light and dark fringes in the measuring volume perpendicular to the plane of the two 
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Figure 13.8 Few 
Dual-beam laser-Doppler Focusing lens Collecting lens R 
anemometer. Pin hole 
Photodetector 
Laser 








volume 


| Output signal 


Fringe pattern 


beams. As a particle passes through the fringe pattern, light is scattered and a portion of the 
scattered light passes through the collecting lens toward the photodetector. A typical signal 
obtained from the photodetector is shown in the figure. 

It can be shown from optics theory that the spacing between the fringes is given by 


A 
= 13.1 
i 2 sing eH) 
where à is the wavelength of the laser beam and ¢ is the half-angle between the crossing 
beams. By suitable electronic circuitry, the frequency of the signal ( f ) is measured, so the 


velocity is given by 





-A&M 
At 2sinọ 

The operation of the laser-Doppler anemometer depends on the presence of particles to 
scatter the light. These particles need to move at the same velocity as the fluid. Thus the par- 
ticles need to be small relative to the size of flow patterns, and they need to have a density 
near that of the ambient fluid. In liquid flows, impurities of the fluid can serve as scattering 
centers. In water flows, adding a few drops of milk is common. In gaseous flows, it is com- 
mon to “seed” the flow with small particles. Smoke is often used for this seeding. 

Laser-Doppler anemometers that provide two or three velocity components of a particle 
traveling through the measuring volume are now available. This is accomplished by using 
laser-beam pairs of different colors (wavelengths). The measuring volumes for each color are 
positioned at the same physical location but oriented differently to measure a different com- 
ponent. The signal-processing system can discriminate the signals from each color and 
thereby provide component velocities. 

Another recent technological advance in laser-Doppler anemometry is the use of fiber 
optics. The fiber optics transmit the laser beams from the laser to a probe that contains optical 
elements to cross the beams and generate a measuring volume. Thus measurements at different 
locations can be made by moving the probe and without moving the laser. For more applica- 
tions of the laser-Doppler technique see Durst (4). 


Marker Methods 


The marker method for determining velocity involves particles that are placed in the stream. 
By analyzing the motion of these particles, one can deduce the velocity of the flow itself. Of 
course, this requires that the markers follow virtually the same path as the surrounding fluid 
elements. It means, then, that the marker must have nearly the same density as the fluid or 
that it must be so small that its motion relative to the fluid is negligible. Thus for water flow 





(13.2) 
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Figure 13.9 





Combined time-streak 
markers (hydrogen 
bubbles); flow is from 
left to right. [After Kline 
(5) Courtesy of 
Education Development 
Center, Inc., Newton, 
MA.] 


it is common to use colored droplets from a liquid mixture that has nearly the same density as 
the water. For example, Macagno (6) used a mixture of n-butyl phthalate and xylene with a 
bit of white paint to yield a mixture that had the same density as water and could be photo- 
graphed effectively. Solid particles, such as plastic beads, that have densities near that of the 
liquid being studied can also be used as markers. 

Hydrogen bubbles have also been used for markers in water flow. Here an electrode 
placed in flowing water causes small bubbles to be formed and swept downstream, thus re- 
vealing the motion of the fluid. The wire must be very small so that the resulting bubbles do 
not have a significant rise velocity with respect to the water. By pulsing the current through 
the electrode, it is possible to add a time frame to the visualization technique, thus making it 
a useful tool for velocity measurements. Figure 13.9 shows patches of tiny hydrogen bubbles 
that were released with a pulsing action from noninsulated segments of a wire located to the 
left of the picture. Flow is from left to right, and the necked-down section of the flow passage 
has higher water velocity. Therefore, the patches are longer in that region. Next to the walls 
the patches of bubbles are shorter, indicating less distance traveled per unit of time. Other de- 
tails concerning the marker methods of flow visualization are described by Macagno (6). 

A relatively new marker method is particle image velocimetry (PIV), which provides a mea- 
surement of the velocity field. In PIV, the marker or seeding particles may be minuscule spheres 
of aluminum, glass, or polystyrene. Or they may be oil droplets, oxygen bubbles (liquids only), 
or smoke particles (gases only). The seeding particles are illuminated in order to produce a pho- 
tographic record of their motion. In particular, a sheet of light passing through a cross section of 
the flow is pulsed on twice, and the scattered light from the particles is recorded by a camera. The 
first pulse of light records the position of each particle at time f, and the second pulse of light 
records the position at time ¢ + At. Thus, the displacement Ar of each particle is recorded on the 
photograph. Dividing Ar by Aż yields the velocity of each particle. Because PIV uses a sheet of 
light, the method provides a simultaneous measurement of velocity at locations throughout a cross 
section of the flow. Hence, PIV is identified as a whole-field technique. Other velocity measure- 
ments, the LDA method, for example, are limited to measurements at one location. 

PIV measurement of the velocity field for flow over a backward-facing step is 
shown in Fig. 13.10. This experiment was carried out in water using 15 jm—diameter, 
silver-coated hollow spheres as seeding particles. Notice that the PIV method provided data 
over the cross section of the flow. Although the data shown in Fig. 13.10 are qualitative, nu- 
merical values of the velocity at each location are also available. 

The PIV method is typically performed using digital hardware and computers. For 
example, images may be recorded with a digital camera. Each resulting digital image is eval- 
uated with software that calculates the velocity at points throughout the image. This evaluation 
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Figure 13.10 


Velocity vectors from PIV 
measurements. (Courtesy 
TSI, Inc., and Florida 
State University.) 


Figure 13.11 


Flow pattern in the wake 
of a flat plate. 
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proceeds by dividing the image into small sub-areas called “interrogation areas.” Within a given 
interrogation area, the displacement vector (Ar) of each particle is found by using statistical tech- 
niques (auto- and cross-correlation). After processing, the PIV data are typically available on a 
computer screen. Additional information on PIV systems is provided by Raffel et al. (7). 
Smoke is often used as a marker in flow measurement. One technique is to suspend a wire 
vertically across the flow field and allow oil to flow down the wire. The oil tends to accumulate 
in droplets along the wire. Applying a voltage to the wire vaporizes the oil, creating streaks from 
the droplets. Figure 13.11 is an example of a flow pattern revealed by such a method. Smoke 
generators that provide smoke by heating oils are also commercially available. It is also pos- 
sible to position a thin sheet of laser light through the smoke field to obtain an improved spatial 
definition of the flow field indicated by the smoke. Another technique is to introduce titanium 
tetrachloride (TiC1,) in a dried-air flow, which reacts with the water vapor in the ambient air 
to produce micron-sized titanium oxide particles, which serve as tracers. The flow pattern ob- 
tained for an upward-flowing air jet using this technique in conjunction with a laser light sheet 
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is shown in the photograph at the beginning of this chapter (p. 435). This jet is subjected to an 
acoustic field, which enhances the vortex shedding pattern observed in the jet. 
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Measuring Flow Rate (Discharge) 


Measuring flow rate is important in research, design, testing, and in many commercial 
applications. 


Direct Measurement of Volume or Weight 

For liquids, a simple and accurate method is to collect a sample of the flowing fluid over a given 
period of time At. Then the sample is weighed, and the average weight rate of flow is AW/ At, 
where AW is the weight of the sample. The volume of a sample can also be measured (usually 
in a calibrated tank), and from this the average volume rate of flow is calculated as A¥/ Ar, 
where A¥ is the volume of the sample. This method has several disadvantages: It cannot be used 
for an unsteady flow, and it is not always possible to collect a sample. 


Measure velocity at 
center of each sub-area 











Sub-area A 4; 
Figure 13.12 





Dividing a rectangular 
conduit into sub-areas 
for approximating 
discharge. 


Integrating a Measured Velocity Distribution 
Flow rate can be found by measuring a velocity distribution and then integrating using 
the volume flow rate equation (5.8): 


Q= [ra 


For example, one can divide a rectangular conduit into sub-areas and then measure ve- 
locity at the center of each sub-area as shown in Fig. 13.12. Then flow rate is deter- 
mined by 


N 
Q= koe ua (13.3) 


where N is the number of sub-areas. When the flow area occurs in a round pipe, then 
the sub-area is a ring as shown by Example 13.1. 





EXAMPLE 13.1 DISCHARGE FROM 


VELOCITY DATA 


The data given in the table are for a velocity traverse of air flow 
in a pipe 100 cm in diameter. What is the volume rate of flow 


in cubic meters per second? 








444 FLOW MEASUREMENTS 





EXAMPLE 13.2 


Situation: 





1. Air is flowing in a round pipe (D = 1.0 m). 
2. Velocity in m/s is known as a function of radius (see table). 








Find: Volume flow rate (in m?/ s) in the pipe. 








Assumptions: The velocity distribution is symmetric around 
the centerline of the pipe. 








Plan 
1. Develop an equation for a round pipe by applying Eq. (13.3). 
2. Find discharge by using a spreadsheet program. 
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Solution 


























The flow rate is given by 


Discharge is found by summing the last column. As shown 


12 m 
= FAA) 29) 
o= o aa, : 
The area AA, is shown in the 


sketch above. Visualize this area as a strip of length 277; and To check the validity of the calculation, sum the column labeled 

width Ar,. Then AA. = (2ar,)Ar,. The flow rate eaneion Ar, and check to ensure that this value equals the radius of the 

‘ í k pipe. As shown, this sum is 0.5 m. Similarly, the pipe area of 
A = mr? = m (0.5 m)? = 0.785m" 


N N 
Q= ` V(A4); = ` TOTENA should be produced by summing the column labeled AA;. As 
i=l i=l shown, this is the case. 


N 
Q= 5 V (AA); 
i=l 





becomes 


To perform the sum, use a spreadsheet as shown. To see how 
the table is set up, consider the row i = 2. The area is 


AA, = (211) Ar, = (277(0.05 m))(0.05 m) = 0.0157 m° 
which is given in the sixth column. The last column gives 


V (AA), = (49.5 m/s)(0.0157 m°) = 0.778 m°/s 





Calibrated Orifice Meter 


An orifice meter is an instrument for measuring flow rate by using a carefully designed plate 
with a round opening and situating this device in a pipe, as shown in Fig. 13.13. Flow rate is 
found by measuring the pressure drop across the orifice and then using an equation to cal- 
culate the appropriate flow rate. One common application of the orifice meter is metering 
of natural gas in pipelines. Because large quantities of natural gas are measured and the as- 
sociated costs are high, accuracy is very important. This section describes the main ideas 
associated with orifice meters. Details about using orifice meters are presented in standards 
such as reference (10). 

Flow through a sharp-edged orifice is shown in Fig. 13.13. Note that the streamlines 
continue to converge a short distance downstream of the plane of the orifice. Hence the 
minimum-flow area is actually smaller than the area of the orifice. To relate the minimum- 
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Figure 13.13 





Flow through a sharp- 
edged pipe orifice. 


















































flow area, often called the contracted area of the jet, or vena contracta, to the area of the 
orifice A, one uses the contraction coefficient, which is defined as 


A; = C.A, 
iG: = A; 
C A, 


Then, for a circular orifice, 
2 
paw (2) 
(m/4)d? <4 

Because d; and d, are identical, C, = (d,/ dP. At low values of the Reynolds number, C, is a 
function of the Reynolds number. However, at high values of the Reynolds number, C, is 
only a function of the geometry of the orifice. For d/D ratios less than 0.3, C, has a value of 
approximately 0.62. However, as d/D is increased to 0.8, C, increases to a value of 0.72. 


To derive the orifice equation, consider the situation shown in Fig. 13.13. Apply the 
Bernoulli equation between section | and section 2: 


V; is eliminated by means of the continuity equation V|A, = V,A,. Then solving for V, gives 


1/2 
Vy, = [Zegrze | (13.4a) 


1- (4,3/4, 


However, A, = C.A, and h = p/y + z, so Eq. (13.4a) reduces to 


Y= A (13.4b) 
2 2 42 5 22 i 
(=C 2A, 
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Our primary objective is to obtain an expression for discharge in terms of h,, h,, and the geo- 
metric characteristics of the orifice. The discharge is given by V,A,. Hence, multiply both 
sides of Eq. (13.4b) by A, = C,A,, to give the desired result: 


C.A, 
g=- g) (13.5) 
J1- caai 


Equation (13.5) is the discharge equation for the flow of an incompressible inviscid fluid 
through an orifice. However, it is valid only at relatively high Reynolds numbers. For low 
and moderate values of the Reynolds number, viscous effects are significant, and an addi- 
tional coefficient called the coefficient of velocity, C,, must be applied to the discharge equa- 
tion to relate the ideal to the actual flow.* Thus for viscous flow through an orifice, we have 
the following discharge equation: 


CCA, 
Q = ss 5 V8 = hy) 
J1 - C?A?/ A? 


The product C,C, is called the discharge coefficient, C}, and the combination C,C,/ 


(1- CAAT is called the flow coefficient, K. Thus, Q = KA,,/2g(h, —h,), where 


| ENE i (13.6) 


MNeaC asa, 


If Ah is defined as h, — ho, then the final form of the orifice equation reduces to 


Q = KA,J2gAh (13.7a) 


If a differential pressure transducer is connected across the orifice, it will sense a piezo- 
metric pressure change that is equivalent to yAjf, so the orifice equation becomes 


Ap, 
Q = KA, Fi (13.7b) 


Experimentally determined values of K as a function of d/D and Reynolds number based on 
orifice size are given in Fig. 13.14. If Q is given, Re, is equal to 40/7 dv. Then K is obtained 
from Fig. 13.14 (using the vertical lines and the bottom scale), and Ah is computed from 
Eq. (13.7a), or Ap, can be computed from Eq. (13.7b). However, one is often confronted 
with the problem of determining the discharge Q when a certain value of Ah or a certain 
value of Ap, is given. When Q is to be determined, there is no direct way to obtain K by en- 
tering Fig. 13.14 with Re, because Re is a function of the flow rate, which is still unknown. 
Hence another scale, which does not involve Q, is constructed on the graph of Fig. 13.14. 
The variables for this scale are obtained in the following manner: Because Re, = 40/7 dv 
and Q = K(md’/4) /2gAh, write Regin terms of Ah: 


Re, = K4 [ighh 


* At low Reynolds numbers the coefficient of velocity may be quite small; however, at Reynolds numbers 
above 10°, C, typically has a value close to 0.98. See Lienhard (8) for C, analyses. 


13.2 MEASURING FLOW RATE (DISCHARGE) 447 





























































































Figure 13.14 Rea d d | 
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or 


R 2Ap. 
Reyd pony = [AP 
v v p 


K 


Thus the slanted dashed lines and the top scale are used in Fig. 13.14 when Ah is known and 
the flow rate is to be determined. If a certain value of Ap is given, one can apply Fig. 13.14 
by using Ap,/ p in place of gAA in the parameter at the top of Fig. 13.14. 

The literature on orifice flow contains numerous discussions concerning the optimum 
placement of pressure taps on both the upstream side and the downstream side of an orifice. 
The data given in Fig. 13.14 are for “corner taps.” That is, on the upstream side the pressure 
readings were taken immediately upstream of the orifice plate (at the corner of the orifice 
plate and the pipe wall), and the downstream tap was at a similar downstream location. How- 
ever, pressure data from flange taps (1 in. upstream and 1 in. downstream) and from the taps 
shown in Fig. 13.13 all yield virtually the same values for K—the differences are no greater 
than the deviations involved in reading Fig. 13.14. For more precise values of K with specific 


types of taps, see the ASME report on fluid meters (10). 
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Head Loss for Orifices 


Some head loss occurs between the upstream side of the orifice and the vena contracta. How- 
ever, this head loss is very small compared with the head loss that occurs downstream of the 
vena contracta. This downstream portion of the head loss is like that for an abrupt expansion. 
Neglecting all head loss except that due to the expansion of the flow, gives 


Z 
_ (2-1) 
2g 


where V; is the velocity at the vena contracta and V} is the velocity in the pipe. It can be shown 
that the ratio of this expansion loss, /,, to the change in head across the orifice, Ah, is given as 


h; (13.8) 





Vy 

h 

N = -i (13.9) 
i 
Vy 


Table 13.1 shows how the ratio increases with increasing values of V,/V,. It is obvious that 
an orifice is very inefficient from the standpoint of energy conservation. Examples 13.2 and 
13.3 illustrate how to make calculations when orifice meters are used. 


TABLE 13.1 RELATIVE HEAD LOSS FOR ORIFICES 





V/V, > 1 2 4 6 8 10 
h,/Ah > M O OO O O O 





EXAMPLE 13.3 ANALYSIS OF AN Sketch: 


ORIFICE METER 


A 15 cm orifice is located in a horizontal 24 cm water pipe, and 
a water-mercury manometer is connected to either side of the 
orifice. When the deflection on the manometer is 25 cm, what 
is the discharge in the system, and what head loss is produced 
by the orifice? Assume the water temperature is 20°C. 








Problem Definition 
Situation: 


1. Water flows through an orifice (d = 0.15 m) in a pipe 
(D = 0.24 m). 
2. Amercury-water manometer is used to measure pressure drop. 





4 Plan 
Find: : . 
ils Didiera (Gn m/s) inwe. i ann Ah = h, — h, using the manometer equation 
2. Head loss (in meters) produced by the orifice. 2, rind he dow cocticienemrsme Te BA 


Properties: 


1. Water (20°C), Table A.5: v = 1 x 10-6 m’/s. 
2. Mercury (20°C), Table A.4: S = 13.6. 


3. Find discharge Q using Eq. (13.7a). 
4. Calculate the coefficient of contraction C, using 
Eq. (13.6). 
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5. Solve for the velocity V, at the vena contracta. 
6. Calculate head loss using Eq. (13.8). 


Solution 
1. Change in piezometric head 
e Apply manometer equation from 1 to 2. 
Joy E Nik Ut AND) — Nfs PAVE = a 
e Solve for Ah. 


pa ee ee = o 1) 
Yw w Yw 


Ah = (0.25 m)(13.6 — 1) = 3.15 m of water 


2. Flow coefficient 
e Calculate (Re,/K). 





Rey _ da/2ghh _ 0.15 m2(9.81 m/s”)(3.15 m) 
K v 1.0x 10° m’/s 
= 12x 10° 


° From Fig. 13.14 with d/D = 0.625, K = 0.66 
(interpolated). 


3. Discharge 
D = WB 
= 0.66Td 209.81 m/s GIS m) 


= 0.66(0.785)(0.15° m”) (7.86 m/s) =|0.092 m?/s 


4. Coefficient of contraction C, 





ua ee 
LSE AA 
Let K = 0.66. The ratio (4,/ A1)? = (0.625) = 0.1526 


and C4 = C,C,. Assuming C, = 0.98 (see the footnote on 
page 446) and solving for C., gives C, = 0.633. 


5. Velocity at the vena contracta 
Vy =07(C-4,) 


JE 


(0.092 m°/s)/ [(0.633)(1/4)(0.15° m’)] = 8.23 m/s 
P= OA 

(0.092 m°/s)/ [(1/4)(0.24° m*)] = 2.03 m/s 
6. Head loss 


hy = (V2 - V1) /2g = (8.23 —2.03)/(2 x 9.81) 


-Ee 





EXAMPLE 13.4 MANOMETER DEFLECTION 
FOR AN ORIFICE METER 


An air-water manometer is connected to either side of an 8 in. 
orifice in a 12 in. water pipe. If the maximum flow rate is 

2 cfs, what is the deflection on the manometer? The water 
temperature is 60°F. 


Problem Definition 
Situation: 


1. Water flows (Q = 2 cfs) through an orifice (d = 8 in.) in 
a pipe (D = 12 in.). 

2. An air-water manometer is used to measure pressure drop. 

Find: Deflection (in ft) of water in the manometer. 

Sketch: 


Air 


Deflection = A/ 








Properties: Water (60°F), Table A.5: v = 1.22 x 10> ft"/s. 


Plan 


1. Calculate Reynolds number. 

2. Find the flow coefficient K from Fig. 13.14. 

3. Solve for Ah by using Eq. (13.7a). 

4. Solve for A/ by using the manometer equation (3.19) 


Solution 


1. Reynolds number. 


3 
40 (4)(2 ft°/s) 3 
ee 2 eee ee 


2. Flow coefficient. 


e Use Fig. 13.14. Interpolate for d/D = 8/12 = 0.667 
to find K = 0.68. 
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3. Change in piezometric head 
e From Q = KA,/2gAh, solve for Ah: 


4. Manometer deflection 
e The deflection is related to Ah by 


Nis a = a Yar) 


w 


* Since y,, > Ya Al = Ah = 1.1 ft. [ A7 = 1.1 ft 





The sharp-edged orifice can also be used to measure the mass flow rate of gases. The 
discharge equation [Eq. (13.7b)] is multiplied by the upstream gas density and an empirical 
factor to account for compressibility effects (10). The resulting equation is 


m= YA,K /2p\(P\ — P2) 


(13.10) 


where K, the flow coefficient, is found using Fig. 13.14 and Y is the compressibility factor 


given by the empirical equation 


ri 


11 E [0.41 + 035(%) ]} 


(13.11) 


In this case both the pressure difference across the orifice and the absolute pressure of 
the gas are needed. One must remember when using the equation for the compressibility fac- 
tor that the absolute pressure must be used. 


EXAMPLE 13.5 MASS FLOW RATE OF 
NATURAL GAS 


The mass flow rate of natural gas is to be measured using a sharp- 
edged orifice. The upstream pressure of the gas is 101 kPa 
absolute, and the pressure difference across the orifice is 10 kPa. 
The upstream temperature of the methane is 15°C. The pipe 
diameter is 10 cm, and the orifice diameter is 7 cm. What is the 
mass flow rate? 


Problem Definition 
Situation: 


1. Natural gas (methane) is flowing through a sharp-edged 
orifice. 

2. Pipe diameter is D = 0.1m. Orifice diameter is d = 0.07 m. 

3. Pressure difference across orifice is 10 kPa. 

Find: Mass flow rate (in kg/s). 

Properties: Natural gas (15°C, 1 atm), Table A.2: 


p = 0.678 kg/m’, v = 1.59 x 10-5 m/s, K = 1.31. 





Plan 


1. Find the flow coefficient K from Fig. 13.14. 
2. Calculate the compressibility factor Y using Eq. (13.11). 
3. Calculate the mass flow rate using Eq. (13.10). 


Solution 


1. Flow coefficient 
¢ Calculate (Re,/K): 


Regd hap- 007 | We 756x198 
K VN Pı 1.59(10>)\ 0.678 


e Using Fig. 13.14, K = 0.7. 
2. Compressibility factor 


ae —( a al- 
vei i 1-7) (0.41 +035 x 0.7 | 0.962 


3. Mass flow rate of methane 


m= YA,K,/2p\(P; —P2) 


= 0.962 E 0.07°) (0.7) 42(0.678)(10°) 
- psi ww] 
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Figure 13.15 





Typical venturi meter. 


Pressure-sensing holes 








k— ty ——>| 




















The foregoing examples involved the determination of either Q or Ah for a given size 
of orifice. Another type of problem is determination of the diameter of the orifice for a given 
Q and Ah. For this type of problem a trial-and-error procedure is required. Because one 
knows the approximate value of K, that is guessed first. Then the diameter is solved for, after 
which a better value of K can be determined, and so on. 


Venturi Meter 


The venturi meter, Fig. 13.15, is an instrument for measuring flow rate by using measurements 
of pressure across a converging-diverging flow passage. The main advantage of the venturi 
meter as compared to the orifice meter is that the head loss for a venturi meter is much smaller. 
The lower head loss results from streamlining the flow passage, as shown in Fig. 13.15. Such 
streamlining eliminates any jet contraction beyond the smallest flow section. Consequently, the 
coefficient of contraction has a value of unity, and the venturi equation is 


A,C, 
Q= o o o [g(h,-h,) (13.12) 
{1 -(A,/A,) 


Q = KA,j2gAh (13.13) 


where A, is the throat area and A/ is the difference in piezometric head between the venturi 
entrance (pipe) and the throat. Note that the venturi equation is the same as the orifice equa- 
tion. However, K for the venturi meter approaches unity at high values of the Reynolds num- 
ber and small d/D ratios. This trend can be seen in Fig. 13.14, where values of K for the 
venturi meter are plotted along with similar data for the orifice. 


Flow Nozzles 


The flow nozzle, Fig. 13.16, is an instrument for measuring flow rate by using the pressure drop 
across a nozzle that is typically placed inside a conduit. Similar to an orifice meter, design and 
application of the flow nozzle is described by engineering standards (10). As compared to an 
orifice meter, the flow nozzle is better in flows that cause wear (e.g., particle-laden flow). The 
reason is that erosion of an orifice will produce more change in the pressure-drop versus flow- 
rate relationship. Both the flow nozzle and orifice meter will produce about the same overall 
head loss. 


452 


FLOW MEASUREMENTS 





EXAMPLE 13.6 FLOW RATE USING A 
VENTURI METER 


The pressure difference between the taps of a horizontal 
venturi meter carrying water is 35 kPa. If d = 20 cm and 
D = 40 cm, what is the discharge of water at 10°C? 


Problem Definition 
Situation: 


1. Water flows through a horizontal venturi meter. 


2. Pipe diameter is D = 0.40 m. Venturi throat diameter is 
d= 0.2m. 


Find: Discharge (in m/s). 


Properties: Water (10°C), Table A.5: v = 1.31 x 10-6 m’/s, 


and y = 9810 N/m’, 


Figure 13.16 








Plan 

1. Compute Ah = h, —hy. 

2. Find the flow coefficient K from Fig. 13.14. 
3. Find discharge Q using Eq. (13.7a). 


Solution 
1. Change in piezometric head 


2 
Ah = = 4 Az = 2 9 = SONNE = 357 mot water 
y y 9810 N/m 


2. Flow coefficient 
e Calculate (Re,/K): 


Reg _ dy2gAh _ 0.200298DG5T) _ 1 x8 y 10° 
K v 1.31(10°°) 

e From Fig. 13.14, find that K = 1.02. 
3. Discharge 


Q = 1.02A,,./2gAh 


= 1.02(0.785)(0.207) /2(9.81)(3.57) [0.268 m’/s| 





Typical flow nozzle. 














Electromagnetic Flow Meter 


All of the flow meters described so far require that some sort of obstruction be placed in the 
flow. The obstruction may be the rotor of a vane anemometer or the reduced cross-section of 
an orifice or venturi meter. A meter that neither obstructs the flow nor requires pressure taps, 
which are subject to clogging, is the electromagnetic flow meter. Its basic principle is that a 
conductor that moves in a magnetic field produces an electromotive force. Hence liquids 
having a degree of conductivity generate a voltage between the electrodes, as in Fig. 13.17, 
and this voltage is proportional to the velocity of flow in the conduit. It is interesting to note 
that the basic principle of the electromagnetic flow meter was investigated by Faraday in 
1832. However, practical application of the principle was not made until approximately a 
century later, when it was used to measure blood flow. Recently, with the need for a meter to 
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Figure 13.17 





Electromagnetic flow 
meter. 









| N Magnetic field 
PIE. 


emf 





A <— Flow direction 

















Electrodes 


measure the flow of liquid metal in nuclear reactors and with the advent of sophisticated elec- 
tronic signal detection, this type of meter has found extensive commercial use. 

The main advantages of the electromagnetic flow meter are that the output signal varies 
linearly with the flow rate and that the meter causes no resistance to the flow. The major dis- 
advantages are its high cost and its unsuitability for measuring gas flow. 

For a summary of the theory and application of the electromagnetic flow meter, the 
reader is referred to Shercliff (11). This reference also includes a comprehensive bibliogra- 
phy on the subject. 


Ultrasonic Flow Meter 

Another form of nonintrusive flow meter that is used in diverse applications ranging from 
blood flow measurement to open-channel flow is the ultrasonic flow meter. Basically, there 
are two different modes of operation for ultrasonic flow meters. One mode involves measur- 
ing the difference in travel time for a sound wave traveling upstream and downstream be- 
tween two measuring stations. The difference in travel time is proportional to flow velocity. 
The second mode of operation is based on the Doppler effect. When an ultrasonic beam is 
projected into an inhomogeneous fluid, some acoustic energy is scattered back to the trans- 
mitter at a different frequency (Doppler shift). The measured frequency difference is related 
directly to the flow velocity. 


Turbine Flow Meter 


The turbine flow meter consists of a wheel with a set of curved vanes (blades) mounted in- 
side a duct. The volume rate of flow through the meter is related to the rotational speed of the 
wheel. This rotational rate is generally measured by a blade passing an electromagnetic 
pickup mounted in the casing. The meter must be calibrated for the given flow conditions. 
The turbine meter is versatile in that it can be used for either liquids or gases. It has an accu- 
racy of better than 1% over a wide range of flow rates, and it operates with small head loss. 
The turbine flow meter is used extensively in monitoring flow rates in fuel-supply systems. 


Vortex Flow Meter 


The vortex flow meter, shown in Fig. 13.18, measures flow rate by relating vortex shedding fre- 
quency to flow rate. The vortices are shed from a sensor tube that is situated in the center ofa pipe. 
These vortices cause vibrations, which are sensed by piezoelectric crystals that are located inside 
the sensor tube, and are converted to an electronic signal that is directly proportional to flow rate. 
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Figure 13.18 





Vortex flow meter. 


Figure 13.19 





Rotameter. 


Electronics produce 
a useful signal. 


Vortices are shed from 
this sensor bar. 


Flow 





Vibration of this bar 
bar is sensed for example, by 
piezoelectric crystals. 


This vortex meter gives accurate and repeatable measurements with no moving parts. However, 
the corresponding head loss is comparable to that from other obstruction-type meters. 


Rotameter 


The rotameter, Fig. 13.19, is an instrument for measuring flow rate by sensing the position of 
an active element (weight) that is situated in a tapered tube. The equilibrium position of the 
weight is related to the flow rate. Because the velocity is lower at the top of the tube (greater 
flow section there) than at the bottom, the rotor seeks a neutral position where the drag on it 
just balances its weight. Thus the rotor “rides” higher or lower in the tube depending on the 
rate of flow. The weight is designed so that it spins, thus it stays in the center of the tube. A 
calibrated scale on the side of the tube indicates the rate of flow. Although venturi and orifice 
meters have better accuracy (approximately 1% of full scale) than the rotameter (approxi- 
mately 5% of full scale), the rotameter offers other advantages, such as ease of use and low 
cost. 


Outlet 


Scale 


Active element 
(weight) 


Conical glass tube 


Inlet 
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Figure 13.20 





Definition sketch for 
sharp-crested weir. 
(a) Plan view. 

(b) Elevation view. 


Figure 13.21 





Theoretical velocity 
distribution over a weir. 


Rectangular Weir 


A weir, shown in Fig. 13.20, is an instrument for determining flow rate in liquids by measur- 
ing the height of water relative to an obstruction in an open channel. The discharge over the 
weir is a function of the weir geometry and of the head on the weir. Consider flow over the 
weir in a rectangular channel, shown in Fig. 13.20. The head H on the weir is defined as the 
vertical distance between the weir crest and the liquid surface taken far enough upstream of 
the weir to avoid local free-surface curvature (see Fig. 13.20). 

The discharge equation for the weir is derived by integrating Vdd = VL dh over the total 
head on the weir. Here L is the length of the weir and V is the velocity at any given distance h 
below the free surface. Neglecting streamline curvature and assuming negligible velocity of ap- 
proach upstream of the weir, one obtains an expression for V by writing the Bernoulli equation 
between a point upstream of the weir and a point in the plane of the weir (see Fig. 13.21). As- 
suming the pressure in the plane of the weir is atmospheric, this equation is 

2 
Pi, 4 


H=(H-h)+— (13.14) 
2g 








Drawdown 





a a EEEE Weir crest 











(b) 








V= V2gh 
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EXAMPLE 13.7 FLOW RATE FORA 
RECTANGULAR WEIR 


The head on a rectangular weir that is 60 cm high in a 
rectangular channel that is 1.3 m wide is measured to be 
21 cm. What is the discharge of water over the weir? 


Problem Definition 


Situation: 


1. Water flows over a rectangular weir. 
2. The weir has a height of P = 0.6 m and a width of 


ase 


3. Head on the weir is H = 0.21 m. 
Find: Discharge (in m?/s). 


Here the reference elevation is the elevation of the crest of the weir, and the reference pres- 
sure is atmospheric pressure. Therefore p) = 0, and Eq. (13.14) reduces to 


V = J2gh 


Then dQ = /2gh Ldh, and the discharge equation becomes 
H 
g= | J2ghLdh 
0 


=2L/2gH” 


In the case of actual flow over a weir, the streamlines converge downstream of the plane 
of the weir, and viscous effects are not entirely absent. Consequently, a discharge coefficient 
C,, must be applied to the basic expression on the right-hand side of Eq. (13.15) to bring the the- 
ory in line with the actual flow rate. Thus the rectangular weir equation is 


3/2 
O = 2C J28LH 
= KJ2eLH” 


For low-viscosity liquids, the flow coefficient K is primarily a function of the relative head 
on the weir, H/P. An empirically determined equation for K adapted from Kindsvater and 
Carter (12) is 


(13.15) 


(13.16) 


K= 0.40 + 0.055 (13.17) 


This is valid up to an H/P value of 10 as long as the weir is well ventilated so that atmo- 
spheric pressure prevails on both the top and the bottom of the weir nappe. 

When the rectangular weir does not extend the entire distance across the channel, as in 
Fig. 13.22, additional end contractions occur. Therefore, K will be smaller than for the weir 
without end contractions. The reader is referred to King (13) for additional information on 
flow coefficients for weirs. 


Plan 


1. Calculate the flow coefficient K using Eq. (13.17). 


2. Calculate flow rate using the rectangular weir equation 
(13.16). 


Solution 


1. Flow coefficient 


K=0.40+ 0.054 = 0/04 0.05( ) = 0.417 


As 
one 


2. Discharge 
O = Kj2gLH’” = 0.417,/2(9.81)(1.3)(0.21°””) 
= 0.23 m’/s 
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Figure 13.22 





Rectangular weir with 
end contractions. 

(a) Plan view. 

(b) Elevation view. 


Figure 13.23 





Definition sketch for the 
triangular weir. 





À 

















(b) 


Triangular Weir 


A definition sketch for the triangular weir is shown in Fig. 13.23. The primary advantage of the 
triangular weir is that it has a higher degree ofaccuracy over a much wider range of flow than does 
the rectangular weir, because the average width of the flow section increases as the head increases. 

The discharge equation for the triangular weir is derived in the same manner as that 
for the rectangular weir. The differential discharge dQ = VdA = VL dh is integrated over the 
total head on the weir to give 


Q= Kez (H-h)2 tan( 2) dh 


which integrates to 


However, a coefficient of discharge must still be used with the basic equation. Hence 


Q= SCAB tan( 2) a°? (13.18) 
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EXAMPLE 13.8 FLOW RATE FORA 


TRIANGULAR WEIR 


The head on a 60° triangu 
What is the flow of water 


Problem Definition 
Situation: 


1. Water flows over a 60° triangular weir. 
2. Head on the weir is H = 0.43 m. 
Find: Discharge (in m?/s). 


— QS 


Experimental results with water flow over weirs with 0 = 60° and H > 2 cm indicate that 
C, has a value of 0.58. Hence the triangular weir equation with these limitations is 


O = 0.179, /2gH””” (13.19) 


More details about flow-measuring devices for incompressible flow can be found in 
references (14) and (15). 


Plan 
Apply the triangular weir equation Eq. (13.19). 


lar weir is measured to be 43 cm. 


over the weir? Solution 


O = 0.179. 2g”? = 0,179 x 2x 981 x (0.43) 


fron" 





Measurement in Compressible Flow 


M>1 


Figure 13.24 





Stagnation tube in 
supersonic flow. 


This section describes how to measure velocity, pressure, and flow rate in compressible 
flows. Since fluid density is changing in these flows, the Bernoulli equation is invalid. Thus, 
compressible flow theory from Chapter 12 will be applied to develop valid measurement 
techniques. 


Pressure Measurements 

Static-pressure measurements can be made using the conventional static-pressure taps of 
a probe. However, if the boundary layer is disturbed by the presence of a shock wave in the 
vicinity of the pressure tap, the reading may not give the correct static pressure. The effect of 
the shock wave on the boundary layer is smaller if the boundary layer is turbulent. Therefore 
an effort is sometimes made to trip the boundary layer and ensure a turbulent boundary layer 
in the region of the pressure tap. 

The stagnation pressure can be measured with a stagnation tube aligned with the local 
velocity vector. If the flow is supersonic, however, a shock wave forms around the tip of the 
probe, as shown in Fig. 13.24, and the stagnation pressure measured is that downstream of 
the shock wave and not that of the free stream. The stagnation pressure in the free stream can 
be calculated using the normal shock relationships, provided the free-stream Mach number is 
known. See Chapter 12 for more details about normal shock waves. 


Mach Number and Velocity Measurements 

A Pitot-static tube can be used to measure Mach numbers in compressible flows. Taking the 
measured stagnation pressure as the total pressure, one can calculate the Mach number in 
subsonic flows from the total-to-static-pressure ratio according to Eq. (12.31): 
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M= ale” i g 


It is interesting to note here that one must measure the stagnation and static pressures sepa- 
rately to determine the pressure ratio, whereas one needs only the pressure difference to cal- 
culate the velocity of a flow. 

If the flow is supersonic, then the indicated stagnation pressure is the pressure behind 
the shock wave standing off the tip of the tube. By taking this pressure as the total pressure 
downstream of a normal shock wave and the measured static pressure as the static pressure 
upstream of the shock wave, one can determine the Mach number of the free stream 
(M; ) from the static-to-total-pressure ratio (p|/P;,) according to the expression 


1/(k-1) 
pi _ {[2k/(k+ 1)]Mi-[(k-1)/(k+ 1)]} (13.20) 
k/(k-1 : 
Pr, Ik + 1)/2]M3} 
which is called the Rayleigh supersonic Pitot formula. Note, however, that M, is an implicit 
function of the pressure ratio and must be determined graphically or by some numerical pro- 
cedure. Many normal-shock tables, such as those in reference (16), have p/p, tabulated 
versus M,, which enables one to find M, quite easily by interpolation. 
Once the Mach number is determined, more information is needed to evaluate the ve- 
locity—namely, the local speed of sound. This can be done by inserting a probe into the flow 
to measure total temperature and then calculating the static temperature using Eq. (12.22): 


T= 7 


1+[(k-1)/2]M; 
The local speed of sound is then determined by Eq. (12.11): 
c = NkRT 
and the velocity is calculated from 
V =M;c 


The hot-wire anemometer can also be used to measure velocity in compressible flows, 
provided it is calibrated to account for Mach-number effects. 


Mass Flow Measurement 


Measuring the flow rate of a compressible fluid using a truncated nozzle was discussed in 
some detail in Chapter 12. Basically, the flow nozzle is a truncated nozzle located in a pipe, 
so the equations developed in Chapter 12 can be used to determine the flow rate through the 
flow nozzle. Strictly speaking, the flow rate so calculated should be multiplied by the dis- 
charge coefficient. For the high Reynolds numbers characteristic of compressible flows, 
however, the discharge coefficient can be taken as unity. If the flow at the throat of the flow 
nozzle is sonic (i.e., Mach number at the throat is 1.0), it is conceivable that the complex flow 
field existing downstream of the nozzle will make the reading from the downstream pressure 
tap difficult to interpret. That is, there can be no assurance that the measured pressure is the 
true back pressure. In such a case, it is advisable to use a venturi meter because the pressure 
is measured directly at the throat. 
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Figure 13.25 


Venturi meter. 


The mass flow rate of a compressible fluid through a venturi meter can easily be analyzed us- 
ing the equations developed in Chapter 12. Consider the venturi meter shown in Fig. 13.25. Writing 
the energy equation, Eq. (12.15), for the flow of an ideal gas between stations | and 2 gives 


2 2 
Vi kKRT, V; KRT. 
Sf Se ee (13.21) 
2 k-1 2 k-i 
By conservation of mass, the velocity V, can be expressed as 
AV. 
a P242"2 
pA; 


Substituting this result into Eq. (13.21), using the ideal-gas law to eliminate temperature, and 
solving for V} gives 


7 - [parue engen 
A ee 


5 (13.22) 
1 — (P243/ P141) 


Assuming that the flow is isentropic, 
Py _ ei 
P2 Pa 
the equation for the velocity at the throat can be rewritten as 


= 7 (k-l)/k4) 1/2 
p= 1)](P1/P [1 - (P2/P1) € (13.23) 


1- (p2/p1) (DZD 


The mass flow is obtained by multiplying V, by p,4,. This analysis, however, has been based 

on a one-dimensional flow, and two-dimensional effects can be accounted for by the dis- 
charge coefficient C4. The final result is 

Vk ([2K/(k=1 Lea 

fn = CyprAyV> = C,A,{ 72) To re le TT e (13.24) 

1—(p2/p,) (D2/D)) 


Pi 
This equation is valid for all flow conditions, subsonic or supersonic, provided no shock 
waves occur between station 1 and station 2. It is good design practice to avoid supersonic 
flows in the venturi meter in order to prevent the formation of shock waves and the attendant 
total pressure losses. Also, the discharge coefficient can generally be taken as unity if no 
shock waves occur between 1 and 2. 


=J i; 
l Ed 


a 
“6 L 
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EXAMPLE 13.9 FLOW RATE FOR AIR THROUGH | Plan 


A VENTURI METER (COMPRESSIBLE FLOW) 1. Calculate density of air in the pipe (upstream) using the 
Calculate the mass flow rate of air (inlet static ideal gas law. 
temperature = 27°C) flowing through a venturi meter. The 2. Calculate mass flow rate using Eq. (13.24). 
venturi throat is 1 cm in diameter (D,), and the pipe is 3 cm in A 
diameter (D; ). Upstream static pressure is 150 kPa, and throat Solution 
pressure is 100 kPa. 1. Ideal gas law 
3 2 
Problem Definition ee OLO Nee 


Situation: 


1. Air flows through a venturi meter. 2. Mass flow rate 


ene, ieee : : 3 E 0.714 
2. Pipe diameter is D = 0.03 m. Venturi throat diameter is = OET m( 5) 


d= 0.01m. 

3% Upstream conditions: Static temperature is 27°C; static 7% 150 x 10° N/m? x 1.74 e/a iil Davis) | 1/2 
pressure is 150 kPa. 56 han a a 

4. Pressure in throat = 100 kPa. [l=C7isy ~ U73ay 7 


Find: Mass flow rate (in kg/s). = 


Properties: Air (27°C), Table A.2: k = 1.4, and 
R = 287 J/kg - K. 


Sketch: 


Os. Static pressure gage 


Static temp = 27°C 


D = 1 cm 


Di =3cm p2 = 100 kPa 


pı = 150 kPa 








Shock Wave Visualization 


When studying supersonic flow in a wind tunnel, it is important to be able to locate and identify 
the shock wave pattern. Unfortunately, shock waves cannot be seen with the naked eye, so the 
application of some type of optical technique is necessary. There are three techniques by 
which shock waves can be seen: the shadowgraph, the interferometer, and the schlieren sys- 
tem. Each technique has its special application related to the type of information on density 
variation that is desired. The schlieren technique, however, finds frequent use in shock wave 
visualization. 

An illustration of the essential features of the schlieren system is given in Fig. 13.26. 
Light from the source s is collimated by lens L, to produce a parallel light beam. The light 
then passes through a second lens L, and produces an image of the source at plane f: A third 
lens L, focuses the image on the display screen. A sharp edge, usually called the knife edge, 
is positioned at plane f so as to block out a portion of the light. 
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Figure 13.26 





Schlieren system. 


Figure 13.27 





Schematic diagram of a 
Mach-Zender 
interferometer. 











If a shock wave occurs in the test section, the light is refracted by the density change 
across the wave. As illustrated by the dashed line in Fig. 13.26, the refracted ray escapes the 
blocking effect of the knife edge, and the shock wave appears as a lighter region on the 
screen. Of course, if the beam is refracted in the other direction, the knife edge blocks out 
more light, and the shock wave appears as a darker region. The contrast can be increased by 
intercepting more light with the knife edge. 


Interferometry 


The interferometer allows one to map contours of constant density and to measure the density 
changes in the flow field. The underlying principle is the phase shift of a light beam on pass- 
ing through media of different densities. The system now employed almost universally is the 
Mach-Zender interferometer, shown in Fig. 13.27. Light from a common source is split into 
two beams as it passes through the first half-silvered mirror. One beam passes through the 
test section, the other through the reference section. The two beams are then recombined and 
projected onto a screen or photographic plate. If the density in the test section and that in the 
reference section are the same, there is no phase shift between the two beams, and the screen 
is uniformly bright. However, a change of density in the test section changes the light speed 
of the test section beam, and a phase shift is generated between the two beams. Upon recom- 
bination of the beams, this phase shift gives rise to a series of dark and light bands on the 
screen. Each band represents a uniform-density contour, and the change in density across 
each band can be determined for a given system. 


Filter 





> > 
Reference Mirror 
section 


> = 





Light 
source 











Half-silvered 
mirrors 












Test 


Mirror section 














Screen 


13.4 ACCURACY OF MEASUREMENTS 463 


—< 


Accuracy of Measurements 





When a parameter is measured, it is important to assess the accuracy of the measurement. 
The resulting analysis, called an uncertainty analysis, provides an estimate of the upper and 
lower bounds of the parameter. For example, if Q is a measured value of discharge, 
uncertainty analysis provides an estimate of the uncertainty Up in this measurement. The 
measurement would then be reported as Q + Up. 


Commonly, a parameter of interest is not directly measured but is calculated from other 
variables. For example, discharge for an orifice meter is calculated using Eq. (13.7a). Such an 
equation is called a data reduction equation. Consider a data reduction equation of the form 


x = fyi Y» see Pa) 


where x is the parameter of interest and y, through y, are the independent variables. Then, the 
uncertainty in x, which is written as U,, is given by 


nE Eu al as 


where U,, is the uncertainty in variable y,. Equation (13.25), known as the uncertainty equation, 
is very useful for quantifying the accuracy of an experimental measurement, and for planning 
experiments. Additional information about uncertainty analysis is provided by Coleman and 





Steele (17). 
EXAMPLE 13.10 UNCERTAINTY ESTIMATE Sketch: 
FOR AN ORIFICE METER 





For the orifice meter described in Example 13.2, estimate the 
uncertainty of the calculated discharge. Assume that 
uncertainty in K is 0.03, the uncertainty in diameter is 0.15 mm, 
and the uncertainty in measured head is 10 mm-Hg. 





Problem Definition 
Situation: 


1. Water flows through an orifice (d = 0.15 m) ina pipe 

(D = 0.24 m). 
2. Amercury-water manometer is used to measure pressure drop. 
Find: Uncertainty (in m*/s) for the calculated discharge Q. 





Plan : 
i ; ; Solution 
l ate a, een pu (DRE) : 1. The data reduction equation is the orifice equation, 
2. Within the DRE, identify each variable that contributes to Eq. (13.7a). 
uncertainty. ? 
3. Develop an equation for uncertainty by applying Eq. (13.25). Q = K(md /4)y2gAh 


4. Calculate uncertainty by using the equation developed in 
step 3. 
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2. Variables that cause uncertainty are K, d, g, and h. Neglect the 
influence of g. 


3. Derive an equation for the uncertainty 


2 2 2 
a | oO dQ dQ 
Up = (Bu +{ 2u,| +{ 0, 
Evaluate each partial derivative and then divide both sides of 
this equation by Q°: 


EE 


4. Substitute values from Example 13.2: 
Uo E eue 10 J 
Qj} \0.66 150 2x 250 


(Uf 2 
(2) = (20.7 x 10%) + (0.04 x 10%) + (4 x 10%) 


Ug = 0.04970 = 0.0497 x (0.092 m’/s) 








= 0.0046 m/s 
Thus 
Q = (0.092 + 0.046) m°/s 
Review 


The primary source of uncertainty in the discharge is due to 
Ux. The term U, has a small effect, and U, has a negligible 
effect. 





— í 


Summary 


There are many methods and instruments for measuring velocity, pressure, and flow rate: 


e For velocity measurement: stagnation tube, Pitot tube, yaw meter, vane and cup ane- 
mometers, hot-wire and hot-film anemometers, laser-Doppler anemometer, and particle 


image velocimetry 


e For pressure measurement: static tube, piezometer, differential manometer, Bourdon-tube 
gage, and several types of pressure transducers 

e For flow rate measurement: direct volume or weight measurement, velocity-area in- 
tegration, orifice meter, flow nozzle, venturi meter, electromagnetic flow meter, ultrasonic 
flow meter, turbine flow meter, vortex flow meter, rotameter, and weir 


Flow rate or discharge for a flow meter that uses a restricted opening (1.e., an orifice, 
flow nozzle, or venturi) is calculated using 


Q = KA,N2gAh = KA,,/2Ap,/p 


where K is a flow coefficient that depends on Reynolds number and the type of flow meter, 4, is 
the area of the opening, AA is the change in piezometric head across the flowmeter, and Ap, is 
drop in piezometric pressure across the flowmeter. 

Discharge for a rectangular weir of length L is given by 


QO = KJ2gLH*” 
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where K is the flow coefficient that depends on H/P. The term H is the height of the water 
above the crest of the weir, as measured upstream of the weir, and P is the height of the weir. 


Discharge for a 60° triangular weir with H > 2 cm is given by 


O = 0.179, 2eH?”* 


When flow is compressible, instruments such as the stagnation tube, hot-wire anemometer, 
Pitot tube, and flow nozzle may be used. However, equations correlating velocity and discharge 
need to be altered to account for the effects of compressibility. To observe shock waves in com- 
pressible flow, a schlieren technique or an interferometer may be used. 

Uncertainty analysis provides a way to quantify the accuracy of a measurement. When 


a parameter of interest x is evaluated using an equation of the form x = f(y, V2, . . 


i s Yn) 


where y, through y, are the independent variables, the uncertainty in x is given by 


x 


oy 1 


u.=((2u 


J+ (Zu) + ete aie (So T 
? n 


where U,, is the uncertainty in variable y,. This equation, known as the uncertainty equation, 
is very useful for estimating uncertainty and for planning experiments. 


References 


1. Hurd, C. W., K. P. Chesky, and A. H. Shapiro. “Influence of Vis- 
cous Effects on Impact Tubes.” Trans. ASME J. Applied Mechanics, 
vol. 75 (June 1953). 

2. King, H. W., and E. F. Brater. Handbook of Hydraulics. 
McGraw-Hill, New York, 1963. 

3. Lomas, Charles C. Fundamentals of Hot Wire Anemometry. 
Cambridge University Press, 1986. 

4. Durst, Franz. Principles and Practice of Laser-Doppler Ane- 
mometry. Academic Press, New York, 1981. 

5. Kline, J. J. “Flow Visualization.” In I//ustrated Experiments in 
Fluid Mechanics: The NCFMF Book of Film Notes. Educational 
Development Center, 1972. 

6. Macagno, Enzo O. “Flow Visualization in Liquids.” Jowa Inst. 
Hydraulic Res. Rept., 114 (1969). 

7. Raffel, M., C. Wilbert, and J. Kompenhans. Particle Image 
Velocimetry. Springer, New York, 1998. 

8. Lienhard, J. H., V, and J. H. Lienhard, IV. “Velocity Coeffi- 
cients for Free Jets from Sharp-Edged Orifices.” Trans. ASME J. Fluids 
Engineering, 106, (March 1984). 


Problems 


Overview 


13.1 PO <4 List five different instruments or approaches that en- 
gineers use to measure fluid velocity. For each instrument or ap- 
proach, list two advantages and two disadvantages. 





13.2 PO List five different instruments or approaches that en- 
gineers use to measure flow rate (discharge). For each instru- 
ment or approach, list two advantages and two disadvantages. 
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Stagnation Tubes 


13.3 PQ< Consider measuring the speed of automobile by 

building a stagnation tube from a drinking straw and then using 

this device with a water-filled U-tube manometer. 

a. Make a sketch that illustrates how you would propose mak- 
ing this measurement. 
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b. Determine the lowest velocity that could be measured. As- 
sume that the lower limit is based on the resolution of the 
manometer. 

13.4 Without exceeding an error of 2.5%, what is the minimum 

air velocity that can be obtained using a | mm circular stagna- 

tion tube if the formula. 


V= J2APsag/ P = A 28 lita 
is used for computing the velocity? Assume standard atmo- 
spheric conditions. 





13.5 Without exceeding an error of 1%, what is the minimum 
water velocity that can be obtained using a 1.5 mm circular 
stagnation tube if the formula 


V = J2AD tag/P = f28N stag 
is used for computing the velocity? Assume the water tempera- 
ture is 20°C. 


13.6A stagnation tube 2 mm in diameter is used to measure the ve- 
locity in a stream of air as shown. What is the air velocity if the de- 
flection on the air-water manometer is 1.0 mm? Air temperature = 
10°C, and p = 1 atm. 





4 
F 


Deflection 





> 


}—__—.. 








r 





Stagnation tube 











> 


PROBLEMS 13.6, 13.7 


13.7 If the velocity in an airstream (p, = 98 kPa; T = 10°C) is 
12 m/s, what deflection will be produced in an air-water ma- 
nometer if the stagnation tube is 2 mm in diameter? 


13.8 What would be the error in velocity determination if one 
used a C, value of 1.00 for a circular stagnation tube instead of 
the true value? Assume the measurement is made with a stagna- 
tion tube 2 mm in diameter that is measuring air (T = 25°C, 
p = 1 atm) velocity for which the stagnation pressure reading is 


5.00 Pa. 

13.9 A velocity-measuring probe used frequently for measuring 
stack gas velocities is shown. The probe consists of two tubes bent 
away from and toward the flow direction and cut off on a plane 
normal to the flow direction, as shown. Assume the pressure co- 
efficient is 1.0 at A and —0.4 at B. The probe is inserted in a stack 
where the temperature is 300°C and the pressure is 100 kPa ab- 
solute. The gas constant of the stack gases is 410 J/kg K. The 
probe is connected to a water manometer, and a 1.0 cm deflection 
is measured. Calculate the stack gas velocity. 











PROBLEM 13.9 


Volume Flow Rate (Discharge) 


13.10 Water from a pipe is diverted into a tank for 4 min. Ifthe weight 
of diverted water is measured to be 10 KN, what is the discharge in 
cubic meters per second? Assume the water temperature is 20°C. 
13.11 Water from a test apparatus is diverted into a calibrated 
volumetric tank for 5 min. If the volume of diverted water is 
measured to be 80 m?, what is the discharge in cubic meters 
per second, gallons per minute, and cubic feet per second? 
13.12 A velocity traverse in a 24 cm oil pipe yields the data in the 
table. What are the discharge, mean velocity, and ratio of maximum 
to mean velocity? Does the flow appear to be laminar or turbulent? 








r (cm) V (m/s) r (cm) V (m/s) 
0 8.7 7 5.8 
1 8.6 8 4.9 
2 8.4 9 3.8 
3 8.2 10 DS 
4 7.7 10.5 1.9 
5 We 11.0 1.4 
6 6.5 11.5 0.7 





13.13 A velocity traverse inside a 16 in. circular air duct yields 
the data in the table. What is the rate of flow in cubic feet per 
second and cubic feet per minute? What is the ratio of V,,,, to 


max 


V nean? Does it appear that the flow is laminar or turbulent? If 


mean * 


p = 14.3 psia and T = 70°F, what is the mass flow rate? 








y* V(ft/s) y* Vts) 
0.0 0 2.0 110 
0.1 2 3.0 117 
0.2 79 4.0 122 
0.4 88 5.0 126 
0.6 93 6.0 129 
1.0 100 7.0 132 
1.5 106 8.0 135 


*Distance from pipe wall, in. 
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13.14 The asymmetry of the flow in stacks means that flow ve- 
locity must be measured at several locations on the cross-flow 
plane. Consider the cross section of the cylindrical stack shown. 
The two access holes through which probes can be inserted are 
separated by 90°. Velocities can be measured at the five points 
shown (five-point method). 

a. Determine the ratio r,,,/D such that the areas of the five mea- 
suring segments are equal. 

b. Determine the ratio r/D (probe location) that corresponds to 
the centroid of the segment. 

c. The data in the table are taken for a stack 2 m in diameter in 
which the gas temperature is 300°C, the pressure is 110 kPa ab- 
solute, and the gas constant is 400 J/kg K. The data repre- 
sent the deflection on a water manometer connected to a 
Pitot-static tube located at the measuring stations. Calculate 
the mass flow rate. 





Station Ah (cm) 





AnRWNe 
— 
— 





PROBLEM 13.14 


13.15 Repeat Prob. 13.14 for the case in which three access 
holes are separated by 60° and seven measuring points are 
used. The diameter of the stack is 1.5 m, the gas temperature is 
250°C, the pressure is 115 kPa absolute, and the gas constant 
is 420 J/kg K. The data in the following table represent the de- 
flection of a water manometer connected to a Pitot-static tube at 
the measuring stations. Calculate the mass flow rate. 





Station Ah (mm) 





8.2 
8.6 
8.2 
8.9 
8.0 
8.5 
8.4 


NADNABWNe 





13.16 Theory and experimental verification indicate that the 
mean velocity along a vertical line in a wide stream is closely 


approximated by the velocity at 0.6 depth. If the indicated ve- 
locities at 0.6 depth in a river cross section are measured, what 
is the discharge in the river? 


1.32 m/s 





1.02 m/s P 
























Depth, m 
RWNHO 
TITT] 

a g 

ii 
' 


L L L L L L L L 
10 20 30 40 50 60 70 80 90 100 110 120 
Distance from left bank, m 


PROBLEM 13.16 





Laser-Doppler Anemometers 


13.17 PQ Literature Review. On the Internet, locate quality 
resources relevant to the LDA. Skim these resources, and then 
a. Write down five findings that are relevant to engineering 
practice and interesting to you. 
b. Write down two questions about LDAs that are interesting 
and insightful. 
13.18 A laser-Doppler anemometer (LDA) system is being used 
to measure the velocity of air in a tube. The laser is an argon-ion 
laser with a wavelength of 4880 angstroms. The angle between 
the laser beams is 20°. The time interval is determined by mea- 
suring the time between five spikes, as shown, on the signal 
from the photodetector. The time interval between the five 
spikes is 12 microseconds. Find the velocity. 


12 us 
PROBLEM 13.18 


Orifice Meters 


13.19 PQ On the Internet, locate quality knowledge resources 

relevant to orifice meters. Skim these resources, and then 

a. Write down five findings that are relevant to engineering 
practice and interesting to you. 

b. Write down two questions that are interesting, insightful, and 
relevant to orifice meters. 


13.20 For the jet and orifice shown, determine C,, C., and C4. 
13.21 A fluid jet discharging from a 3 cm orifice has a diameter of 
2.7 cm at its vena contracta. What is the coefficient of contraction? 
13.22 Figure 13.13 is of a sharp-edged orifice. Note that the 
metal surface immediately downstream of the leading edge 
makes an acute angle with the metal of the upstream face of the 
orifice. Do you think the orifice would operate the same (have 
the same flow coefficient, K) if that angle were 90°? Explain 
how you came to your conclusion. 

13.23 New orifices such as that shown in Fig. 13.13 will have 
definite flow coefficients as given in Fig. 13.14. With age, 
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1.90 m 
P contracta 
—) d=8cm 
d=10.0cem—| þ— 





PROBLEM 13.20 


however, physical changes could occur to the orifice. Explain 
what changes these might be and how (if at all) these physical 
changes might affect the flow coefficients. 

13.24A 6 in. orifice is placed in a 10 in. pipe, and a mercury 
manometer is connected to either side of the orifice. If the flow 
rate of water (60°F) through this orifice is 4.5 cfs, what will be 
the manometer deflection? 

13.25 Determine the discharge of water through this 6 in. orifice 
that is installed in a 12 in. pipe. 


12 in— 


N 
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is 











PROBLEM 13.25 


13.26 The flow coefficient values for orifices given in Fig. 
13.14 were obtained by testing orifices in relatively smooth 
pipes. If an orifice were used in a pipe that was very rough, do 
you think you would get a valid indication of discharge by using 
the flow coefficient of Fig. 13.14? Justify your conclusion. 
13.27 Determine the discharge of water (T = 60°F) through the 
orifice shown if h = 5 ft, D = 6 in., and d = 3 in. 

13.28 A pressure transducer is connected across an orifice to 
measure the flow rate of kerosene at 20°C. The pipe diameter 
is 2 cm, and the ratio of orifice diameter to pipe diameter is 0.6. 
The pressure differential as indicated by the transducer is 10 
kPa. What is the mean velocity of the kerosene in the pipe? 
13.29 The 10 cm orifice in the horizontal 30 cm pipe shown is the 
same size as the orifice in the vertical pipe. The manometers are 
mercury-water manometers, and water (T = 20°C) is flowing in 
the system. The gages are Bourdon-tube gages. The flow, at a rate 
of 0.1 m/s, is to the right in the horizontal pipe and therefore 
downward in the vertical pipe. Is Ap as indicated by gages A and 
B the same as Ap as indicated by gages D and E? Determine their 


values. Is the deflection on manometer C the same as the deflec- 
tion on manometer F? Determine the deflections. 
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PROBLEM 13.29 


13.30 A 15 cm plate orifice at the end of a 30 cm pipe is en- 
larged to 20 cm. With the same pressure drop across the orifice 
(approximately 50 kPa), what will be the percentage of increase 
in discharge? 

13.31 If water (20°C) is flowing through this 5 cm orifice, esti- 
mate the rate of flow. 
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13.32 A pressure transducer is connected across an orifice as 
shown. The pressure at the upstream pressure tap is p,, and the 
pressure at the downstream tap is p). The pressure at the trans- 
ducer connected to the upstream tap is pr, and to the down- 
stream pressure tap, p>. Show that the difference in piezometric 
pressure defined as (p, + yz) — (P2 + YZ) is equal to the pressure 
difference across the transducer, pp — Prz 
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PROBLEM 13.32 


13.33 Water (T = 50°F) is pumped at a rate of 20 cfs through 
the system shown in the figure. What differential pressure will 
occur across the orifice? What power must the pump supply to 
the flow for the given conditions? Also, draw the HGL and the 
EGL for the system. Assume f = 0.015 for the pipe. 


Elevation = 5 ft 
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PROBLEM 13.33 


13.34 Determine the size of orifice required in a 15 cm pipe to 
measure 0.03 m?/s of water with a deflection of 1 m on a mer- 
cury-water manometer. 

13.35 What is the discharge of gasoline (S = 0.68) in a 10 cm 
horizontal pipe if the differential pressure across a 6 cm orifice 
in the pipe is 50 kPa? 

13.36 What size orifice is required to produce a change in head of 
6 m for a discharge of 2 m?/s of water in a pipe 1 m in diameter? 
13.37 An orifice is to be designed to have a change in pressure 
of 50 kPa across it (measured with a differential-pressure trans- 
ducer) for a discharge of 3.0 m?/s of water in a pipe 1.2 m in di- 
ameter. What diameter should the orifice have to yield the 
desired results? 

13.38 Hemicircular orifices such as the one shown are some- 
times used to measure the flow rate of liquids that also transport 
sediments. The opening at the bottom of the pipe allows free 
passage of the sediment. Derive a formula for Q as a function of 
Ap, D, and other relevant variables associated with the problem. 
Then, using that formula and guessing any unknown data, esti- 
mate the water discharge through such an orifice when Ap is 
read as 80 kPa and flow is in a 30 cm pipe. 
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PROBLEM 13.38 























View 4-A 


Venturi Meters 


13.39 PQ <4 What is the main advantage of a venturi meter ver- 
sus an orifice meter? The main disadvantage? 

13.40 Water flows through a venturi meter that has a 30 cm 
throat. The venturi meter is in a 60 cm pipe. What deflection 
will occur on a mercury-water manometer connected between 
the upstream and throat sections if the discharge is 0.75 m?/s? 
Assume T = 20°C. 

13.41 What is the throat diameter required for a venturi meter 
in a 200 cm horizontal pipe carrying water with a discharge of 
10 m?/s if the differential pressure between the throat and the 
upstream section is to be limited to 200 kPa at this discharge? 
13.42 Estimate the rate of flow of water through the venturi 
meter shown. 





Air (y = 0.20 Ibf/ft) 





30° 
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PROBLEM 13.42 


13.43 When no flow occurs through the venturi meter, the indi- 
cator on the differential-pressure gage is straight up and indi- 
cates a Ap of zero. When 5 cfs of water flows to the right, the 
differential-pressure gage indicates Ap = +10 psi. If the flow is 
now reversed and 5 cfs flow to the left through the venturi meter, 
in which range would Ap fall? (a) Ap < -10 psi, (b) —10 
psi < Ap < 0,(c)0 < Ap < 10 psi, or (d) Ap = 10 psi. 
13.44 The pressure differential across this venturi meter is 100 kPa. 
What is the discharge of water through it? 


470 


FLOW MEASUREMENTS 











PROBLEM 13,43 
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PROBLEM 13.44 


13.45 Engineers are calibrating a poorly designed venturi meter for 
the flow of an incompressible liquid by relating the pressure differ- 
ence between taps 1 and 2 to the discharge. By applying the Ber- 
noulli equation and assuming a quasi—one-dimensional flow 
(velocity uniform across every cross section), the engineers find that 


Oy = Anl2(p, -p2)/p] 11 - (d/D)‘T 


where D and dare the duct diameters at stations 1 and 2. However, 
they realize that the flow is not quasi—one-dimensional and 
that the pressure at tap 2 is not equal to the average pressure in the 
throat because of streamline curvature. Thus the engineers intro- 
duce a correction factor K into the foregoing equation to yield 


Q = kKQ 
Use your knowledge of pressure variation across curved stream- 
lines to decide whether K is larger or smaller than unity, and 
support your conclusion by presenting a rational argument. 





PROBLEM 13.45 


13.46 The differential-pressure gage on the venturi meter shown 
reads 6.2 psi, h = 25 in., d = 6 in., and D = 12 in. What is the 
discharge of water in the system? Assume T = 50°F. 

13.47 The differential-pressure gage on the venturi meter reads 
45 kPa, d = 20cm, D = 40 cm, and h = 80 cm. What is the dis- 
charge of gasoline (S = 0.69; u = 3 x 107N- s/m?) in the 
system? 

13.48 A flow nozzle has a throat diameter of 2 cm and a beta ra- 
tio (d/D) of 0.5. Water flows through the nozzle, creating a 


pressure difference across the nozzle of 8 kPa. The viscosity of 
the water is 10% m/s, and the density is 1000 kg/m’. Find the 
discharge. 
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PROBLEM 13.46 


13.49 Water flows through an annular venturi consisting of a 
body of revolution mounted inside a pipe. The pressure is mea- 
sured at the minimum area and upstream of the body. The pipe 
is 5 cm in diameter, and the body of revolution is 2.5 cm in di- 
ameter. A head difference of 1 m is measured across the pres- 
sure taps. Find the discharge in cubic meters per second. 





PROBLEM 13.49 
Miscellaneous Measurement Techniques 
13.50 What is the head loss in terms of Ve/ 2g for the flow noz- 
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PROBLEM 13.50 


13.51 A vortex flow meter is used to measure the discharge in a 
duct 5 cm in diameter. The diameter of the shedding element is 
1 cm. The Strouhal number based on the shedding frequency 
from one side of the element is 0.2. A signal frequency of 50 Hz 
is measured by a pressure transducer mounted downstream of 
the element. What is the discharge in the duct? 

13.52 A rotameter operates by aerodynamic suspension of a 
weight in a tapered tube. The scale on the side of the rotameter 
is calibrated in scfm of air—that is, cubic feet per minute at 
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standard conditions (p = 1 atm and T = 68°F). By considering 
the balance of weight and aerodynamic force on the weight in- 
side the tube, determine how the readings would be corrected 
for nonstandard conditions. In other words, how would the actual 
cubic feet per minute be calculated from the reading on the scale, 
given the pressure, temperature, and gas constant of the gas enter- 
ing the rotameter? 


Fp 





Weight 
PROBLEM 13.52 


13.53 A rotameter is used to measure the flow rate of a gas with 
a density of 1.0 kg/m’. The scale on the rotameter indicates 
5 liters/s. However, the rotameter is calibrated for a gas with a 
density of 1.2 kg/m>. What is the actual flow rate of the gas (in 
liters per second)? 
13.54 One mode of operation of ultrasonic flow meters is to mea- 
sure the travel times between two stations for a sound wave trav- 
eling upstream and then downstream with the flow. The 
downstream propagation speed with respect to the measuring sta- 
tions isc + V, where c is the sound speed and V is the flow veloc- 
ity. Correspondingly, the upstream propagation speed is c — V. 
a. Derive an expression for the flow velocity in terms of the 
distance between the two stations, L; the difference in travel 
times, At; and the sound speed. 
b. The sound speed is typically much larger than V (c » V). 
With this approximation, express V in terms of L, c, and At. 
c. A 10 ms time difference is measured for waves traveling 20 m 
in a gas where the speed of sound is 300 m/s. Calculate the 
flow velocity. 


Weirs 


13.55 PQ<What variables influence flow rate through a rectan- 
gular weir? 

13.56 PQ On the Internet locate quality resources relevant to 
weirs, skim these resources, and write down five important findings. 
13.57 Water flows over a rectangular weir that is 4 m wide and 
30 cm high. If the head on the weir is 20 cm, what is the dis- 
charge in cubic meters per second? 

13.58 The head on a 60° triangular weir is 25 cm. What is the 
discharge over the weir in cubic meters per second? 

13.59 Water flows over two rectangular weirs. Weir A is 5 ft long 
in a channel 10 ft wide; weir B is 5 ft long in a channel 5 ft 
wide. Both weirs are 2 ft high. If the head on both weirs is 1.00 ft, 
then one can conclude that (a) O, = Qg, (b) O, > Qp, or (c) 
Q4 < Qp- 
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PROBLEM 13.59 


13.60 A 1 ft-high rectangular weir (weir 1) is installed in a 2 ft-wide 
rectangular channel, and the head on the weir is observed for a dis- 
charge of 10 cfs. Then the 1 ft weir is replaced by a 2 ft-high rect- 
angular weir (weir 2), and the head on the weir is observed for 
a discharge of 10 cfs. The ratio H,/H, should be (a) equal to 
1.00, (b) less than 1.00, or (c) greater than 1.00. 

13.61 A 3 m-long rectangular weir is to be constructed in a 3 m—wide 
rectangular channel, as shown (a). The maximum flow in the chan- 
nel will be 4 m°/s. What should be the height P of the weir to yield 
a depth of water of 2 m in the channel upstream of the weir? 
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(b) Elevation view 


(a) Rectangular weir 
(end view) 


PROBLEMS 13.61, 13.62, 13.63, 13.64 


13.62 Consider the rectangular weir described in Prob. 13.61. 
When the head is doubled, the discharge is (a) doubled, (b) 
less than doubled, or (c) more than doubled. 

13.63 A basin is 50 ft long, 2 ft wide, and 4 ft deep. A sharp- 
crested rectangular weir is located at one end of the basin, and it 
spans the width of the basin (the weir is 2 ft long). The crest of the 
weir is 2 ft above the bottom ofthe basin. At a given instant water 
in the basin is 3 ft deep; thus water is flowing over the weir and 
out of the basin. Estimate the time it will take for the water in the 
basin to go from the 3 ft depth to a depth of 2 ft 2 in. 

13.64 Water at 50°F is piped from a reservoir to a channel like 
that shown. The pipe from the reservoir to the channel is a 4 in. 
steel pipe 100 ft in total length. There are two 90° bends, 
r/D = 1, in the line, and the entrance and exit are sharp-edged. 
The weir is 2 ft long. The elevation of the water surface in the 
reservoir is 100 ft, and the elevation of the bottom of the 
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channel is 70 ft. The crest of the weir is 3 ft above the bottom of 
the channel. For steady flow conditions determine the water sur- 
face elevation in the channel and the discharge in the system. 
13.65 At one end of a rectangular tank 1 m wide is a sharp- 
crested rectangular weir 1 m high. In the bottom of the tank is a 
10 cm sharp-edged orifice. If 0.10 m?/s of water flows into the 
tank and leaves the tank both through the orifice and over the 
weir, what depth will the water in the tank attain? 

13.66 What is the water discharge over a rectangular weir 3 ft 
high and 10 ft long in a rectangular channel 10 ft wide if the 
head on the weir is 1.5 ft? 

13.67 A reservoir is supplied with water at 60°F by a pipe with a ven- 
turi meter as shown. The water leaves the reservoir through a trian- 
gular weir with an included angle of 60°. The flow coefficient 
of the venturi is unity, the area of the venturi throat is 12 in”, and 
the measured Ap is 10 psi. Find the head, H, of the triangular weir. 


= 
H 60° 60° 


| 


13.68 At a particular instant water flows into the tank shown 
through pipes A and B, and it flows out of the tank over the rect- 
angular weir at C. The tank width and weir length (dimensions 
normal to page) are 2 ft. Then, for the given conditions, is the 
water level in the tank rising or falling? 

















PROBLEM 13.67 
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PROBLEM 13.68 


13.69 Water flows from the first reservoir to the second over a 
rectangular weir with a width-to-head ratio of 3. The height P of 
the weir is twice the head. The water from the second reservoir 
flows over a 60° triangular weir to a third reservoir. The dis- 
charge across both weirs is the same. Find the ratio of the head 
on the rectangular weir to the head on the triangular weir. 

13.70 Given the initial conditions of Prob. 13.69, tell, qualita- 
tively and quantitatively, what will happen if the flow entering 
the first reservoir is increased 50%. 

13.71 A rectangular irrigation canal 3 m wide carries water with a 
discharge of 6 m?/s. What height of rectangular weir installed 








PROBLEM 13.69 


across the canal will raise the water surface to a level 2 m above 
the canal floor? 

13.72 The head on a 60° triangular weir is 1.5 ft. What is the 
discharge of water over the weir? 

13.73 An engineer is designing a triangular weir for measuring 
the flow rate of a stream of water that has a discharge of 10 cfm. 
The weir has an included angle of 45° and a coefficient of dis- 
charge of 0.6. Find the head on the weir. 

13.74 A pump is used to deliver water at 10°C from a well to a 
tank. The bottom of the tank is 2 m above the water surface in 
the well. The pipe is commercial steel 2.5 m long with a diame- 
ter of 5 cm. The pump develops a head of 20 m. A triangular 
weir with an included angle of 60° is located in a wall of the tank 
with the bottom of the weir 1 m above the tank floor. Find the 
level of the water in the tank above the floor of the tank. 


























PROBLEM 13.74 


Measurements in Compressible Flow 


13.75 A Pitot-static tube is used to measure the Mach number in 
a compressible subsonic flow of air. The stagnation pressure is 
140 kPa, and the static pressure is 100 kPa. The total tempera- 
ture of the flow is 300 K. Determine the Mach number and the 
flow velocity. 

13.76 Use the normal shock wave relationships developed in 
Chapter 12 to derive the Rayleigh supersonic Pitot formula. 
13.77 The static and stagnation pressures measured by a Pitot-static 
tube in a supersonic air flow are 54 kPa and 200 kPa, respectively. 
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The total temperature is 350 K. Determine the Mach number 
and the velocity of the free stream. 

13.78 A venturi meter is used to measure the flow of helium in 
a pipe. The pipe is 1 cm in diameter, and the throat diameter is 
0.5 cm. The measured upstream and throat pressures are 120 kPa 
and 80 kPa, respectively. The static temperature of the helium in 
the pipe is 17°C. Determine the mass flow rate. 

13.79 Hydrogen at atmospheric pressure and 15°C flows 
through a sharp-edged orifice with a beta ratio, d/D, of 0.5 
in a 2 cm pipe. The pipe is horizontal, and the pressure 
change across the orifice is 1 kPa. The flow coefficient is 
0.62. Find the mass flow (in kilograms per second) through 
the orifice. 

13.80 A hole 0.2 in. in diameter is accidentally punctured in a 
line carrying natural gas (methane). The pressure in the pipe is 
50 psig, and the atmospheric pressure is 14 psia. The tempera- 
ture in the line is 70°F. What is the rate at which the methane 
leaks through the hole (in lbm/s)? The hole can be treated as a 
truncated nozzle. 


Uncertainty Analysis 


13.81 Consider the stagnation tube of Prob. 13.6. If the uncer- 
tainty in the manometer measurement is 0.1 mm, calculate the ve- 
locity and the uncertainty in the velocity. Assume that C, = 1.00, 
Pair = 1.25 kg/m, and the only uncertainty is due to the mano- 
meter measurement. 

13.82 Consider the orifice meter in Prob. 13.25. Calculate the 
flow rate and the uncertainty in the flow rate. Assume the fol- 
lowing values of uncertainty: 0.03 in flow coefficient, 0.05 in. 
in orifice diameter, and 0.5 in. in height of mercury. 

13.83 Consider the weir in Prob. 13.66. Calculate the discharge 
and the uncertainty in the discharge. Assume the uncertainty in 
Kis 5%, in H is 3 in., and in L is 1 in. 
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Turbomachinery 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Explain the difference between a pump, compressor, and turbine. 
e Distinguish between an axial and radial machine. 
e Explain the meaning of head, power, and discharge coefficients. 
e Explain the difference in application between axial and radial compressors. 
e Explain the significance of specific speed. 
e Explain the difference between an impulse and reaction turbine. 


Procedural Knowledge 
e Calculate thrust produced by a propeller. 
e Calculate performance of axial fan. 
e Calculate discharge, head, and power for a pump. 
e Calculate power produced by a turbine. 


Applications (Typical) 
e Thrust of a propeller. 
e Power required to operate fan. 
e Selection of best pump for specific application. 
e Power produced by impulse and reaction turbine. 


Machines to move fluids or to extract power from moving fluids have been designed and 
used by human beings since the beginning of recorded history. Ancient designs included 
buckets attached to a rope to transport water from a well or river. In the third century B.c., 
Archimedes invented the screw pump, which the Romans later used in their water supply 
systems. Water wheels were used in ancient China for grinding grain. 

Fluid machines are used everywhere. They are the essential components of the automobiles 
we drive, the supply systems for the water we drink, the power generation plants for the electricity 
we use, and the air-conditioning and heating systems which provide the comfort we enjoy. 

This chapter will introduce the concepts underlying various types of turbomachines and 
show how different designs are best suited to specific applications. 

Fluid machines are separated into two broad categories: positive-displacement ma- 
chines and turbomachines. Positive-displacement machines operate by forcing fluid into or 
out of a chamber. Examples include the bicycle tire pump, the gear pump, the peristaltic 
pump, and the human heart. Turbomachines involve the flow of fluid through rotating blades 
or rotors that remove or add energy to the fluid. Examples include propellers, fans, water 
pumps, windmills, and compressors. Axial-flow turbomachines operate with the flow enter- 
ing and leaving the machine in the direction that is parallel to the axis of rotation of blades. A 
radial-flow machine can have the flow either entering or leaving the machine in the radial di- 
rection which is normal to the axis of rotation. 
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Propellers 


Table 14.1 CATEGORIES OF TURBOMACHINERY 





Power Absorbing Power Producing 
Axial machines Axial pumps Axial turbine (Kaplan) 
Axial fans Wind turbine 
Propellers Gas turbine 
Axial compressors 
Radial machines Centrifugal pump Impulse turbine (Pelton wheel) 
Centrifugal fan Reaction turbine (Francis turbine) 


Centrifugal compressor 


Table 14.1 provides a classification for turbomachinery. Power-absorbing machines re- 
quire power to increase head (or pressure). A power-producing machine provides shaft power 
at the expense of head (or pressure) loss. Pumps are associated with liquids whereas fans 
(blowers) and compressors are associated with gases. Both gases and liquids produce power 
through turbines. Oftentimes the gas turbine refers to an engine that has both a compressor 
and turbine and produces power. 


A propeller is a fan that converts rotational motion into thrust. The design of a propeller is 
based on the fundamental principles of airfoil theory. For example, consider a section of the 
propeller in Fig. 14.1, and notice the analogy between the lifting vane and the propeller. This 
propeller is rotating at an angular speed w, and the speed of advance of the airplane and 
propeller is Vj. Focusing on an elemental section of the propeller, Fig. 14.1c, it is noted that 
the given section has a velocity with components Vj and V,. Here V, is tangential velocity, 
V, = ro, resulting from the rotation of the propeller. Reversing and adding the velocity 
vectors Vo and V, yield the velocity of the air relative to the particular propeller section (Fig. 
14.1d). 


The angle 0 is given by 


Vo 
0 = arctan| — (14.1) 
ro 


For a given forward speed and rotational rate, this angle is a minimum at the propeller tip 
(r = rọ) and increases toward the hub as the radius decreases. The angle B is known as the 
pitch angle. The local angle of attack of the elemental section is 


asit (14.2) 


The propeller can be analyzed as a series of elemental sections (of width dr) producing lift 
and drag, which provide the propeller thrust and create resistive torque. This torque multi- 
plied by the rotational speed is the power input to the propeller. 

The propeller is designed to produce thrust, and since the greatest contribution to thrust 
comes from the lift force F}, the goal is to maximize lift and minimize drag, Fp. For a given 
shape of propeller section, the optimum angle of attack can be determined from data such as 
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Figure 14.1 





Propeller motion. 

(a) Airplane motion. 
(b) View A-A. 

(c) View B-B. 

(d) Velocity relative to 
blade element. 











Vo (velocity of 
f advance) 


—— 
V, =ro ne 
(c) 


Fj dF, 
| d 


ro 


(b) (d) 








are given in Fig. 11.23. Because the angle @ increases with decreasing radius, the local pitch 
angle has to change to achieve the optimum angle of attack. This is done by twisting the blade. 

A dimensional analysis can be performed to determine the m-groups that characterize 
the performance of a propeller. For a given propeller shape and pitch distribution, the thrust 
of a propeller 7; will depend on the propeller diameter D, the rotational speed n, the forward 
speed Vo, the fluid density p, and the fluid viscosity w. 


T = f(D, œ, Vo. p. u) (14.3) 
Performing a dimensional analysis using the methods presented in Chapter 8, results in 
Eni. e 
pn DÍ nD’? p 





(14.4) 


It is conventional practice to express the rotational rate, n, as revolutions per second (rps). 
The m-group on the left is called the thrust coefficient, 


Z 
pn’ DI 
The first mt-group on the right is the advance ratio. The second group is a Reynolds number 


based on the tip speed and diameter of the propeller. For most applications, the Reynolds 
number is high, and experience shows that the thrust coefficient is unaffected by the Rey- 


= T 


Cr= (14.5) 


(14.6) 
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Figure 14.2 





Dimensionless 
performance curves for a 
typical propeller; 

D = 2.90 m, n = 1400 
rpm. [After Weick (1).] 


The angle 0 at the propeller tip is related to the advance ratio by 


r Vo\ _ 1 Vo 
0 =arctan| — | = arctan| -— (14.7) 
Org mnD 


As the advance ratio increases and 0 increases, the local angle of attack at the blade element 
decreases, the lift increases, and the thrust coefficient goes down. This trend is illustrated in 
Fig. 14.2, which shows the dimensionless performance curves for a typical propeller. Ulti- 


mately, an advance ratio is reached where the thrust coefficient goes to zero. 
Performing a dimensional analysis for the power, P, shows 





2 
Bof Yo pD a) 
=f\ = 14. 
pn’ D? 1 nD’? p om) 
The -group on the left is the power coefficient, 
P 
on D> 





Cp = (14.9) 


As with the thrust coefficient, the power coefficient is not significantly influenced by the Rey- 
nolds number at high Reynolds numbers, so Cp reduces to a function of the advance ratio only 


Cp =s( 2) (14.10) 


The functional relationship between Cp and V)/nD for an actual propeller is also shown in 
Fig. 14.2. Even though the thrust coefficient approaches zero for a given advance ratio, the 
power coefficient shows little decrease because it still takes power to overcome the torque on 
the propeller blade. 
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Figure 14.3 
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The curves for Cp and Cp are evaluated from performance characteristics of a given 
propeller operating at different values of Vj as shown in Fig. 14.3. Although the data for the 
curves are obtained for a given propeller, the values for Cp and Cp, as a function of advance 


ratio, can be applied to geometri 


cally similar propellers of different sizes and angular 


speeds.* Example 14.1 illustrates such an application. 





EXAMPLE 14.1 PROPELLER APPLICATION 


A propeller having the characteristics shown in Fig. 14.2 is to 
be used to drive a swamp boat. If the propeller is to have a 
diameter of 2 m and a rotational speed of V = 1200 rpm, what 
should be the thrust starting from rest? If the boat resistance 
(air and water) is given by the empirical equation 

Fp = 0.003 p Vo/ 2, where Vo is the boat speed in meters per 
second, Fp is the drag, and p is the mass density of the water, 
what will be the maximum speed of the boat and what power 
will be required to drive the propeller? Assume 

Pair = 1.20 kg/m? and Pyare = 1000 kg/m’, 


Problem Definition 

Situation: Propeller used to drive a swamp boat. 
Find: 

1. Thrust (in N) starting from rest. 

2. Maximum speed (in m/s) of swamp boat. 

3. Power required (in kW) to operate propeller. 


Sketch: 





Fp = 0.003 pV 3/2 





Properties: p = 1.2 kg/m’, p,, = 1000 kg/m’. 
Plan 
1. From Fig. 14.2, find thrust coefficient for zero advance ratio. 


2. Calculate thrust using Eq. (14.5). 


3. To calculate maximum speed, plot propeller thrust versus 
boat speed and on same graph plot resistance of swamp 
boat versus boat speed. The maximum speed is where the 
curves intersect. 


* The speed of sound was not included in the dimensional analysis. However, the propeller performance is 
reduced because the Mach number based on the propeller tip speed leads to shock waves and other 


compressible-flow effects. 
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4. The maximum power will be when the boat speed is Graph of propeller thrust and swamp boat drag versus 
zero, so use Eq. (14.9) with Cp for zero advance ratio speed 
from Fig. 14.2. 





Solution 


1. From Fig. 14.2, Cp = 0.048 for Vọ/nD = 0. 
2. Thrust 


F, = Crp D n’ = 0.048(1.20 kg/m*)(2 m)*(20 rps)” 
- 


3. Table of thrust versus speed of swamp boat 


F; thrust 
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10 
Tae Fo =, Vo in m/s 
Vo V//nD Cr Crp,D*n 0.003p,,V9/2 
5 m/s 0.125 0.040 307 N 37.5 N Curves intersect at V} = 11 m/s. Hence maximum 
10 m/s 0.250 0.027 207N 150 N speed of swamp boat is 11 m/s. 
15 m/s 0.375 0.012 90 N SOTEN 


Al INi Vo aD = 0.6, = OMA, 
P = 0.014(1.20 kg/m*)(2 m)°(20 rps)? 


= 4300 m- N/s = [4.30 kW] 


Review 


In an actual application the calculated maximum power is 
somewhat misleading. The starting rotational rate of propeller 
need not be 1200 rpm but can be a lower value. After the boat 
is gaining speed the rotational rate can be increased to 
achieve maximum speed. 





The efficiency of a propeller is defined as the ratio of the power output—that is, thrust 
times velocity of advance—to the power input. Hence the efficiency n is given as 


Pa _ CrpD'n’V, 
P CppD*n? 


-25 
or q= C,\nD (14.11) 


The variation of efficiency with advance ratio for a typical propeller is also shown in Fig. 
14.2. The efficiency can be calculated directly from Cy and Cp performance curves. Note at 
low advance ratios, the efficiency increases with advance ratio and then reaches a maximum 
value before the decreasing thrust coefficient causes the efficiency to drop toward zero. The 
maximum efficiency represents the best operating point for fuel efficiency. 

Many propeller systems are designed to have variable pitch; that is, pitch angles can be 
changed during propeller operation. Different efficiency curves corresponding to varying 
pitch angle are shown in Fig. 14.4. The envelope for the maximum efficiency is also shown 
in the figure. During operation of the aircraft, the pitch angle can be controlled to achieve 
maximum efficiency corresponding to the propeller rpm and forward speed. 





N 
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Figure 14.4 A Envelope of maximum 
efficiency 





Efficiency curves for 
variable-pitch propeller. 





Efficiency 


SS 
Increasing pitch 





LS 
Advance ratio 


The best source for propeller performance information is from propeller manufacturers. 
There are many speciality manufacturers from everything from marine to aircraft applications. 


—_@-- 


Axial-Flow Pumps 


The axial flow pump acts much like a propeller enclosed in a housing as shown in Fig. 14.5. 
The rotating element, the impeller, causes a pressure change between the upstream and 
downstream sections of the pump. In practical applications, axial-flow machines are best 
suited to deliver relatively low heads and high flow rates. Hence pumps used for dewatering 
lowlands, such as those behind dikes, are almost always of the axial-flow type. Water 
turbines in low-head dams (less than 30 m) where the flow rate and power production are 
large are also generally of the axial type. 


Head and Discharge Coefficients for Pumps 
The thrust coefficient is defined as F'7/ pD'n° for use with propellers, and if the same variables 
are applied to flow in an axial pump, the thrust can be expressed as Fy = ApA = yAHA or 











2 
ge re (14.12) 
42 4A p42 Ay2 2 
pD n pD n Dn 
Figure 14.5 K 
Axial-flow blower in a 
duct. APplower 


Pdownstream 





Pupstream 
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Figure 14.6 





Dimensionless 
performance curves for a 
typical axial-flow pump. 
[After Stepanoff (3).] 


A new parameter, called the head coefficient Cp, is defined using the variables of Eq. (14.12), as 


c,=4¢C,= Ax (14.13) 


m D’n/g 
which is a m-group that relates head delivered to fan diameter and rotational speed. 

The independent 7-group relating to propeller operation is Vy) /nD; however, multiply- 
ing the numerator and denominator by the diameter squared gives V}D?/nD?, and VD? is 
proportional to the discharge, Q. Thus the m-group for pump similarity studies is Q/nD? 
and is identified as the discharge coefficient Co. The power coefficient used for pumps is 
the same as the power coefficient used for propellers. Summarizing, the 7-groups used in 
the similarity analyses of pumps are 





Cy = (14.14) 
Dn /g 


C, = (14.15) 





Co= 2 (14.16) 


where Cy and Cp are functions of Co for a given type of pump. 

Figure 14.6 is a set of curves of Cy and Cp versus Co for a typical axial-flow pump. 
Also plotted on this graph is the efficiency of the pump as a function of Co. The dimen- 
sional curves (head and power versus Q for a constant speed of rotation) from which Fig. 
14.6 was developed are shown in Fig. 14.7. Because curves like those shown in Fig. 14.6 or 
Fig. 14.7 characterize pump performance, they are often called characteristic curves or 
performance curves. These curves are obtained by experiment. 
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Performance curves for | 
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There can be a problem with overload when operating axial-flow pumps. As seen in Fig. 
14.6, when the pump flow is throttled below maximum-efficiency conditions, the required 
power increases with decreasing flow, thus leading to the possibility of overloading at low- 
flow conditions. For very large installations, special operating procedures are followed in order 
to avoid such overloading. For instance, the valve in the bypass from the pump discharge back 
to the pump inlet can be adjusted to maintain a constant flow through the pump. However, for 
small-scale applications, it is often desirable to have complete flexibility in flow control with- 
out the complexity of special operating procedures. 

Performance curves are used to predict prototype operation from model tests or the ef- 
fect of changing the speed of the pump. Example 14.2 shows how to use pump curves to cal- 
culate discharge and power. 





EXAMPLE 14.2 DISCHARGE AND POWER FOR 
AXTAL-FLOW PUMP 


Assumptions: Assume p = 1000 kg/m’. 


For the pump represented by Figs. 14.6 and 14.7, what Plan 
discharge of water in cubic meters per second will occur 1. Calculate Ci 
when the pump is operating against a 2 m head and at a speed 2. From Fig. 14.6 find Co and Cp. 
of 600 rpm? What power in kilowatts is required for these 3. Use Co to calculate discharge. 
conditions? 4. Use Cp to calculate power. 
Saeed mene : SAMON 

ituation: i it ter. 

R Peete a Waar 1. Rotational rate is (600 rev/min)/(60 s/min) = 10 rps. 
Find: D = 35.6 cm. 
1. Discharge (in m*/s). 

g (a eT 


2. Power (in kW). 
Sketch: 


(0.356 m)°(10° s”)/(9.81 m/s”) 


2. From Fig. 14.6, Co = 0.40 and Cp = 0.72. 


N = 600 rpm 


Axial-flow pump 
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3. Discharge is 
D= CoD 


Q = 0.40(10 s™™)(0.356 m)? =|0.180 m?/s 


4. Power is 
P=0.72pD°n° 
= 0.72(10° kg/m’)(0.356 m)°(10s')* 


= 4.12 km: N/s = 4.12 kJ/s =/4.12 kW 





Example 14.3 illustrates how to calculate head and power for an axial-flow pump. 


EXAMPLE 14.3 HEAD AND POWER FOR AXIAL- 
FLOW PUMP 

If a 30 cm axial-flow pump having the characteristics shown 
in Fig. 14.6 is operated at a speed of 800 rpm, what head AH 
will be developed when the water-pumping rate is 0.127 
m?/s? What power is required for this operation? 


Problem Definition 

Situation: 30 cm axial flow pump with water. 
1. Head (in meters) developed. 

2. Power (in kW) required. 

Sketch: 


N = 800 rpm 
Axial-flow pump 


Q =0.127 m/s 





Assumptions: Water with p = 10°kg/m’. 


Plan 


1. Calculate the discharge coefficient, Co. 
2. From Fig. 14.6, read Cy, and Cp. 


Fan Laws 





3. Use Eq. (14.14) to calculate head produced. 
4. Use Eq. (14.15) to calculate power required. 


Solution 


1. Discharge coefficient is 


Q = 0.127 m/s 
800 
= = 133 
a IA 
D = 30 cm 
3 
E 0.127 m` /s = 0.354 


(13.3 s-')(0.30 m)? 
2. From Fig. 14.6, Cy = 1.70 and Cp = 0.80. 
3. Head produced is 
2D 12 
AH = CaP” _ 1.70(0.30 m03. s”) -[2.76 wl 
& (9.81 m/s’) 


4. Power required is 
P=C ppD°n” 


= 0.80(10° kg/m*)(0.30 m)°(13.3 s)? =|4.57 kW 


The fan laws are used extensively by designers and practitioners involved with axial fans and 
blowers. The fan laws are equations that provide the discharge, pressure rise, and power re- 
quirements for a fan that operates at different speeds. The laws are based on the discharge, 
head, and power coefficients being the same at any other state as at the reference state, o; 
namely, Co = Coo Cy = CHo» and Cp = Cp,. Because the size and design of fan is un- 
changed, the discharge at speed n is 


(14.17) 


and the pressure rise is 


(14.17b) 
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O 


and finally the power required is 


P=P, (27 (14.170) 


No 


These fan laws cannot be applied between fans of different size and design. Of course, the 
fan laws do not provide exact values because of design considerations and manufacturing tol- 
erances, but they are very useful in estimating fan performance. 


Radial-Flow Machines 


Figure 14.8 





Centrifugal pump. 


Radial-flow machines are characterized by the radial flow of the fluid through the machine. 
Radial-flow pumps and fans are better suited for larger heads at lower flow rates than axial 
machines. 


Centrifugal Pumps 


A sketch of the centrifugal pump is shown in Fig. 14.8. Fluid from the inlet pipe enters the 
pump through the eye of the impeller and then travels outward between the vanes of the im- 
peller to its edge, where the fluid enters the casing of the pump and is then conducted to the 
discharge pipe. The principle of the radial-flow pump is different from that of the axial-flow 
pump in that the change in pressure results in large part from rotary action (pressure in- 
creases outward like that in the rotating tank in Section 4.4 produced by the rotating impel- 
ler). Additional pressure increase is produced in the radial-flow pump when the high velocity 
of the flow leaving the impeller is reduced in the expanding section of the casing. 

Although the basic designs are different for radial- and axial-flow pumps, it can be 
shown that the same similarity parameters (Cg, Cp, and Cy) apply for both types. Thus the 
methods that have already been discussed for relating size, speed, and discharge in axial-flow 
machines also apply to radial-flow machines. 

The major practical difference between axial- and radial-flow pumps so far as the user 
is concerned is the difference in the performance characteristics of the two designs. The 
dimensional performance curves for a typical radial-flow pump operating at a constant speed 
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Figure 14.10 





Dimensionless 
performance curves for a 
typical centrifugal pump, 
from data given in Fig. 
14.9. [After Daugherty 
and Franzini (4).] 


Discharge, m/s 


of rotation are shown in Fig. 14.9. The corresponding dimensionless performance curves for 
the same pump are shown in Fig. 14.10. Note that the power required at shutoff flow is less 
than that required for flow at maximum efficiency. Normally, the motor used to drive the 
pump is chosen for conditions corresponding to maximum pump efficiency. Hence the flow 
can be throttled between the limits of shutoff condition and normal operating conditions with 
no chance of overloading the pump motor. In this latter case, a radial-flow pump offers a dis- 
tinct advantage over axial flow pumps. 

Radial-flow pumps are manufactured in sizes from | hp or less and heads of 50 or 60 ft 
to thousands of horsepower and heads of several hundred feet. Figure 14.11 shows a cut- 
away view of a single-suction, single-stage, horizontal-shaft radial pump. Fluid enters in the di- 
rection of the rotating shaft and is accelerated outward by the rotating impeller. There are many 
other configurations designed for specific applications. 
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Figure 14.11 





Outflow 


Cutaway view of a 
single-suction, single- 
stage, horizontal-shaft 
radial pump. Pump inlet, 
outlet, and impeller 
shown on photograph. 
(Courtesy of Ingersol 
Rand Co.) 


Impeller 





Example 14.4 shows how to find the speed and discharge for a centrifugal pump 
needed to provide a given head. 


EXAMPLE 14.4 SPEED AND DISCHARGE OF 
CENTRIFUGAL PUMP 
A pump that has the characteristics given in Fig. 14.9 when 


operated at 2133.5 rpm is to be used to pump water at 
maximum efficiency under a head of 76 m. At what speed 


1. Calculate speed using same head coefficient. 
2. Calculate discharge using same discharge coefficient. 


Solution 


1. Speed calculation: From Fig. 14.9, at maximum efficiency 


should the pump be operated, and what will the discharge be Aer = DU Tn. 
for these conditions? | gAH | gAH ) 

DD F 
Problem Definition AIDIN A ID POS 
Situation: Centrifugal pump operated at 2133.5 rpm pumps 76m _ 90 m 





water to head of 76 m at maximum efficiency. 

Find: 

1. Operational speed of pump (in rpm). 

2. Discharge (in m?/s). 

Assumptions: Assume pump is the same size as that corre- 
sponding to Fig. 14.9 and water properties are the same. 


N? 2133.57 rpm? 


12 
= 76 ee 
N= 2133.5 x (2) =|1960 mpm 


2. Discharge calculation: From Fig. 14.9, at maximum 
efficiency Q = 0.255 m?/s. 


Be 
nD? N nD? 2133.5 


Fis _ 1960 0.919 


Q51335 2133.5 


On FOA m/s 


Plan 


The Cy, Cp, Co, and 1 are the same for any pump with the 
same characteristics operating at maximum efficiency. Thus 





(Ci) y = (Cu) 9133.5 rpm 


where N represents the unknown speed. Also 
(Co) = (Co)2133.5 rpm 
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Example 14.5 shows how to scale up data for a specific centrifugal pump to predict 


performance. 


EXAMPLE 14.5 HEAD, DISCHARGE, AND 
POWER OF CENTRIFUGAL PUMP 


The pump having the characteristics shown in Figs. 14.9 and 
14.10 is a model of a pump that was actually used in one of 
the pumping plants of the Colorado River Aqueduct [see 
Daugherty and Franzini (4)]. For a prototype that is 5.33 
times larger than the model and operates at a speed of 400 
rpm, what head, discharge, and power are to be expected at 
maximum efficiency? 


Problem Definition 


Situation: Pump 5.33 times larger than model and operates at 
400 rpm. 


Find: At maximum efficiency, 


1. Head (in meters). 
2. Discharge (in m/s). 
3. Power (in kW). 


Assumptions: Pumping water with p = 10° kg/m’. 


3. Use Eqs. (14.14) through (14.16) to calculate head, 


discharge, and power. 


Solution 


1. From Fig. 14.10 at maximum efficiency, Cp = 0.12, 
Cy = 5.2 and Cp = 0.69. 


2. Speed in rps: n = (400/60) rps = 6.67 rps 


D = 0.371 X 5.33 = 1.98 m. 


3. Pump performance 


e Head 


29 -1,2 

AH = CHP _ $.2(1.98 m)"(6.67 SY zam] 
g (9.81 m/s’) 

e Discharge 


Q = ConD? = 0.12(6.67 s')(1.98 m)? =|6.21 m*/s 


e Power 


Plan 


1. Find Co, Cp, and Cpat maximum efficiency from Fig. 14.10. 
2. Evaluate speed in rps and calculate new diameter. 


— 


Specific Speed 


P = CppD*n? = 0.69((10° kg)/ m°) (1.98 m)°(6.67 s9 


-E 





From the discussion in preceding sections it was pointed out that axial-flow pumps are best 
suited for high discharge and low head whereas radial machines perform better for low dis- 
charge and high head. A tool for selecting the best pump is the value of a m-group called the 
specific speed, n,. The specific speed is obtained by combining both Cy and Cg in such a 
manner that the diameter D is eliminated: 


„Co (O/D ng? 
s ar [AH/(D?n?/g)]° ean 


Thus specific speed relates different types of pumps without reference to their sizes. 


As shown in Fig. 14.12, when efficiencies of different types of pumps are plotted 
against n, it is seen that certain types of pumps have higher efficiencies for certain ranges of 
n,. For low specific speeds, the radial-flow pump is more efficient whereas high specific 
speeds favor axial flow machines. In the range between the completely axial-flow machine 
and the completely radial-flow machine, there is a gradual change in impeller shape to ac- 
commodate the particular flow conditions with maximum efficiency. The boundaries be- 
tween axial, mixed, and radial machines are somewhat vague, but the value of the specific 
speed provides some guidance as to which machine would be most suitable. The final choice 


14.4 SPECIFIC SPEED 
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would depend on which pumps were commercially available as well as their purchase price, 
operating cost, and reliability. 

It should be noted that the specific speed traditionally used for pumps in the United 
States is defined as N, = NO'/?/AH?/4. Here the speed N is in revolutions per minute, Q is 
in gallons per minute, and AZ is in feet. This form is not dimensionless. Therefore its values 
are much larger than those found for n, (the conversion factor is 17,200). Most texts and ref- 
erences published before the introduction of the SI system of units use this traditional defini- 
tion for specific speed. 

Example 14.6 illustrates the use of specific speed to select a pump type. 


EXAMPLE 14.6 PUMP SELECTION USING 


SPECIFIC SPEED 


What type of pump should be used to pump water at the rate 
of 10 cfs and under a head of 600 ft? Assume NV = 1100 rpm. 


Problem Definition 


Situation: Select pump to pump water at 10 cfs under head of 


600 ft. 
Find: Type of pump for application. 
Plan 


1. Calculate specific speed. 
2. Use Fig. 14.12 to select pump type. 





Solution 
1. Rotational rate in rps 
n= ue = 18.33 rps 
Specific speed 
n 24g 
te A ne 
1/2 


= 18.33 rps x (10 cfs) 


= 0.035 
(32.2 ft/s? x 600 ft)” 


2. From Fig. 14.12 radial-flow pump is the best choice. 
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S- 


Suction Limitations of Pumps 


Figure 14.13 





Locations used to 
evaluate NPSH for a 


pump. 


The pressure at the suction side ofa pump is most important because there is the possibility that 
cavitation may occur. As water flows past the impeller blades of a pump, local high-velocity 
flow zones produce low relative pressures (Bernoulli effect), and if these pressures reach the 
vapor pressure of the liquid, then cavitation will occur. For a given type of pump operating at 
a given speed and a given discharge, there will be certain pressure at the suction side ofthe pump 
below which cavitation will occur. Pump manufacturers in their testing procedures always 
determine this limiting pressure and include it with their pump performance curves. 


More specifically, the pressure that is significant is the difference in pressure between 
the suction side of the pump and the vapor pressure of the liquid being pumped. Actually, in 
practice, engineers express this difference in terms of pressure head, called the net positive 
suction head, which is abbreviated NPSH. To calculate NPSH for a pump that is delivering a 
given discharge, one first applies the energy equation from the reservoir from which water is 
being pumped to the section of the intake pipe at the suction side of the pump. Then one sub- 
tracts the vapor pressure head of the water to determine NPSH. 

In Fig. 14.13, points 1 and 2 are the points between which the energy equation would 
be written to evaluate NPSH. 

A more general parameter for indicating susceptibility to cavitation is specific speed. 
However, instead of using head produced (AH), one uses NPSH for the variable to the 3/4 
power. This is 


no”? 
ge “(NPSH)*”* 


Noy = 


Here n,, is called the suction specific speed. The more traditional suction specific speed used 
in the United States is N.. = NO'?/(NPSH)?*, where N is in rpm, Q is in gallons per 
minute (gpm), and NPSH is in feet. Analyses of data from pump tests show that the value of 
the suction specific speed is a good indicator of whether cavitation may be expected. For ex- 
ample, the Hydraulic Institute (5) indicates that the critical value of N,, is 8500. The reader is 
directed to manufacturer’s data or the Hydraulic Institute for more details about critical 
NPSH or N,,. 
An analysis to find NPSH for a pump system is illustrated in Example 14.7. 





I 
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EXAMPLE 14.7 NET POSITIVE SUCTION HEAD 
In Fig. 14.13 the pump delivers 2 cfs flow of 80°F water, and 
the intake pipe diameter is 8 in. The pump intake is located 
6 ft above the water surface level in the reservoir. The pump 
operates at 1750 rpm. What is the net positive suction head 
and the traditional suction specific speed for these 
conditions? 


Problem Definition 

Situation: Pump delivers 2 cfs flow of 80°F water. 
Find: 

1. Net positive suction head (NPSH). 

2. Traditional suction specific speed (N,,). 
Assumptions: 

1. Atmospheric pressure is 14.7 psi. 

2. Entrance loss coefficient = 0.10. 

3. Bend loss coefficient = 0.20. 


Properties: Table A.5, (Water at 80°F) y = 62.2 bif, 
and Pyap = 0.506 psi. 


Plan 

The net positive suction head is the difference between 

pressure at pump inlet and the vapor pressure. 

1. Determine the atmospheric pressure in head of water for 
reservoir surface. 

2. Determine velocity in 8 in. pipe. 


3. Apply the energy equation [Eq. (7.29)] between the 
reservoir and pump entrance. 


4. Calculate NPSH. T 
5. Calculate N,, with N,, = (NQ'’*)/(NPSH) 


Solution 
1. Pressure head at reservoir 


P1 _ 14.7 Ibffin® x 144 (in’/ft”) _ 34 6 
y 62.2 Ibf/ft* 





2. Velocity in pipe 


3. Energy equation between points | and 2: 
2 








2 
V, y. 
A = 24 4h, 
y 2g 2g 
¢ Input values 
V,=0, z,=0, z=6 
e Head loss 


we 
2 
Sy = (0.1 ar ere 


e Head at pump entrance 
2 





y 
a A e (14.03) 
y y 2g 

F 57I 

= HSN = 


4. Vapor pressure in feet of head 
0.506 x 144/62.2 = 1.17 ft. 
Net positive suction head 
NPSH = 27.3 - 1.17 = 26.1 ft 
5. Traditional suction specific speed 
Q = 2 cfs = 898 gpm 


N,, = (1750)(898)'”2/(26.1). =[4540 


Review 


1. For a typical single-stage centrifugal pump with an intake 
diameter of 8 in. and pumping 2 cfs, the critical NPSH is 
normally about 10 ft; therefore, the pump of this example is 
operating well within the safe range with respect to cavitation 
susceptibility. 

2. This value of N,, is much below the critical limit of 8500; 
therefore, it is in a safe operating range so far as cavitation 
is concerned. 


A typical pump performance curve for a centrifugal pump that would be supplied by a 
pump manufacturer is shown in Fig. 14.14. The solid lines labeled from 5 in. to 7 in. repre- 
sent different impeller sizes that can be accommodated by the pump housing. These curves 
give the head delivered as a function of discharge. The dashed lines represent the power 
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Figure 14.14 





Centrifugal pump 
performance curve. 
[After McQuiston and 
Parker (6). Used with 
permission of John Wiley 
and Sons.] 
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required by the pump for a given head and discharge. Lines of constant efficiency are also 
shown. Obviously, when selecting an impeller one would like to have the operating point as 
close as possible to the point of maximum efficiency. The NPSH value gives the minimum 
head (absolute head) at the pump intake for which the pump will operate without cavitation. 


In the foregoing sections, similarity parameters were developed to predict prototype results 
from model tests, neglecting viscous effects. The latter assumption is not necessarily valid, 
especially if the model is quite small. To minimize the viscous effects in modeling pumps, 
the Hydraulic Institute standards (5) recommend that the size of the model be such that the 
model impeller is not less than 30 cm in diameter. These same standards state that “the model 
should have complete geometric similarity with the prototype, not only in the pump proper, 
but also in the intake and discharge conduits.” 


Even with complete geometric similarity, one can expect the model to be less efficient 
than the prototype. An empirical formula proposed by Moody (7) is used for estimating pro- 
totype efficiencies of radial- and mixed-flow pumps and turbines from model efficiencies. 


That formula is 
l-e; (2)" 
=|= 14.18 

l-e D; ( ) 





Here e; is the efficiency of the model and e is the efficiency of the prototype. 
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Example 14.8 shows how to estimate the efficiency due to viscous effects. 


EXAMPLE 14.8 VISCOUS EFFECTS ON PUMP Assumptions: Efficiency difference due to viscous effects. 


EFFICIENCY 
A model having an impeller diameter of 45 cm is tested and 


found to have an efficiency of 85%. If a geometrically similar 
prototype has an impeller diameter of 1.80 m, estimate its 


Plan 


Use Eq. (14.18) to determine viscous effects. 





‘ ise ‘ SE Solution 
efficiency when it is operating under conditions that are i 
dynamically similar to those in the model test Efficiency 
(Co,moas! = Coproiotype): e=1- seus = 1-91 = 1_011 = 0.89 
Problem Definition (D/D,) La 
Situation: Model with 45 cm impeller has 85% efficiency. o 


Find: Efficiency of pump with 1.6 m impeller. 


—í 


Centrifugal Compressors 





Centrifugal compressors are similar in design to centrifugal pumps. Because the density of 
the air or gases used is much less than the density of a liquid, the compressor must rotate at 
much higher speeds than the pump to effect a sizable pressure increase. If the compression 
process were isentropic and the gases ideal, the power necessary to compress the gas from p; 
to p, would be 


(k-)/k 
Pag A i (14.19) 
where Q; is the volume flow rate into the compressor and k is the ratio of specific heats. The 
power calculated using Eq. (14.19) is referred to as the theoretical adiabatic power. The effi- 
ciency of a compressor with no water cooling is defined as the ratio of the theoretical adiabatic 
power to the actual power required at the shaft. Ordinarily the efficiency improves with higher in- 
let-volume flow rates, increasing from a typical value of 0.60 at 0.6 m°/s to 0.74 at 40 m*/s. 
Higher efficiencies are obtainable with more expensive design refinements. 


Example 14.9 shows how to calculate shaft power required to operate a compressor. 





EXAMPLE 14.9 CENTRIFUGAL COMPRESSOR Find: Required shaft power (in kW). 


Determine the shaft power required to operate a compressor Sketch: 
that compresses air at the rate of 1 m*/s from 100 kPa to 200 
kPa. The efficiency of the compressor is 65%. 


Problem Definition Q=1 m/s 


100 kPa 


Situation: Compressor compresses air at 1 m°/ s from 100 
kPa to 200 kPa. 
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Properties: From Table A.2, k = 1.4. Solution 
1. Theoretical power 
Plan 
: k Dy\(1)/k 
1. Use Eq. (14.19) to calculate theoretical power. Prive = z8 Pi o - | 
a 1 


2. Divide theoretical power by efficiency to find shaft 


(required) power. 


= (3.5)(1 m°/s)(10° N/m’)[(2)°"*° — 1 


= 0.767 x 10° N - m/s = 76.7 kW 


] 


2. Shaft power 


76.7 
ene oa 





Figure 14.15 


System for pumping water 


from a well into a tank. 


Cooling is necessary for high-pressure compressors because of the high gas tempera- 
tures resulting from the compression process. Cooling can be achieved through the use of 
water jackets or intercoolers that cool the gases between stages. The efficiency of water- 
cooled compressors is based on the power required to compress ideal gases isothermally, or 


Pinco = PP m (14.20) 
1 


which is usually called the theoretical isothermal power. The efficiencies of water-cooled 
compressors are generally lower than those of noncooled compressors. If a compressor is 
cooled by water jackets, its efficiency characteristically ranges between 55% and 60%. The 
use of intercoolers results in efficiencies from 60% to 65%. 


Application to Fluid Systems 


The selection of a pump, fan, or compressor for a specific application depends on the desired 
flow rate. This process requires the acquisition or generation of a system curve for the flow 
system of interest and a performance curve for the fluid machine. The intersection of these 
two curves provides the operating point as discussed in Chapter 10. 

As an example, consider using the centrifugal pump with the characteristics shown in 
Fig. 14.14 to pump water at 60°F from a wall into a tank as shown in Fig. 14.15. A pumping 
capacity of at least 80 gpm is required. Two hundred feet of standard schedule-40 2 inch gal- 
vanized iron pipe are to be used. There is a check valve in the system as well as an open gate 
valve. There is a 20 ft elevation between the well and the top of the fluid in the tank. Apply- 
ing the energy equation developed in Chapter 7, the head required by the pump is 


2 
V (fL ) 
h, = Az+ >Æ +> K 
g\D i 


| Gate 


20 ft valve 


Check 
valveN, 























Pump 2 in. schedule 40 


galvanized iron pipe 
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Figure 14.16 





System and pump 
performance curves for 
pumping application. 


Figure 14.17 


Pump performance 
curves for pumps 
connected in series (a) 
and in parallel (b). 
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where K, represents the head loss coefficients for the entrance, check valve, gate valve, and 
sudden-expansion loss entering the tank. Using representative values for the loss coefficients 
and evaluating the friction factor from the Moody diagram in Chapter 10 leads to 


h, = 20 + 0.003050" 


where Q is the flow rate in gpm. This is the system curve. 

The result of plotting the system curve on the pump performance curves is shown in 
Fig. 14.16. The locations where the lines cross are the operating points. One notes that a dis- 
charge of just over 80 gpm is achieved with the 6.5 in. impeller. Also, referring back to Fig. 
14.14, the efficiency at this point is about 62%. To ensure that the design requirements are 
satisfied, the engineer may select the larger impeller, which has an operating point of 95 gpm. 
If the pump is to be used in continuous operation and the efficiency is important to operating 
costs, the engineer may choose to consider another pump that would have a higher efficiency 
at the operation point. An engineer experienced in the design of pump systems would be very 
familiar with the trade-offs for economy and performance and could make a design decision 
relatively quickly. 

In some systems it may be advantageous to use two pumps in series or in parallel. If two 
pumps are used in series, the performance curve is the sum of the pump heads of the two ma- 
chines at the same flow rate, as shown in Fig. 14.17a. This configuration would be desirable 


System 
curve 






Two pumps 






System curve 


Pump head 





Pump head 
l 
l 
| 
\ 
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One pump 











O One pump Two pumps 
Volume flow rate Volume flow rate 
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Turbines 


Figure 14.18 





Impulse turbine. 


for a flow system with a steep system curve, as shown in the figure. Iftwo pumps are connected 
in parallel, the performance curve is obtained by adding the flow rates of the two pumps at the 
same pump heads, as shown in Fig. 14.175. This configuration would be advisable for flow sys- 
tems with shallow system curves, as shown in the figure. The concepts presented here for 
pumps also apply to fans and compressors. 


A turbine is defined as a machine that extracts energy from a moving fluid. Much of the basic 
theory and most similarity parameters used for pumps also apply to turbines. However, there 
are some differences in physical features and terminology. The details of the flow through the 
impellers of radial-flow machines have not yet been considered. These topics will now be 
addressed. 


The two main categories of hydraulic machines are the impu/se and reaction turbines. 
In a reaction turbine, the water flow is used to rotate a turbine wheel or runner through the ac- 
tion of vanes or blades attached to the wheel. When the blades are oriented like a propeller, 
the flow is axial and the machine is called a Kaplan turbine. When the vanes are oriented like 
an impeller in a centrifugal pump, the flow is radial and the machine is called a Francis 
turbine. In an impulse turbine, the water accelerates through a nozzle and impinges on vanes 
attached to the rim of the wheel. This machine is called a Pelton wheel. 


Impulse Turbine 

In the impulse turbine a jet of fluid issuing from a nozzle impinges on vanes of the turbine 
wheel, or runner, thus producing power as the runner rotates (see Fig. 14.18). Figure 14.19 
shows a runner for the Henry Borden hydroelectric plant in Brazil. The primary feature of the 
impulse turbine with respect to fluid mechanics is the power production as the jet is deflected 


Turbine runner —~Q 


Generator 
shaft 














Vanes (buckets) awe 


| View A-A 
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Figure 14.19 





Spare runner for the 
Henry Borden power 
plant in Brazil. 
(Courtesy of Voith Hydro 
Inc.) 





by the moving vanes. When the momentum equation is applied to this deflected jet, it can be 
shown [see Daugherty and Franzini (4)] for idealized conditions that the maximum power will 
be developed when the vane speed is one-half of the initial jet speed. Under such conditions the 
exiting jet speed will be zero—all of the kinetic energy of the jet will have been expended in 
driving the vane. Thus if one applies the energy equation, Eq. (7.29), between the incoming jet 
and the exiting fluid (assuming negligible head loss and negligible kinetic energy at exit), it is 
found that the head given up to the turbine is h, = (V; ve g), and the power thus developed is 


P = Qyh, (14.21) 


where 2 is the discharge of the incoming jet, y is the specific weight of jet fluid, and 
h=V; 2y 2g, or the velocity head of the jet. Thus Eq. (14.21) reduces to 
2 


P= pox (14.22) 


To obtain the torque on the turbine shaft, the angular-momentum equation (6.27) is ap- 
plied to a control volume, as shown in Fig. 14.20. For steady flow 


SM= > r, X (m,V,) — Sr, X (mV) 
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Figure 14.20 
Control-volume 
approach for the impulse 
turbine using the 
angular-momentum 
Torque 


on 
shaft 




















V, Entering jet 


Exiting jet I" 
(nil velocity) E 
A 


Generally it is assumed that the exiting fluid has negligible angular momentum. The moment 
acting on the system is the torque T acting on the shaft. Thus the angular-momentum equa- 
tion reduces to 


= =-mry, (14.23) 
The mass flow rate across the control surface is pQ, so the torque is 


T = -pQV;r 


The minus sign indicates that the torque applied to the system (to keep it rotating at constant 
angular velocity) is in the clockwise direction. However, the torque applied by the system to 
the shaft is in the counterclockwise direction, which is the direction of wheel rotation, so 


T= pQV;r (14.24) 
The power developed by the turbine is Tw, or 
P= pOV ro (14.25) 


Furthermore, if the velocity of the turbine vanes is (1/2) V, for maximum power, as 
noted earlier, then P = pOV; /2, which is the same as Eq. (14.22). 
The calculation of torque for an impulse turbine is illustrated in Example 14.10. 





EXAMPLE 14.10 IMPULSE TURBINE Find: 

What power in kilowatts can be developed by the impulse 1. Power (in kW) developed by turbine. 

turbine shown if the turbine efficiency is 85%? Assume that 2. Angular (in rpm) speed of wheel for maximum efficiency. 
the resistance coefficient f of the penstock is 0.015 and the 3. Torque (in kN - m) on turbine shaft. 

head loss in the nozzle itself is negligible. What will be the Assumptions: 


angular speed of the wheel, assuming ideal conditions 
(V; = 2V sucker)» and what torque will be exerted on the 


turbine shaft? 


Problem Definition 


1. There is no entrance loss. 
2. Head loss in nozzle is negligible. 
3. Water density is 1000 kg/m’. 


Situation: Impulse turbine with 85% efficiency. 
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Sketch: 


Elevation = 1670 m 


Penstock 


Plan 


1. Apply energy equation, Eq. (7.29), to find nozzle velocity. 
2. Use Eq. (14.22) for power. 

3. For maximum efficiency, wr = (V,72). 

4. Calculate torque from P = Tw. 


Solution 


1. Energy equation 


2 
ied _Pj 
—+— +z = 
Pe y 
e Values in energy equation 


pı = 0,z, = 1670 m, V, = 0, j= UZ, = 1000 m 


y: 
+-+ +z, th, 
E 


e Penstock-supply pipe velocity ratio 





VA 0.18 ay 
= = y| =] = 008241 
arene A vf lm 0.03 J 
e Head loss 
s l 
h; = Dig! rok 


y? v; 
— 0.015 x 6000 9 0324)? = 0.094- 
2g 2g 


1 





e Jet velocity 
2 


a 
Bi ky = ae 


= een m/s’ x 670 m 
‘= a 


1/2 
1.004 ) = 109.6 m/s 


. Gross power 


2 3 


V; yA; 
i ON ee 
g 2g 
7 3 
= UNO O OO E EIDIN 
2x9.81 


Power delivered 


P = 16,750 x efficiency =|14,240 kw 


. Angular speed of wheel 


Vukot = (109.6 m/s) = 54.8 m/s 


rw = 54.8 m/s 
o = 48 m/s L 36 5 rad/s 
1.5m 
Wheel speed 


N= (36.5 rad/s) (60 s/min) =[349 rpm 


. Torque 


r= power _ 14,240 kW _ 300 KN-m 
w 36.5 rad/s 





Reaction Turbine 


In contrast to the impulse turbine, where a jet under atmospheric pressure impinges on only one 
or two vanes at a time, flow in a reaction turbine is under pressure and reacts on all vanes of 
the impeller turbine simultaneously. Also, this flow completely fills the chamber in which the 
impeller is located (see Fig. 14.21). There is a drop in pressure from the outer radius of the im- 
peller, 7,, to the inner radius, r,. This is another point of difference with the impulse turbine, 
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Figure 14.21 





Schematic view of a 
reaction-turbine 
installation. (a) 
Elevation view. (b) Plan 
view, section A-A. 
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(b) 


in which the pressure is the same for the entering and exiting flows. The original form of the 
reaction turbine, first extensively tested by J. B. Francis, had a completely radial-flow impeller 
(Fig. 14.22). That is, the flow passing through the impeller had velocity components only in a 
plane normal to the axis of the runner. However, more recent impeller designs, such as the mixed- 
flow and axial-flow types, are still called reaction turbines. 


Torque and Power Relations for the Reaction Turbine 


As for the impulse turbine, the angular-momentum equation is used to develop formulas for 
the torque and power for the reaction turbine. The segment of turbine runner shown in Fig. 
14.22 depicts the flow conditions that occur for the entire runner. The guide vanes outside the 
runner itself cause the fluid to have a tangential component of velocity around the entire cir- 
cumference of the runner. Thus the fluid has an initial amount of angular momentum with re- 
spect to the turbine axis when it approaches the turbine runner. As the fluid passes through 
the passages of the runner, the runner vanes effect a change in the magnitude and direction of 
its velocity. Thus the angular momentum of the fluid is changed, which produces a torque on 
the runner. This torque drives the runner, which, in turn, generates power. 
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Figure 14.22 





Velocity diagrams for the 
impeller for a Francis 
turbine. 
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To quantify the above, let V| and a, represent the incoming velocity and the angle of 
the velocity vector with respect to a tangent to the runner, respectively. Similar terms at the 
inner-runner radius are V, and a,. Applying the angular-momentum equation for steady flow, 
Eq. (6.27), to the control volume shown in Fig. 14.22 yields 


T = m(-r, V, cosa) — m(-r,V, cosa,) 


(14.26) 
= m(r,V, cosa, -r V, cosa,) 
The power from this turbine will be Tw, or 
P = pQw(r,V, cosa, — r3 V, cosa) (14.27) 


Equation (14.27) shows that the power production is a function of the directions of the flow 
velocities entering and leaving the impeller—that is, a, and a,. 

It is interesting to note that even though the pressure varies within the flow in a reaction 
turbine, it does not enter into the expressions derived using the angular-momentum equation. 
The reason it does not appear is that the chosen outer and inner control surfaces are concen- 
tric with the axis about which the moments and angular momentum are evaluated. The pres- 
sure forces acting on these surfaces all pass through the given axis; therefore they do not 
produce moments about the given axis. 


Vane Angles 


It should be apparent that the head loss in a turbine will be less if the flow enters the runner 
with a direction tangent to the runner vanes than if the flow approaches the vane with an an- 
gle of attack. In the latter case, separation will occur with consequent head loss. Thus vanes 
of an impeller designed for a given speed and discharge and with fixed guide vanes will have 
a particular optimum blade angle B,. However, if the discharge is changed from the condition 
of the original design, the guide vanes and impeller vane angles will not “match” the new 
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EXAMPLE 14.11 FRANCIS TURBINE 


A Francis turbine is to be operated at a speed of 600 rpm 
and with a discharge of 4.0 m’/s. Ifr, = 0.60 m, 

Bı = 110°, and the blade height B is 10 cm, what should be 
the guide vane angle a, for a nonseparating flow condition at 


the runner entrance? 


Problem Definition 


Situation: Francis turbine with speed of 600 rpm and 


discharge of 4.0 m?/s. 


Find: Inlet guide vane angle, a. 


Plan 


Use Eq. (14.32) for inlet guide angle. 


flow condition. Most turbines for hydroelectric installations are made with movable guide 
vanes on the inlet side to effect a better match at all flows. Thus a, is increased or decreased 
automatically through governor action to accommodate fluctuating power demands on the 
turbine. 

To relate the incoming-flow angle a; and the vane angle B}, first assume that the flow 
entering the impeller is tangent to the blades at the periphery of the impeller. Likewise, the 
flow leaving the stationary guide vane is assumed to be tangent to the guide vane. To develop 
the desired equations, consider both the radial and the tangential components of velocity at 
the outer periphery of the wheel (r = r,). It is easy to compute the radial velocity, given Q 
and the geometry of the wheel, by the continuity equation: 

Q 


V, = (14.28) 
! 2ar,B 





where B is the height of the turbine blades. The tangential (tangent to the outer surface of the 
runner) velocity of the incoming flow is 


V, = V, cot a, (14.29) 


ti 


However, this tangential velocity is equal to the tangential component of the relative velocity 
in the runner, V, cot B4, plus the velocity of the runner itself, œr. Thus the tangential ve- 
locity, when viewed with respect to the runner motion, is 


V, =r,o+V, cot Bi (14.30) 
Now, eliminating V, between Eqs. (14.29) and (14.30) results in 
V, cota; =rjo+V, cot Bp, (14.31) 


r 


Equation (14.31) can be rearranged to yield 


aj = arceot( 1" + cot Bi) (14.32) 


Example 14.11 illustrates how to calculate the inlet blade angle to avoid separation. 


Solution 
Inlet guide vane angle 
rjw 
Q@, = arccot 
7 


Lo) 





+ cot Bi) 


r,@ = 0.6 x 600 rpm x 27 rad/rev x 1/60 min/s 


= 37/7 was 
Radial velocity at inlet 


Vs 
"  2Qar,B 27x0.6mx0.10 m 
cot Bı = cot(110°) = 0.364 


Soll 
= i( =) 64) =| 17.49 
a, = arcco i061 0.3 
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Specific Speed for Turbines 


Because of the attention focused on the production of power by turbines, the specific speed 
for turbines is defined in terms of power: 


1/2 
= nP 
nh —. 


Ss "374_ 1/2, 5/4 
& h, 
It should also be noted that large water turbines are innately more efficient than pumps. The 
reason for this is that as the fluid leaves the impeller of a pump, it decelerates appreciably 
over a relatively short distance. Also, because guide vanes are generally not used in the flow 
passages with pumps, large local velocity gradients develop, which in turn cause intense mix- 
ing and turbulence, thereby producing large head losses. In most turbine installations, the 
flow that exits the turbine runner is gradually reduced in velocity through a gradually ex- 
panding draft tube, thus producing a much smoother flow situation and less head loss than 
for the pump. For additional details of hydropower turbines, see Daugherty and Franzini (4). 


Gas Turbines 

The conventional gas turbine consists of a compressor that pressurizes the air entering the 
turbine and delivers it to a combustion chamber. The high-temperature, high-pressure gases 
resulting from combustion in the combustion chamber expand through a turbine, which both 
drives the compressor and delivers power. The theoretical efficiency (power delivered/rate 
of energy input) of a gas turbine depends on the pressure ratio between the combustion cham- 
ber and the intake; the higher the pressure ratio, the higher the efficiency. The reader is di- 
rected to Cohen et al. (8) for more detail. 


Wind Turbines 


Wind energy is discussed frequently as an alternative energy source. The application of wind 
turbines* as potential sources for power becomes more attractive as utility power rates in- 
crease and the concern over greenhouse gases grows. In many European countries, especially 
northern Europe, the wind turbine is playing an ever-increasing role in power generation. 

In essence, the wind turbine is just a reverse application of the process of introducing 
energy into an airstream to derive a propulsive force. The wind turbine extracts energy from 
the wind to produce power. There is one significant difference, however. The theoretical up- 
per limit of efficiency of a propeller supplying energy to an airstream is 100%; that is, it is 
theoretically possible, neglecting viscous and other effects, to convert all the energy supplied 
to a propeller into energy of the airstream. This is not the case for a wind turbine. 

A sketch of a horizontal-axis wind turbine is shown in Fig. 14.23. The wind blows 
along the axis of the turbine. The area of the circle traced out by the rotating blades is the 
capture area. The power associated with the wind passing through the capture area is 

2 3 
P2590 =p (14.33) 
2 2 
where p is the air density and V is the wind speed. In an analysis attributed to [Glauert/Betz 
(9)], the theoretical maximum power attainable from a wind turbine is 16/27 or 59.3% of this 
power or 


- 16(1 y'a) 
Fra” 7 zPY A (14.34) 


* The word “wind turbine” is used to convey the idea of conversion of wind to electrical energy. A windmill 
converts wind energy to mechanical energy. 
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Figure 14.23 





Horizontal-axis wind 
turbine showing capture 
area. 


Figure 14.24 





Typical wind turbine 
power curve. 


V 


Noa Capture area 


Other factors, such as swirl of the airstream and viscous effects, further reduce the power 
achievable from a wind turbine. 

The power output of any wind turbine is related to the wind speed through the wind- 
turbine power curve. A typical curve is shown in Fig. 14.24. This curve can usually be ob- 
tained from the manufacturer. The wind turbine is inoperative below the cut-in speed. After 
cut-in, the power increases with wind speed reaching a maximum value, which is the rated 
power output for the turbine. Engineering design and safety constraints impose an upper limit 
on the rotational velocity and establish the cut-out speed. A braking system is used to prevent 
operation of the wind turbine beyond this velocity. 

The conventional horizontal-axis wind turbine has been the focus of most research and 
design. Considerable effort has also been devoted to assessment of the Savonius rotor and the 
Darrieus turbine, both of which are vertical-axis turbines, as shown in Fig. 14.25. The 
Savonius rotor consists of two curved blades forming an S-shaped passage for the air flow. 
The Darrieus turbine consists of two or three airfoils attached to a vertical shaft; the unit re- 
sembles an egg beater. The advantage of vertical-axis turbines is that their operation is inde- 
pendent of wind direction. The Darrieus wind turbine is considered superior in performance 
but has a disadvantage in that it is not self-starting. Frequently, a Savonius rotor is mounted 
on the axis of a Darrieus turbine to provide the starting torque. 

For more information on wind turbines and wind turbine systems, refer to Wind Energy 
Explained (10). Considerable information on wind turbines is also available from the 
Internet. 
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Figure 14.25 


Wind trubine 
configurations. 





(a) Savonius rotor. 
(b) Darrieus turbine. 


7 


(a) Savonius rotor 


EXAMPLE 14.12 CAPTURE AREA OF 
WIND TURBINE 


Calculate the minimum capture area necessary for a windmill 
that has to operate five 100-watt bulbs if the wind velocity is 


20 km/h and the air density is 1.2 kg/ m°. 


Problem Definition 
Situation: A wind turbine produces of 500 watts. 
Find: Capture area of windmill. 


Plan 


Use equation for maximum power of windmill. 


Solution 


Capture area for maximum power 


Summary 


Za 


(b) Darrieus turbine 


Wind velocity in m/s 


20 km/h = 20x 1000 5 56 m/s 


3600 
Minimum capture area 


A= 500 W x we be 
16 1.2 kg/m’ x (5.56 m/s) 


{ris 


Review 


This area corresponds to a windmill diameter of 3.23 m or 
about 10.6 ft. 





The thrust of a propeller is calculated using 


Fr= Crpn D* 


where p is the fluid density, n is the rotational rate of the propeller, and D is the propeller di- 
ameter. The thrust coefficient Cp is a function of the advance ratio V)/nD. The efficiency of 
a propeller is the ratio of the power delivered by the propeller to the power provided to the 


propeller. 


— Ero 
P 





n 
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Problems 


Propellers 


14.1 PQ Explain why the thrust of a fixed-pitch propeller de- 
creases with increasing forward speed. 


8. Cohen, H., G. F. C. Rogers, and H. I. H. Saravanamuttoo. Gas 
Turbine Theory. John Wiley, New York, 1972. 
9. Glauert, H. “Airplane Propellers.” Aerodynamic Theory, vol. 
IV, ed. W. F. Durand. Dover, New York, 1963. 
10. Manwell, J. FE, J. G. McGowan, and A. L. Rogers. Wind 
Energy Explained: Theory, Design and Application. John Wiley, 
Chichester, UK, 2002. 


14.2 PQ< What limits the rotational speed of a propeller? 


14.3 What thrust is obtained from a propeller 3 m in diameter 
that has the characteristics given in Fig. 14.2 when the propeller 
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is operated at an angular speed of 1400 rpm and an advance ve- 
locity of zero? Assume p = 1.05 kg/m’. 

14.4 What thrust is obtained from a propeller 3 m in diameter 
that has the characteristics given in Fig. 14.2 when the propeller 
is operated at an angular speed of 1400 rpm and an advance ve- 
locity of 80 km/h? What power is required to operate the pro- 
peller under these conditions? Assume p = 1.05 kg/ m°. 

14.5 A propeller 8 ft in diameter has the characteristics shown in 
Fig. 14.2. What thrust is produced by the propeller when it is 
operating at an angular speed of 1000 rpm and a forward speed 
of 25 mph? What power input is required under these operating 
conditions? If the forward speed is reduced to zero, what is the 
thrust? Assume p = 0.0024 slugs/ ft’. 

14.6A propeller 8 ft in diameter, like the one for which charac- 
teristics are given in Fig. 14.2, is to be used on a swamp boat 
and is to operate at maximum efficiency when cruising. If the 
cruising speed is to be 30 mph, what should the angular speed of 
the propeller be? Assume p = 0.0024 slugs/ fe. 

14.7 For the propeller and conditions described in Prob. 14.6 deter- 
mine the thrust and the power input. 

14.8 A propeller is being selected for an airplane that will cruise 
at 2000 m altitude, where the pressure is 60 kPa absolute and the 
temperature is 10°C. The mass of the airplane is 1200 kg, and the 
planform area of the wing is 10 m°. The lift-to-drag ratio is 30:1. 
The lift coefficient is 0.4. The engine speed at cruise conditions 
is 3000 rpm. The propeller is to operate at maximum efficiency, 
which corresponds to a thrust coefficient of 0.025. Calculate the 
diameter of the propeller and the speed of the aircraft. 

14.9 If the tip speed of a propeller is to be kept below 0.9c, 
where c is the speed of sound, what is the maximum allowable 
angular speed of propellers having diameters of 2 m (6.56 ft), 
3 m (9.84 ft), and 4 m (13.12 ft)? Take the speed of sound as 
335 m/s (1099 ft/s). 

14.10 A propeller 2 m in diameter, like the one for which char- 
acteristics are given in Fig. 14.2, is to be used on a swamp boat 
and is to operate at maximum efficiency when cruising. If the 
cruising speed is to be 40 km/h, what should the angular speed 
of the propeller be? 

14.11 For the propeller and conditions described in Prob. 14.10, de- 
termine the thrust and the power input. Assume p = 1.2 kg/m’. 
14.12 A propeller 2 m in diameter and like the one for which char- 
acteristics are given in Fig. 14.2 is used on a swamp boat. If the 
angular speed is 1000 rpm and if the boat and passengers have a 
combined mass of 300 kg, estimate the initial acceleration of the 
boat when starting from rest. Assume p = 1.1 kg/m’. 


Axial Flow Pumps and Fans 


14.13 PQ<4 Axial-flow pumps are best suited for what condi- 
tions of head produced and discharge? 

14.14 PO For an axial pump how does the head produced by 
the pump and the power required to operate a pump vary with 
flow rate through the pump? 


14.15If a pump having the characteristics shown in Fig. 14.6 
has a diameter of 40 cm and is operated at a speed of 1000 rpm, 
what will be the discharge when the head is 3 m? 

14.16 The pump used in the system shown has the characteris- 
tics given in Fig. 14.7. What discharge will occur under the con- 
ditions shown, and what power is required? 


Diameter = 35.6 cm 

|< 60 m >| 
| Steel pipe 

SS ees 








— 











Elevation 
= =21m 




















PROBLEMS 14.16, 14.17 


14.17 If the conditions are the same as in Prob. 14.16 except that 
the speed is increased to 900 rpm, what discharge will occur, 
and what power is required for the operation? 

14.18 For a pump having the characteristics given in Fig. 14.6 
or 14.7, what water discharge and head will be produced at 
maximum efficiency if the pump diameter is 20 in. and the an- 
gular speed is 1100 rpm? What power is required under these 
conditions? 

14.19 A pump has the characteristics given by Fig. 14.6. What 
discharge and head will be produced at maximum efficiency if 
the pump size is 50 cm and the angular speed is 45 rps? What 
power is required when pumping water at 10°C under these 
conditions? 

14.20 For a pump having the characteristics of Fig. 14.6, plot 
the head-discharge curve if the pump is 14 in. in diameter and is 
operated at a speed of 1000 rpm. 

14.21 For a pump having the characteristics of Fig. 14.6, plot 
the head-discharge curve if the pump diameter is 60 cm and the 
speed is 690 rpm. 

14.22 An axial-flow blower is used for a wind tunnel that has a 
test section measuring 60 cm by 60 cm and is capable of air- 
speeds up to 40 m/s. If the blower is to operate at maximum ef- 
ficiency at the highest speed and if the rotational speed of the 
blower is 2000 rpm at this condition, what are the diameter of the 
blower and the power required? Assume that the blower has the 
characteristics shown in Fig. 14.6. Assume p = 1.2 kg/ m°. 
14.23 An axial-flow blower is used to air-condition an office 
building that has a volume of 10° m°. It is decided that the air at 
60°F in the building must be completely changed every 15 min. 
Assume that the blower operates at 600 rpm at maximum ef- 
ficiency and has the characteristics shown in Fig. 14.6. 
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Calculate the diameter and power requirements for two blowers 
operating in parallel. 

14.24 An axial fan 2 m in diameter is used in a wind tunnel as 
shown (test section 1.2 m in diameter; test section velocity of 
60 m/s). The rotational speed of the fan is 1800 rpm. Assume 
the density of the air is constant at 1.2 kg/m’. There are negli- 
gible losses in the tunnel. The performance curve of the fan is 
identical to that shown in Fig. 14.6. Calculate the power needed 
to operate the fan. 


1.2m 


Test section 





—— U=60 m/s 





PROBLEM 14.24 
Radial Flow Pumps 


14.25 PQ < The radial flow pump is best suited for what condi- 
tions of head produced and discharge? 

14.26 PQ< A pump is used to pump water out of a reservoir. 
What limits the depth for which the pump can draw water? 
14.27 If a pump having the characteristics given in Fig. 14.9 is 
doubled in size but halved in speed, what will be the head and 
discharge at maximum efficiency? 

14.28A pump having the characteristics given in Fig. 14.9 
pumps water at 20°C from a reservoir at an elevation of 366 m 
to a reservoir at an elevation of 450 m through a 36 cm steel 
pipe. If the pipe is 610 m long, what will be the discharge 
through the pipe? 

14.29 If a pump having the characteristics given in Fig. 14.9 or 
14.10 is operated at a speed of 1600 rpm, what will be the dis- 
charge when the head is 150 ft? 

14.30 If a pump having the performance curve shown is oper- 
ated at a speed of 1600 rpm, what will be the maximum possible 
head developed? 


140 





120- 






100 N= 1000 rpm 


80 


AH, ft 


60 


40 


20 
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PROBLEM 14.30 


l 
0 500 2500 


14.31 If a pump having the characteristics given in Fig. 14.9 is 
operated at a speed of 30 rps, what will be the shutoff head? 
14.32 If a pump having the characteristics given in Fig. 14.10 is 
40 cm in diameter and is operated at a speed of 25 rps, what will 
be the discharge when the head is 50 m? 

14.33 A centrifugal pump 20 cm in diameter is used to pump 
kerosene at a speed of 5000 rpm. Assume that the pump has the 
characteristics shown in Fig. 14.10. Calculate the flow rate, the 
pressure rise across the pump, and the power required if the 
pump operates at maximum efficiency. 

14.34 Plot the five performance curves from Fig. 14.14 for the 
different impeller diameters in terms of the head and discharge 
coefficients. Use impeller diameter for D. 


Pump Selection 


14.35 PQ What is the difference between a system curve and 
a pump curve. Explain. 

14.36 PQ< The operating point for a pump system is estab- 
lished by what condition? 

14.37 PQ The value of the specific speed suggests the type of 
pump to be used for a given application. A high specific speed 
suggests the use of what kind of pump? 

14.38 The pump curve for a given pump is represented by 


= Qy? 
hp pump ~ 20/1 ~ (=) | 
where h 


|, pump ÍS the head provided by the pump in feet and Q is the 
discharge in gpm. The system curve for a pumping application is 


h, .. = 5+0.0029" 


D.SYs 
where hi, y, is the head in feet required to operate the system 
and Q is the discharge in gpm. Find the operating point (Q) for 
(a) one pump, (b) two identical pumps connected in series, and 


(c) two identical pumps connected in parallel. 


14.39 What is the suction specific speed for the pump that is oper- 
ating under the conditions given in Prob. 14.16? Is this a safe op- 
eration with respect to susceptibility to cavitation? 

14.40 What type of pump should be used to pump water at a rate 
of 10 cfs and under a head of 30 ft? Assume N = 1500 rpm. 
14.41 For the most efficient operation, what type of pump 
should be used to pump water at a rate of 0.30 m*/s and under a 
head of 8 m? Assume n = 25 rps. 

14.42 What type of pump should be used to pump water at a rate 
of 0.40 m?/s and under a head of 70 m? Assume N = 1100 rpm. 
14.43 An axial-flow pump is to be used to lift water against a head 
(friction and static) of 15 ft. If the discharge is to be 5000 gpm, 
what maximum speed in revolutions per minute is allowed if the 
suction head is 5 ft? 
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14.44 A pump is beeded to pump water at a rate of 1.0 m°/s 
from the lower to the upper reservoir shown in the figure. What 
type of pump would be best for this operation if the impeller 
speed is to be 600 rpm? 


Elevation = 18 m 





Elevation = 15 m 








100 cm 
PROBLEM 14.44 


Compressors 


14.45 PO The pressure rise associated with gases in a com- 
pressor causes the gas temperature to increase as well. The ratio 
of final temperature to initial temperature is less than the ratio of 
final pressure to initial pressure. Will the final density be less or 
greater than the initial density? 

14.46 Methane flowing at the rate of 1 kg/s is to be compressed 
by a noncooled centrifugal compressor from 100 kPa to 150 kPa. 
The temperature of the methane entering the compressor is 27°C. 
The efficiency of the compressor is 70%. Calculate the shaft 
power necessary to run the compressor. 

14.47 A 12 kW (shaft output) motor is available to run a non- 
cooled compressor for carbon dioxide. The pressure is to be in- 
creased from 90 kPa to 140 kPa. If the compressor is 60% 
efficient, calculate the volume flow rate into the compressor. 
14.48 A water-cooled centrifugal compressor is used to com- 
press air from 100 kPa to 400 kPa at the rate of 1 kg/s. The 
temperature of the inlet air is 15°C. The efficiency of the com- 
pressor is 50%. Calculate the necessary shaft power. 


Impulse Turbine 


14.49 PQ An impulse turbine will produce no power if the 
velocity of the jet striking the bucket is the same as the bucket 
velocity. Explain. 

14.50 A penstock 1 m in diameter and 10 km long carries water 
at 10°C from a reservoir to an impulse turbine. If the turbine is 
85% efficient, what power can be produced by the system if the 
upstream reservoir elevation is 650 m above the turbine jet and the 
jet diameter is 16.0 cm? Assume that f = 0.016 and neglect head 
losses in the nozzle. What should the diameter of the turbine 
wheel be if it is to have an angular speed of 360 rpm? Assume 
ideal conditions for the bucket design [Vpucker = (172) VI. 
14.51 Consider an idealized bucket on an impulse turbine that 
turns the water through 180°. Prove that the bucket speed 
should be one-half the incoming jet speed for a maximum 
power production. (Hint: Set up the momentum equation to 
solve for the force on the bucket in terms of y, and Vpucket; then 


the power will be given by this force times Vpucket: You can use 
your mathematical talent to complete the problem.) 

14.52 Consider a single jet of water striking the buckets of the 
impulse wheel as shown. Assume ideal conditions for power 
generation [ Vpucket = (1/2) V; and the jet is turned through 180° 
of arc]. With the foregoing conditions, solve for the jet force on 
the bucket and then solve for the power developed. Note that 
this power is not the same as that given by Eq. (14.22)! Study 
the figure to resolve the discrepancy. 








PROBLEM 14.52 


Reaction Turbine 


14.53 PQ How does a reaction turbine differ from a centrifu- 
gal pump? 
14.54 PQ What is meant by the “runner” in a reaction turbine? 
14.55 For a given Francis turbine, B; = 60°, B) = 90°, r, = 5 
m, r, = 3 m, and B = 1 m. The discharge is 126 m°/s and the 
rotational speed is 60 rpm. Assume T = 10°C. 
a. What should a, be for a nonseparating flow condition at the 
entrance to the runner. 
b. What is the maximum attainable power with the conditions noted? 
c. If you were to redesign the turbine blades of the runner, what 
changes would you suggest to increase the power production if 
the discharge and overall dimensions are to be kept the same? 
14.56 A Francis turbine is to be operated at a speed of 60 rpm and 
with a discharge of 3.0 m?/s. If, = 1.5 m, r) = 1.20 m, B = 30 
cm, B; = 85°, and B, = 165°, what should a, be for nonseparat- 
ing flow to occur through the runner? What power and torque 
should result with this operation? Assume T = 10°C. 
14.57A Francis turbine is to be operated at a speed of 120 rpm and with 
a discharge of 113 m’/s. Ifr, = 2.5m, B = 0.90 m, and B, = 45°, 
what should a, be for nonseparating flow at the runner inlet? 
14.58 Shown is a preliminary layout for a proposed small hydro- 
electric project. The initial design calls for a discharge of 8 cfs 
through the penstock and turbine. Assume 80% turbine efficiency. 
For this setup, what power output could be expected from the 
power plant? Draw the HGL and EGL for the system. 
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= Elevation = 3000 ft 






Penstock 
(steel pipe 12 in. 
in diameter) 





— Elevation = 2600 ft 





PROBLEM 14.58 


Wind Turbine 


14.59 PO< What determines the minimum and maximum wind 
speeds at which a wind turbine can operate? 

14.60 Calculate the maximum power derivable from a conven- 
tional horizontal-axis wind turbine with a propeller 2.5 m in di- 
ameter in a 50 km/h wind whose density is 1.2 kg/ m°. 

14.61 A wind “farm” consists of 20 Darrieus turbines, each 15 m 
high. The total output from the turbines is to be 2 MW in a wind 
of 20 m/s and an air density of 1.2 kg/m>. The Darrieus tur- 
bine shown has the shape of an arc of a circle. Find the mini- 
mum width, W, of the turbine needed to provide this power 
output. 


15m 


A 


PROBLEM 14.61 





14.62 A windmill is connected directly to a mechanical pump that 
is to pump water from a well 10 ft deep as shown. The windmill 
is a conventional horizontal-axis type with a fan diameter of 10 ft. 
The efficiency of the mechanical pump is 80%. The density of the 
air is 0.07 lbm/ft?. Assume the windmill delivers the maximum 
power available. There is 20 ft of 2 inch galvanized pipe in the 
system. What would the discharge of the pump be (in gallons per 
minute) for a 30 mph wind? (1 cfm = 7.48 gpm) 





10 ft 





PROBLEM 14.62 


C H A P T E R 


Flow in 
Open Channels 


SIGNIFICANT LEARNING OUTCOMES 


Conceptual Knowledge 
e Describe differences between uniform flow, gradually varied flow, and rapidly varied flow. 
e Describe critical depth, specific energy, supercritical flow, and subcritical flow. 
e Describe what causes head loss in open-channel flow. 
e Describe the factors used to classify surface profiles in gradually varied flow. 
e Explain the conditions leading to a hydraulic jump. 


Procedural Knowledge 
e Apply Darcy-Weisbach and Manning’s equations to uniform flow. 
e Find the best hydraulic section. 
e Calculate the depth, velocity, and head loss in a hydraulic jump. 
e Apply the Froude number to classify flow as critical, subcritical, or supercritical. 


Typical Applications 


e Fora pipe that is half full, calculate the water depth and head loss. 
e Fora concrete channel, calculate the dimensions necessary to carry a desired flow rate. 
e To dissipate energy in water exiting a hydroelectric dam, design a stilling basin with hydraulic jump. 


— <i 


An open channel is one in which a liquid flows with a free surface. A free surface means that 
the liquid surface is exposed to the atmosphere. Examples of open channels are natural 
creeks and rivers, artificial channels such as irrigation ditches and canals, and pipelines or 
sewers flowing less than full. In most cases, water or waste-water is the flowing liquid. 


Description of Open-Channel Flow 


Flow in an open channel is described as uniform or nonuniform, as distinguished in Fig. 15.1. 
As defined in Chapter 4, uniform flow means that the velocity is constant along a streamline, 
which in open-channel flow means that depth and cross section are constant along the length 
of a channel. The depth for uniform-flow conditions is called normal depth and is designated 
by y,. For nonuniform flow, the velocity changes from section to section along the channel, 
thus one observes changes in depth. The velocity change may be due to a change in channel 
configuration, such as a bend, change in cross-sectional shape, or change in channel slope. 
For example, Fig. 15.1 shows steady flow over a spillway of constant width, where the water 
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Figure 15.1 





Distingishing uniform 
and nonuniform flow. 
This example shows 
steady flow over a 
spillway, such as the 
emergency overflow 
channel of a dam. 






Nonuniform 


Uniform 
Nonuniform 


must flow progressively faster as it goes over the brink of the spillway (from A to B), caused 
by the suddenly steeper slope. The faster velocity requires a smaller depth, in accordance 
with conservation of mass (continuity). From reach B to C, the flow is uniform because the 
velocity, and thus depth, are constant. After reach C the abrupt flattening of channel slope 
requires the velocity to suddenly, and turbulently, slow down. Thus there is a deeper depth 
downstream of C than in reach B to C. 


The most complicated open-channel flow is unsteady nonuniform flow. An example of 
this is a breaking wave on a sloping beach. Theory and analysis of unsteady nonuniform flow 
are reserved for more advanced courses. 


Dimensional Analysis in Open-Channel Flow 


Open-channel flow results from gravity moving water from higher to lower elevations, and is 
impeded by friction forces caused by the roughness of the channel. Thus the functional equa- 
tion Q = fp, p, g, V, L) and dimensional anaysis as presented in Chapter 8 lead to two impor- 
tant independent m-groups to characterize open-channel flow: the Froude number and the 
Reynolds number. The Froude number is the ratio of inertial force to gravity force: 


2 _ inertial force _ pL? vy E y 
Fr = — A = = (15.1) 
gravity force Ay p  LAy/p 
Feel (15.2) 


JgL 


The Froude number is important if the gravitational force influences the direction of flow, 
such as in flow over a spillway, or the formation of surface waves. However, it is unimportant 
when gravity causes only a hydrostatic pressure distribution, such as in a closed conduit. 

The use of Reynolds number for determining whether the flow in open channels will be 
laminar or turbulent depends upon the hydraulic radius, given by 


R,=4 (15.3) 


where A is the cross-sectional area of flow and P is the wetted perimeter. The characteristic 
length R, is analagous to diameter D in pipe flow. Recall that for pipe flow (Chapter 10), if 
the Reynolds number (VDp/p = VD/v)is less than 2000, the flow will be laminar, and if it 
is greater than about 3000, one can expect the flow to be turbulent. The Reynolds number 
criterion for open-channel flow would be 2000 if one replaced D in the Reynolds number by 
4R, where R, is the hydraulic radius. For this definition of Reyholds number, laminar flow 
would occur in open channels if V(4R,)/v < 2000. 
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End view 


Figure 15.2 





Open-channel relations. 


EXAMPLE 15.1 CONDITIONS FOR LAMINAR 


OPEN-CHANNEL FLOW 


Water (60°F) flows in a 10 ft-wide rectangular channel at a 
depth of 6 ft. What is the Reynolds number if the mean 
velocity is 0.1 ft/s? With this velocity, at what maximum 
depth can one be assured of having laminar flow? 


Problem Definition 


Situation: Constant velocity in rectangular channel, so 


uniform flow. 
Find: 


1. Reynolds number for given mean velocity. 
2. Maximum depth for which flow is laminar. 
Properties: v = 1.22 x 10°° ft’, from Table A.5. 


Plan 


1. Calculate Reynolds number using Eq. (15.4) 
2. Find the depth for which Re = 500 using Eq. (15.5). 


Solution 


1. Reynolds number 


Re = VR,/v 


However, the standard convention in open-channel flow analysis is to define the 
Reynolds number as 


Re = a (15.4) 
v 
Therefore, in open channels, if the Reynolds number is less than 500, the flow is 
laminar, and if Re is greater than about 750, one can expect to have turbulent flow. 
A brief analysis of this turbulent criterion (see Example 15.1) will show that water 
flow in channels will usually be turbulent unless the velocity and/or the depth is 
very small. 
It should be noted that for rectangular channels (see Fig. 15.2), the hydraulic 
radius is 


R -4 By 
h P B+2y 





(15.5) 


Example 15.1 shows that for very wide, shallow channels the hydraulic radius ap- 
proaches the depth y. 

Most open-channel flow problems involve turbulent flow. If one calculates the 
conditions needed to maintain laminar flow, as in Example 15.1, one sees that lami- 
nar flow is uncommon. 


where 
V = 0.1 ft/s 
Ry S A/P = B/B + 2) 
= (10x 6)/(10 +2 x 6) 
= 2.73 ft 


Re = (0.1 ft/s)(2.73 ft)/(1.22 x OR ft/s) =/22,377 


Since Re > 500, flow is turbulent. 
2. Depth for which Re = 500. 


Re = VR,/v = (0.10 ft/s)R,/(1.22 x 10” ft/s) = 500 
R, = (500)(1.22 x 10% ft’/s)/(0.10 ft/s) = 0.061 ft 


For a rectangular channel, 
Ry, = (By)/(B + 2y) 
(By)/(B + 2y) = (10y)/(10 + 2y) = 0.061 ft 


Review 
1. Note: Velocity or depth must be very small to yield 
laminar flow of water in an open channel. 


2. Note: Depth and hydraulic radius are virtually the same 
when depth is very small relative to width. 
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Figure 15.3 
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Energy Equation for Steady Open-Channel Flow 


To derive the energy equation for flow in an open channel, begin with Eq. (7.29) and let the 
pump head and turbine head equal zero: h, = h, = 0. Equation (7.29) becomes 


P Vi P Vy 

1 1 2 2 

—+0,—+2,=—+0,—-+2,+h (15.6) 
y 12g 1 22g 2 L 

Use Fig. 15.3 to show that 
Pı 


— +Z =y; +x and Pity, 
Y Y 


where Sọ is the slope of the channel bottom, and y is the depth of flow. Assume the flow in 
the channel is turbulent, so a, = a, = 1.0. Equation (15.6) becomes 
2 2 
y y, 
yi + — + SyAx = y+ +h, (15.7) 
2g 2g 


In addition to the foregoing assumptions, Eq. (15.7) also requires that the channel have a uni- 
form cross section, and the flow be steady. 


e 


Steady Uniform Flow 


Uniform flow requires that velocity be constant in the flow direction, so the shape of the 
channel and the depth of fluid is the same from section to section. Consideration of the 
foregoing slope equations shows that for uniform flow, the slope of the HGL will be the same 
as the channel slope, because the velocity and depth are the same in both sections. The HGL, 
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and thus the slope of the water surface, is controlled by head loss. If one restates the Darcy- 
Weisbach equation introduced in Chapter 10 with D replaced by 4R,, the head loss is 


2 2 

oJ gn Tdr (15.8) 
J 4R,2¢ L 4R,2g i 
From Fig. 15.3, Sọ = [slope of HGL], which is a function of the head loss, so Sọ = (h;/L), 
yielding the following equation for velocity: 


8 
y= FRS. (15.9) 


To solve Eq. (15.9) for velocity, the friction factor f can be found from the Moody diagram 
(Fig. 10.14) and can then be used to solve iteratively for the velocity for a given uniform-flow 


condition. This is demonstrated in Example 15.2. 


EXAMPLE 15.2 ESTIMATING Ọ FOR UNIFORM 
FLOW USING DARCY-WEISBACH EQUATION 


Estimate the discharge of water that a concrete channel 10 ft 
wide can carry if the depth of flow is 6 ft and the slope of the 
channel is 0.0016. 


Problem Definition 
Situation: Uniform flow, concrete surface. 
Find: Discharge in ft/s. 


Properties: Concrete, Table 10.4: k, = 0.012—0.12 inches, or 
0.001—0.01 ft. 


Plan 

1. Find channel velocity by relating channel slope to 
h,/L with Eq. (15.9). 

Use the Moody diagram to find f: 


Assume a roughness for first estimate of k,/ 4R, to use 
with Reynolds number. 


Select a first estimate of f, which is opposite k,/4R, on 
the Moody diagram 


Solve for V, first iteration. 


Calculate new Reynolds number with this value of V; 
check f against reasonable convergence criterion. 
2. Calculate O = VA. 


Rock-Bedded Channels 





Solution 
1. For Eq. (15.9), V= Eem S need to get a value for f. 
2a. Assume k, = 0.005 ft. Relative roughness is 


k 
0005 0.005 nna 


AR, 4(60 ft’ /22 ft) 42-73 ft) 
2b. Use value of k,/4R,, = 0.00046 as a guide to estimate 
j = 000, 
2c. First iteration for V gives 





y= ft/s?) (2.73 ft) (0.0016) 
0.016 


= 470.6 t/s? = 8.39 ft/s 


2d. Recalculate Reynolds number. 

4R 

Reep iant u fit) 
k 1.2(10~ ft/s) 

Using this new value of Re, and with k,/4R, = 0.00046, 


read fas 0.016. This value of fis the same as previous 
estimate—meets reasonable convergence criterion. 


7.62 x 10° 


3. Compute Q. 


Q = VA = 8.39 ft/s(60 ft”) =[503 cfs | 


For rock-bedded channels such as those in some natural streams or unlined canals, the larger 
rocks produce most of the resistance to flow, and essentially none of this resistance is due to 
viscous effects. Thus, the friction factor is independent of the Reynolds number. This is 
analagous to the fully rough region of the Moody diagram for pipe flow. For a rock-bedded 
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EXAMPLE 15.3 RESISTANCE COEFFICIENT 


FOR BOULDERS 


Determine the value of the resistance coefficient, f, for a 
natural rock-bedded channel that is 100 ft wide and has an 
average depth of 4.3 ft. The dg, size of boulders in the stream 


bed is 0.72 ft. 


Problem Definition 


Situation: Boulders in natural channel bottom will control 


magnitude of f. 
Find: Friction factor, f. 


channel, Limerinos (1) has shown that the resistance coefficient f can be given in terms of the 
size of rock in the stream bed as 


[a (15.10) 


R,) | 
1.2 + 2.03 log T 
84 


where dg, is a measure of the rock size.* See Example 15.3 


Plan 

1. Simplify calculation of R, for wide channel; take R, to be 
depth. 

2. Use Eq. (15.10) to find fon the basis of the dg4 boulder size. 


Solution 


1. R, is 4.3 ft. 
2. Evaluate f. 


j= E ET 
AB ||? 


[2 +2.03 loe) 





The Chezy Equation 


Leaders in open-channel research have recommended the use of the methods already pre- 
sented (involving the Reynolds number and relative roughness k,) for channel design (2). 
However, many engineers continue to use two traditional methods, the Chezy equation and 
the Manning equation. 

As noted earlier, the depth in uniform flow, called normal depth, y,,, is constant. Conse- 
quently, ,/L is the slope Sọ of the channel, and Eq. (15.8) can be written as 


f 4 

R,So = 7A 
or V=CAJR,So (15.11) 
where C= J8g/f (15.12) 

Since Q = VA, the discharge in a channel is given by 
Q = CA,/R,So (15.13) 


This equation is known as the Chezy equation after a French engineer of that name. For 
practical application, the coefficient C must be determined. One way to determine C is by 
knowing an acceptable value of the friction factor fand using Eq. (15.2). 


* Most river-worn rocks are somewhat elliptical in shape. Limerinos (1) showed that the intermediate dimen- 
sion dg, correlates best with f. The dg, refers to the size of rock (intermediate dimension) for which 84% of 
the rocks in the random sample are smaller than the dg, size. Details for choosing the sample are given by 
Wolman (3). 
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The Manning Equation 
The second, and more common, way to determine C in the SI system of units is given as: 
Ri 
=a (15.14) 
n 


where n is a resistance coefficient called Manning 5 n, which has different values for different 
types of boundary roughness. When this expression for C is inserted into Eq. (15.3), the 
result is a common form of the discharge equation for uniform flow in open channels for SI 
units, referred to as the Manning equation: 


o = PAR 84” (15.15) 


Table 15.1 gives values ofn for various types of boundary surfaces. The major limitation 
of this approach is that the viscous or relative-roughness effects are not present in the design 
formula. Hence, application outside the range of normal-sized channels carrying water is not 
recommended. 


Manning Equation—Traditional System of Units 

The form of the Manning equation depends on the system of units because Manning’s equa- 
tion is not dimensionally homogeneous. In Eq. (15.15), notice that the primary dimensions on 
the left side of the equation are L/T and the primary dimensions on the right side are L “`. 





Table 15.1 TYPICAL VALUES OF ROUGHNESS COEFFICIENT, MANNING’S n 











Lined Canals 7 
Cement plaster 0.011 
Untreated gunite 0.016 
Wood, planed 0.012 
Wood, unplaned 0.013 
Concrete, troweled 0.012 
Concrete, wood forms, unfinished 0.015 
Rubble in cement 0.020 
Asphalt, smooth 0.013 
Asphalt, rough 0.016 
Corrugated metal 0.024 
Unlined Canals 

Earth, straight and uniform 0.023 
Earth, winding and weedy banks 0.035 
Cut in rock, straight and uniform 0.030 
Cut in rock, jagged and irregular 0.045 





Natural Channels 





Gravel beds, straight 0.025 
Gravel beds plus large boulders 0.040 
Earth, straight, with some grass 0.026 
Earth, winding, no vegetation 0.030 
Earth, winding, weedy banks 0.050 


Earth, very weedy and overgrown 0.080 
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To convert the Manning equation from SI to traditional units, one must apply a factor 
equal to 1.49 if the same value of n is used in the two systems. Thus in the traditional system 
the discharge equation using Manning’s n is 


1.49 , 2/3 1/2 


In Example 15.4, a value for Manning’s n is calculated from known information about a 


channel and compared to tabulated values for n in Table 15.1. 


EXAMPLE 15.4 CALCULATING DISCHARGE 
AND MANNING’S n USING CHEZY EQUATION 


If a channel with boulders has a slope of 0.0030, is 100 ft 
wide, has an average depth of 4.3 ft, and is known to have a 
friction factor of 0.130, what is the discharge in the channel 
and what is the numerical value of Manning’s n for this 
channel? 


Problem Definition 

Situation: Uniform flow, channel with known f. 
Find: 

1. Discharge, Q, in cfs. 


2. Numerical value of Manning’s n for this channel with 
boulders. 


Plan 


1. Find velocity using Eq. (15.9) with known f . Estimate R, 
to be y, which is 4.3 ft. 
2. Calculate discharge from Q = VA. 


3. Solve for Manning’s n using Chezy equation for 
traditional units (Eq. 15.16). 


Solution 
1. Velocity 





T [882.2 ft/s’) [3 0.0030) | = 
V ESA | (4.3 fi)(0.0030) | 5.06 ft/s 


2. Discharge 


QO = VA = (5.06)(100 x 4.3) =|2176 cfs 


3. Manning’s n, using the traditional unit equation 
(Eq. 15.16) 


X PAR Sy" 
2 t Juw saai eaw Ow 
2176 f?/s 
n =[0.0426 
Review 


Note: This calculated value of n is within the range of typical 
values in Table 15.1 under the category of “Unlined Canals, 
Cut in rock.” 

Note: This example and Example 15.3 show that fin the 
Darcy-Weisbach equation can be related to Manning’s n for 
uniform-flow conditions. 


In Example 15.5 the Chezy equation for traditional units is used to compute discharge. 


EXAMPLE 15.5 DISCHARGE USING CHEZY 
EQUATION 
Using the Chezy equation with Manning’s n, compute the 


discharge in a concrete channel 10 ft wide if the depth of flow 
is 6 ft and the slope of the channel is 0.0016. 


Problem Definition 


Situation: Uniform flow, concrete channel, known geometry 
and depth. 


Find: Discharge, Q. 
Properties: n = 0.015 for concrete channel (Table 15.1). 





Plan 
Use the Chezy equation for traditional units, Eq. (15.16). 


Solution 


Q= 12 aR sy” 


_ 60 2/3 


R, = — = 2.73 ft and R, = 1.95 
22 


1/2 
So 


_ 1.49 z 
O = 5573 (60)(1.96)(0.04) =[467 cfs 


= 0.04 and A = 60 ft? 
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Figure 15.4 





Best hydraulic sections 
for different geometries. 


EXAMPLE 15.6 BEST HYDRAULIC SECTION 
FOR A RECTANGULAR CHANNEL 


Determine the best hydraulic section for a rectangular 
channel with depth y and width B. 


Problem Definition 


Situation: Rectangular channel with depth y and width B. 
Find: Best hydraulic section. 


Plan 


The two results (Examples 15.4 and 15.5) are within expected engineering accuracy for 
this type of problem. For a more complete discussion of the historical development of Man- 
ning’s equation and the choice of n values for use in design or analysis, refer to Yen (4) and 
Chow (5). 


Best Hydraulic Section for Uniform Flow 


The best hydraulic section is the channel geometry that yields a minimum wetted perim- 
eter for a given cross-sectional area. Therefore, it yields the least viscous energy loss 
for a given area. Consider the quantity AR,’ in Manning’s equation given in Eqs. 
(15.15 and 15.16), which is referred to as the section factor, Because R, = A/P, the 
section factor relating to uniform flow is given by A(A/PY?. Thus, for a channel of 
given resistance and slope, the discharge will increase with increasing cross-sectional 
area but decrease with increasing wetted perimeter P. For a given area, A, and a given 
shape of channel—for example, rectangular cross section—there will be a certain ratio 
of depth to width (y/B) for which the section factor will be maximum. This ratio is the 
best hydraulic section. 

Example 15.6 shows that the best hydraulic section for a rectangular channel occurs when 
y= iB . It can be shown that the best hydraulic section for a trapezoidal channel is half a hexagon 
as shown; for the circular section, it is the half circle with depth equal to radius; and for the tri- 
angular section, it is a triangle with a vertex of 90° (Fig 15.4). Of all the various shapes, the half 
circle has the best hydraulic section because it has the smallest peri-meter for a given area. 

The best hydraulic section can be relevant to the cost of the channel. For example, if a 
trapezoidal channel were to be excavated and if the water surface were to be at adjacent 
ground level, the minimum amount of excavation (and excavation cost) would result if the 
channel of best hydraulic section were used. 


Solution 


1. Relate A and P in terms of y. 


P= á +2y 
uv 
2a.Minimize P. 
A ZA 
Vo y 
ar 
1. SetA = Byand P = B + 2y so that both are a function of y. a 


2. Let A be constant, and minimize P. 
e Differentiate P with respect to y and set the derivative 


equal to zero. 


e Express the result of minimizing P as a relation 
between y and B. 


2b.Express result in terms of y and B. 
A = By, so 
By =) or y= l 
y 2 


The best hydraulic section for a rectangular channel occurs when 
the depth is one-half the width of the channel, see Fig. 15.4. 
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Figure 15.5 





Culvert under a highway 
embankment. 


Roadway 







Embankment 


Culvert 


Uniform Flow in Culverts and Sewers 


Sewers are conduits that carry sewage (liquid domestic, commercial, or industrial waste) 
from households, businesses, and factories to sewage disposal sites. These conduits are often 
circular in cross section, but elliptical and rectangular conduits are also used. The volume 
rate of sewage varies throughout the day and season, but of course sewers are designed to 
carry the maximum design discharge flowing full or nearly full. At discharges less than the 
maximum, the sewers will operate as open channels. 

Sewage usually consists of about 99% water and 1% solid waste. Because most sew- 
age is so dilute, it is assumed that it has the same physical properties as water for purposes 
of discharge computations. However, if the velocity in the sewer is too small, the solid par- 
ticles may settle out and cause blockage of the flow. Therefore, sewers are usually de- 
signed to have a minimum velocity of about 2 ft/s (0.60 m/s) at times when the sewer is 
flowing full. This condition is met by choosing a slope on the sewer line to achieve the de- 
sired velocity. 

A culvert is a conduit placed under a fill such as a highway embankment. It is used to 
convey stream-flow from the uphill side of the fill to the downhill side. Figure 15.5 shows 
the essential features of a culvert. A culvert should be able to convey runoff from a design 
storm without overtopping the fill and without erosion of the fill at either the upstream or 
downstream end of the culvert. The design storm, for example, might be the maximum storm 
that could be expected to occur once in 50 years at the particular site. 

The flow in a culvert is a function of many variables, including cross-sectional shape 
(circular or rectangular), slope, length, roughness, entrance design, and exit design. Flow in a 
culvert may occur as an open channel throughout its length, it may occur as a completely full 
pipe, or it may occur as a combination of both. The complete design and analysis of culverts 
are beyond the scope of this text; therefore, only simple examples are included here (Exam- 
ples 15.7 and 15.8). For more extensive treatment of culverts, please refer to Chow (5), 
Henderson (6), and American Concrete Pipe Assoc. (7). 





EXAMPLE 15.7 SIZING A ROUND CONCRETE Problem Definition 
SEWER LINE Situation: Given slope, find Manning’s n, design discharge, 


A sewer line is to be constructed of concrete pipe to be laid on 


traditional unit system. 


a slope of 0.006. If n = 0.013 and if the design discharge is Find: Pipe diameter large enough to carry design discharge 


110 cfs, what size pipe (commercially available) should be 


and that allows V=2 ft/s at full-flow condition. 


selected for a full-flow condition? What will be the mean Assumptions: Can only use a standard pipe size. 


velocity in the sewer pipe for these conditions? (It should be 


noted that concrete pipe is readily available in commercial Rian 

sizes of 8 in., 10 in., and 12 in. diameter and then in 3 in. 1. Use Chezy equation for traditional units, Eq. (15.16). 

increments up to 36 in. diameter. From 36 in. diameter up to 2. Solve for AR”? 

144 in. the sizes are available in 6 in. increments.) 3. For pipe flowing full, relate A and P to diameter through R,. 
4. Solve for diameter, and use the next commerical size larger. 
5. Check that velocity for full flow is greater than 2 ft/s. 
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Solution 


1. Chezy equation for traditional units is 


Q= 12 AR? Sy” 
O= 110 ft'/s 
n = 0.013 


So = 0.006 (assume atmospheric pressure in the pipe) 


2. Solve for AR” . Note i of AR?’ are ft°” because 
A is in ft and R, is in ft 
AR” — (110 f? /8)(0.013) _ = 12.39 Rê’ 


(1.49)(0.006) 


3. Relate A and P to diameter by relating to R,. 


/3 
Bsk epon" 
P 


For a pipe flowing full, A = aD’ /4and P = wD, or 


(bay 
(mD)? 


4. Solving for diameter yields D = 3.98 ft = 47.8 in. Use 
the next commercial size larger, which is 


qD 


= 12.39 fë” 


A= = 50.3 ft? (for pipe flowing full) 


5. Verify that velocity of full flow is greater than 2 ft/s. 


OQ (110 ft’/s) 
y= = =~ =P ft/s] 
- [2.19 7s] 


(50.3 ft" ) 





Example 15.8 demonstrates the calculation of necessary slope given all sources of head 
loss, and a required discharge. 





EXAMPLE 15.8 CULVERT DESIGN 


A 54 in. diameter culvert laid under a highway embankment 
has a length of 200 ft and a slope of 0.01. This was designed 
to pass a 50-year flood flow of 225 cfs under full-flow 
conditions (figure below). For these conditions, what head H 
is required? When the discharge is only 50 cfs, what will be 
the uniform flow depth in the culvert? Assume n = 0.012. 


Problem Definition 

Situation: Culvert has been designed to carry 225 cfs with 

given dimensions. 

Find: 

1. The height H required between the two free surfaces when 
flowing full. 

2. The uniform flow depth in the culvert when Q = 50 cfs. 

Assumptions: Uniform flow, so that pipe head loss h,can be 

related to Sp. 


Sketch: 











Plan 

1. Use energy equation between the two end sections, 
accounting for head loss. 

2. Document all sources of head loss. 

3. Find pipe head loss h, using Eq. (15.17) and the fact that 

ee 
0 i” 

4. Use continuity equation to find V, the uniform flow velocity, 
needed to calculate head loss. 

5. Solve for H. 

6. Solve for depth of flow, for Q = 50, using Eq. (15.17) and 
pipe geometry relations for pipe flowing partly full. 

Solution 


1. Energy equation 


y? 
Ai a Z= a2 ae Dh, 
g 2g g 2g 
Let points 1 and 2 be at the upstream and downstream 
water surfaces, respectively. 


Thus, (pı 
Also, 


= p, = 0 gage and V,= 
Gees = H) 
Therefore, (H = Sh L) 


a= 0) 
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2. Head losses occur at culvert entrance and exit, as well as 


over the length of pipe. 
H = pipe head loss + entrance head loss + exit head loss 
2 
H= ee + Kg) + pipe head loss 
K, = 0.50 (from Table 10.5) 
Kp = 1.00 (from Table 10.5) 
3. Pipe head loss is 


Q= 1RR S” 
Q = 225 ft’/s 
2 
Ae moO. 
2 
ipm E = A 11258 
IP mD 4 
R = QIB R = 
h 
fi 
S = 
0 L a 
_ 1.49 23 ( a 
225 = o COOSA z 
hp= 2.22 ft 
4. Continuity equation yields 
3 
pone 
A 15.90 ft 


. Solve for H. 


14.157 
64.4 


H = 4.66 ft + 2.22 ft =[6.88 f| 


HS 





. Depth of flow for Q = 50 cfs is 


1.49 , ,23 1/2 
50 = 0.0104 (0.01) 
Values of A and R, will depend upon geometry of partly 


full pipe, as shown: 











Area A if angle @ is given in degrees 


2 2 
As (Se ee -(2) (sinð cos0) 
Wetted perimeter will be P = mD(m/ 180°), so 
A D sin8cos@ 
LS = (2) 1 =| (10/1809) 


Substituting these relations for A and R, into the discharge 
equation and solving for 0 yields © = 70°. Therefore, y is 


_ JB) 1D _ (54 in a F 
y=P-Beose = (4% (1-0 342) =|17.8 in| 
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Figure 15.6 





As stated in the beginning of this chapter, and shown in Fig. 15.1, all open-channel flows are 
classified as either uniform or nonuniform. Recall that uniform flow has constant velocity along 
a streamline, and thus has constant depth for a constant cross section. In steady nonuniform flow, 
the depth and velocity change over distance (but not with time). For all such cases, the energy 
equation as generally introduced in Section 15.2 is invoked to compare two cross sections. 
However, for analysis of nonuniform flow, it is useful to distinguish whether the depth and 
velocity change occurs over a short distance, referred to as rapidly varied flow, or over a long 
reach of the channel, referred to as gradually varied flow (Fig.15.6). The head loss term is 
different for these two cases. For rapidly varied flow, one can neglect the resistance of the channel 
walls and bottom because it occurs over a short distance. For gradually varied flow, because of 


Classifying nonuniform flow. the long distances involved, the surface resistance is a signficant variable in the energy balance. 
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e 


Rapidly Varied Flow 


Figure 15.7 





Relation between depth 
and specific energy. 


Rapidly varied flow is analyzed with the energy equation presented previously for open- 
channel flow, Eq. (15.7), with the additional assumptions that the channel bottom is horizon- 
tal (Sọ = 0) and the head loss is zero (A; = 0). Therefore, Eq. (15.7) becomes 


2 


2 
Vi Vy 
+— =y t> 15.17 
Yi 2g y2 2g ( ) 
Specific Energy 
The sum of the depth of flow and the velocity head is defined as the specific energy: 
2 
Raye (15.18) 
2g 


Note that specific energy has dimensions [L]; that is, it is an energy head. Equation (15.17) 
states that the specific energy at section | is equal to the specific energy at section 2, or 
E, = E,. The continuity equation between sections 1 and 2 is 


AV, =A,V,=0Q (15.19) 
Therefore, Eq. (15.17) can be expressed as 


2 2 








_ Q 
z Xt 2 
2gA] 2gA, 


y+ (15.20) 


Because A, and A, are functions of the depths y, and y,, respectively, the magnitude of the 
specific energy at section 1 or 2 is solely a function of the depth at each section. If, for a 
given channel and given discharge, one plots depth versus specific energy, a relationship 
such as that shown in Fig. 15.7 is obtained. By studying Fig. 15.7 for a given value of spe- 








Q = constant 
| Subcritical flow 


vi 


2g 





Alternate depths 








Supercritical flow 
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Figure 15.8 





Flow under a sluice gate. 
(a) Smaller gate opening. 
(b) Larger gate opening. 


cific energy, one can see that the depth may be either large or small. This means that for the 
small depth, the bulk of the energy of flow is in the form of kinetic energy—that is, 
Q°/(2gA*) > y—whereas for a larger depth, most of the energy is in the form of potential 
energy. Flow under a sluice gate (Fig. 15.8) is an example of flow in which two depths oc- 
cur for a given value of specific energy. The large depth and low kinetic energy occur up- 
stream of the gate; the low depth and large kinetic energy occur downstream. The depths as 
used here are called alternate depths. That is, for a given value of E, the large depth is alter- 
nate to the low depth, or vice versa. Returning to the flow under the sluice gate, one finds 
that if the same rate of flow is maintained, but the gate is set with a larger opening, as in 
Fig. 15.85, the upstream depth will drop, and the downstream depth will rise. This results 
in different alternate depths and a smaller value of specific energy than before. This is con- 
sistent with the diagram in Fig. 15.7. 

Finally, it can be seen in Fig. 15.7 that a point will be reached where the specific en- 
ergy is minimum and only a single depth occurs. At this point, the flow is termed critical. 
Thus one definition of critical flow is the flow that occurs when the specific energy is min- 
imum for a given discharge. The flow for which the depth is less than critical (velocity is 
greater than critical) is termed supercritical flow, and the flow for which the depth is 
greater than critical (velocity is less than critical) is termed subcritical flow. Therefore, sub- 
critical flow occurs upstream and supercritical flow occurs downstream of the sluice gate 
in Fig. 15.8. It should be noted that some engineers refer to subcritical and supercritical 
flow as tranquil and rapid flow, respectively. Other aspects of critical flow are shown in the 
next section. 
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Figure 15.9 





Open-channel relations. 


Characteristics of Critical Flow 


Critical flow occurs when the specific energy is minimum for a given discharge. The depth for 
this condition may be determined by solving for dE/dy from E = y+ O'/2gA and setting 
dE/ dy equal to zero: 


f=1-=-= (15.21) 


However, dA = T dy, where T is the width of the channel at the water surface, as shown in 
Fig. 15.9. Then Eq. (15.21), with dE/dy = 0, will reduce to 





T 
g = =1 (15.22) 
gA, 
or 
A 2 
<= a (15.23) 
T, gA; 
If the hydraulic depth, D, is defined as 
A 
D== 15.24 
7 (15.24) 


then Eq. (15.23) will yield a critical hydraulic depth D.., given by 


D=% -L (15.25) 


Dividing Eq. (15.25) by D, and taking the square root yields 
1= (15.26) 


Wen, 


Note: V/ JeD, is the Froude number. Therefore, it has been shown that the Froude number is 
equal to unity when critical flow prevails. 

If a channel is of rectangular cross section, then A/T is the actual depth, and 
Oo /A’ = q / y, so the condition for critical depth (Eq. 15.23) for a rectangular channel becomes 





2.1/3 


Ye = (£) (15.27) 
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EXAMPLE 15.9 CRITICAL DEPTH IN 


A CHANNEL 


Determine the critical depth in this trapezoidal channel for a 
discharge of 500 cfs. The width of the channel bottom is 
B = 20 ft, and the sides slope upward at an angle of 45°. 


Problem Definition 


Situation: Trapezoidal channel with known geometry. 


Find: Critical depth. 
Sketch: 


Plan 


1. For critical flow, Eq. (15.22) must apply. 

2. Relate this channel geometry to width T and area A in 
Eq. (15.22). 

3. By iteration (choose y and compute A?/ T), find y that will 
yield 43/ T equal to 7764 ft”. This y will be critical depth y,. 








Solution 
1. Apply Eq. (15.22) or Eq. (15.23). 
2 2 3 
IE A 
Q zela 2 = = 
g4, e 
2. For O = 500 cfs, 
3 2 
fe — 300 _ 7764 2 
it BO) 


e 





|— B= 20 ft —_>| 





Figure 15.10 





Variation of q and y with 
constant specific energy. 


For this channel, A = y(B+y) and T= B + 2y. 
3. Iterate to find y,. 


Ye =|2.57 ft 





Critical flow may also be examined in terms ofhow the discharge in a channel varies with 
depth for a given specific energy. For example, consider flow in a rectangular channel where 








2 
E=y+ Q 
2gA? 
2 
or E= y+ Q 
2gy?B? 
Ifone considers a unit width of the channel and lets q = O/B, then the foregoing equation becomes 
2 
2gy? 


If one determines how q varies with y for a constant value of specific energy, one sees that 
critical flow occurs when the discharge is maximum (see Fig. 15.10). 


E = constant 
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Figure 15.11 





Flow over a 
broad-crested weir. 

(a) Depth of flow 
controlled by sluice gate. 
(b) Depth of flow is 


controlled by weir, andis y „. 


Originally, the term critical flow probably related to the unstable character of the flow for this 
condition. Referring to Fig. 15.7, one can see that only a slight change in specific energy will cause 
the depth to increase or decrease a significant amount; this is a very unstable condition. In fact, ob- 
servations of critical flow in open channels show that the water surface consists of a series of stand- 
ing waves. Because of the unstable nature of the depth in critical flow, designing canals so that 
normal depth is either well above or well below critical depth is usually best. The flow in canals and 
rivers is usually subcritical; however, the flow in steep chutes or over spillways is supercritical. 

In this section, various characteristics of critical flow have been explored. The main 
ones can be summarized as follows: 

1. Critical flow occurs when specific energy is minimum for a given discharge (Fig. 15.7). 
2. Critical flow occurs when the discharge is maximum for a given specific energy. 
3. Critical flow occurs when 
A3 _ Q 
T g 
4. Critical flow occurs when Fr = 1. 
5. For rectangular channels, critical depth is given as y, = (q?/ Dr 


Common Occurrence of Critical Flow 

Critical flow occurs when a liquid passes over a broad-crested weir (Fig. 15.11). The principle of 
the broad-crested weir is illustrated by first considering a closed sluice gate that prevents water from 
being discharged from the reservoir, as shown in Fig. 15.11a. If the gate is opened a small amount 
(gate position a’-a’), the flow upstream of the gate will be subcritical and the flow downstream will 
be supercritical (as in the condition shown in Fig. 15.8). As the gate is opened further, a point is fi- 
nally reached where the depths immediately upstream and downstream of the gate are the same. This 
is the critical condition. At this gate opening and beyond, the gate has no influence on the flow; this 
is the condition shown in Fig. 15.115, the broad-crested weir. If the depth of flow over the 
weir is measured, the rate of flow can easily be computed from Eq. (15.27): 


a= dey: 


3 
or O=Liiey, 
where L is the length of the weir crest normal to the flow direction. 


(15.28) 


Water surface with 
partly open gate 











Broad- 
crested 
weir 





\ Weir crest 











crested 
weir 









(b) 
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Figure 15.12 





Discharge coefficient for 
a broad-crested weir for 
0.1 < H/L < 0.8. 


Because y,/2 = ( V-/2g), from Eq. (15.25), it can be shown that y, = (2/3), where E 
is the total head above the crest (H + Vapproacn/ 28); hence Eq. (15.28) can be rewritten as 


Q _ LAE) 2” 


or O = 0.385L,/2gE.” (15.29) 
For high weirs, the upstream velocity of approach is almost zero. Hence Eq. (15.29) can be 
expressed as 


O iheor E 0.385L 28H (15.30) 


If the height P of the broad-crested weir is relatively small, then the velocity of approach may 
be significant, and the discharge produced will be greater than that given by Eq. (15.30). 
Also, head loss will have some effect. To account for these effects, a discharge coefficient C 
is defined as 


C = O/O neor (15.31) 


Then O = 0.385CL A28 (15.32) 


where Q is the actual discharge over the weir. An analysis of experimental data by Raju (15) 
shows that C varies with H/ (H + P) as shown in Fig. 15.12. The curve in Fig. 15.12 is for a 
weir with a vertical upstream face and a sharp corner at the intersection of the upstream face 
and the weir crest. If the upstream face is sloping at a 45° angle, the discharge coefficient 
should be increased 10% over that given in Fig. 15.12. Rounding of the upstream corner will 
also produce a coefficient of discharge as much as 3% greater. 

Equation (15.32) reveals a definite relationship for Q as a function of the head, H. This 
type of discharge-measuring device is in the broad class of discharge meters called critical- 
flow flumes. Another very common critical-flow flume is the venturi flume, which was devel- 
oped and calibrated by Parshall (8). Figure 15.13 shows the essential features of the venturi 
flume. The discharge equation for the venturi flume is in the same form as Eq. (15.32), the 
only difference being that the experimentally determined coefficient C will have a different 
value from the C for the broad-crested weir. For more details on the venturi flume, you may 
refer to Roberson et al. (9), Parshall (8), and Chow (5). The venturi flume is especially useful 
for discharge measurement in irrigation systems because little head loss is required for its 
use, and sediment is easily flushed through if the water happens to be silty. 
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0.90 























0.85 
0 


15.5 RAPIDLY VARIED FLOW 529 





Figure 15.13 







Venturi flume 








Flow through a venturi 
flume. Channel width 











(b) Profile 


The depth also passes through a critical stage in channel flow where the slope changes 
from a mild one to a steep one. A mild slope is defined as a slope for which the normal depth 
y, 18 greater than y,. Likewise, a steep slope is one for which y,, < ye. This condition is shown 
in Fig. 15.14. Note that y, is the same for both slopes in the figure because y, is a function of 
the discharge only. However, normal depth (uniform-flow depth) for the mild upstream channel 
is greater than critical, whereas the normal depth for the steep downstream channel is less than 
critical; hence it is obvious that the depth must pass through a critical stage. Experiments show 
that critical depth occurs a very short distance upstream of the intersection of the two channels. 

Another place where critical depth occurs is upstream of a free overfall at the end of a channel 
with a mild slope Fig. 15.15. Critical depth will occur at a distance of 3y,. to 4y,. upstream of the brink. 
Such occurrences of critical depth (at a break in grade or at a brink) are useful in computing surface 
profiles because they provide a point for starting surface-profile calculations.* 


Figure 15.14 FA 











Critical depth at a break 
in grade. 








Figure 15.15 





Critical depth at a free 
overfall. 





* The procedure for making these computations starts on p. 541 (water surface profiles). 
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Figure 15.16 





Change in depth with 
change in bottom elevation 
of a rectangular channel. 


Channel Transitions 


Whenever a channel’s cross-sectional configuration (shape or dimension) changes along its length, 
the change is termed a transition. Concepts previously presented are used to show how the flow 
depth changes when the floor of a rectangular channel is increased in elevation or when the width 
of the channel is decreased. In these developments negligible energy losses are assumed. First, the 
case where the floor of the channel is raised (an upstep) is considered. Later in this section, con- 
figurations of transitions used for subcritical flow from a rectangular to a trapezoidal channel are 
presented. 

Consider the rectangular channel shown in Fig. 15.16, where the floor rises an 
amount Az. To help in evaluating depth changes, one can use a diagram of specific en- 
ergy versus depth, which is similar to Fig. 15.7. This diagram is applied both at the sec- 
tion upstream of the transition and at the section just downstream of the transition. 
Because the discharge, Q, is the same at both sections, the same diagram is valid at both sec- 
tions. As noted in Fig. 15.16, the depth of flow at section 1 can be either large (subcritical) 
or small (supercritical) if the specific energy £} is greater than that required for critical flow. 
It can also be seen in Fig. 15.16 that when the upstream flow is subcritical, a decrease in 
depth occurs in the region of the elevated channel bottom. This occurs because the spe- 
cific energy at this section, Æ, is less than that at section 1 by the amount Az. Therefore, 
the specific-energy diagram indicates that y, will be less than y,. In a similar manner it 
can be seen that when the upstream flow is supercritical, the depth as well as the actual 
water-surface elevation increases from section 1 to section 2. A further note should be 
made about the effect on flow depth of a change in bottom-surface elevation. If the chan- 
nel bottom at section 2 is at an elevation greater than that just sufficient to establish crit- 
ical flow at section 2, then there is not enough head at section | to cause flow to occur 
over the rise under steady-flow conditions. Instead, the water level upstream will rise un- 
til it is just sufficient to reestablish steady flow. 

When the channel bottom is kept at the same elevation but the channel is decreased in 
width, then the discharge per unit of width between sections | and 2 increases, but the spe- 
cific energy E remains constant. Thus when utilizing the diagram of q versus depth for the 
given specific energy E, one notes that the depth in the restricted section increases if the up- 
stream flow is supercritical and decreases if it is subcritical (see Fig. 15.17). 












yı (subcritical) 
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Figure 15.17 





Change in depth with 
change in channel width. 


Figure 15.18 





Simplest type of 
transition between a 
rectangular channel and 
a trapezoidal channel. 


Figure 15.19 


Half section of a wedge 


transition. 











Plan view 
Water 
surface for 
supercritical 


Water surface for subcritical flow 












yı (subcritical) 








| #2 


x— 4] —> 


Elevation view 


The foregoing paragraphs describe gross effects for the simplest transitions. In practice, 
it is more common to find transitions between a channel of one shape (rectangular cross sec- 
tion, for example) and a channel having a different cross section (trapezoidal, for example). 
A very simple transition between two such channels consists of two straight vertical walls 
joining the two channels, as shown by half section in Fig. 15.18. 

This type of transition can work, but it will produce excessive head loss because of the 
abrupt change in cross section, and the ensuing separation that will occur. To reduce the head 
losses, amore gradual type of transition is used. Figure 15.19 is a half section ofa transition similar 
to that of Fig. 15.18, but with the angle © much greater than 90°. This is called a wedge transition. 

The warped-wail transition shown in Fig. 15.20 will yield even smoother flow than ei- 
ther of the other two, and it will thus have less head loss. In the practical design and analysis 
of transitions, engineers usually use the complete energy equation, including the kinetic en- 
ergy factors a, and a, as well as a head loss term /,, to define velocity and water-surface 
elevation through the transition. Analyses of transitions utilizing the one-dimensional form 
of the energy equation are applicable only if the flow is subcritical. If the flow is supercriti- 
cal, then a much more involved analysis is required. For more details on the design and anal- 
ysis of transitions, you are referred to Hinds (10), Chow (5), U.S. Bureau of Reclamation 
(11), and Rouse (12). 


Rectangular channel Transition wall 


Trapezoidal channel 





Centerline 


iii 
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Figure 15.20 





Half section of a warped- 
wall transition. 


Figure 15.21 





Solitary wave 
(exaggerated vertical 
scale). 

(a) Unsteady flow. 
(b) Steady flow. 














Wave Celerity 


Wave celerity is the velocity at which an infinitesimally small wave travels relative to the ve- 
locity of the fluid. It can be used to characterize the velocity of waves in the ocean, or propa- 
gation of a flood wave following a dam failure. A derivation of wave celerity, c, follows. 
Consider a small solitary wave moving with velocity c in a calm body of liquid of small 
depth (Fig. 15.21a). Because the velocity in the liquid changes with time, this is a condition 
of unsteady flow. However, if one referred all velocities to a reference frame moving with the 
wave, the shape of the wave would be fixed, and the flow would be steady. Then the flow is 
amenable to analysis with the Bernoulli equation. The steady-flow condition is shown in 
Fig. 15.216. When the Bernoulli equation is written between a point on the surface of the un- 
disturbed fluid and a point at the wave crest, the following equation results: 
2 

ieee eee (15.33) 

2g 2g 
In Eq. (15.33), V is the velocity of the liquid in the section where the crest of the wave is 
located. From the continuity equation, cy = V(y + Ay). Hence 


y+ Ay 
242 
and y= oe (15.34) 
Q + Ay) 
When Eq. (15.34) is substituted into Eq. (15.33), it yields 
a c2y2 
2 +y = —— ty tly (15.35) 
2g 2g[y? + 2yAy + (Ay)?] 














(b) 
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Qe 


Hydraulic Jump 


Figure 15.22 


Definition sketch for the 
hydraulic jump. 





Solving Eq. (15.35) for c after discarding terms with (Ayy’, assuming an infinitesimally small 
wave, yields the wave celerity equation 


c= Jey (15.36) 


It has thus been shown that the speed of a small solitary wave is equal to the square root of 
the product of the depth and g. 


Occurrence of the Hydraulic Jump 


An interesting and important case of rapidly varied flow is the hydraulic jump. A hydraulic 
jump occurs when the flow is supercritical in an upstream section of a channel and is then forced 
to become subcritical in a downstream section (the change in depth can be forced by a sill in 
the downstream part of the channel or just by the prevailing depth in the stream further 
downstream), resulting in an abrupt increase in depth, and considerable energy loss. Hydraulic 
jumps (Fig. 15.22) are often considered in the design of open channels and spillways of dams. If 
a channel is designed to carry water at supercritical velocities, the designer must be certain that 
the flow will not become subcritical prematurely. [fit did, overtopping of the channel walls would 
undoubtedly occur, with consequent failure of the structure. Because the energy loss in the 
hydraulic jump is initially not known, the energy equation is not a suitable tool for analysis of the 
velocity-depth relationships. Because there is a significant difference in hydrostatatic head on 
both sides of the equation causing opposing pressure forces, the momentum equation can be 
applied to the problem, as developed in the following sections. 


Derivation of Depth Relationships in Hydraulic Jumps 


Consider flow as shown in Fig. 15.22. Here it is assumed that uniform flow occurs both up- 
stream and downstream of the jump and that the resistance of the channel bottom over the rel- 
atively short distance L is negligible. The derivation is for a horizontal channel, but experiments 
show that the results of the derivation will apply to all channels of moderate slope 
(Sy < 0.02). The derivation is started by applying the momentum equation in the x-direction 
to the control volume shown in Fig. 15.23: 
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Figure 15.23 


Control surface 





Control-volume analysis 





for the hydraulic jump. I 


Hydrostatic 
pressure at 


section (2) 


Hydrostatic 
pressure at 


section (1) 














The forces are the hydrostatic forces on each end of the system; thus the following is 
obtained: 


PA, — Pr A, = pV,A,V.—pV|A\V, 


or P\A, + pOV, = pr A, + pQV, (15.37) 


In Eq. (15.37), pı and p, are the pressures at the centroids of the respective areas A, and A,. 

A representative problem (e.g., Example 15.10) is to determine the downstream depth 
y given the discharge and upstream depth. The left-hand side of Eq. (15.37) would be known 
because V, A, and p are all functions of y and Q, and the right-hand side is a function of y»; 
therefore, y, can be determined. 





EXAMPLE 15.10 DOWNSTREAM DEPTH IN Properties: Water (50°F), Table A.5: 

HYDRAULIC JUMP y = 62.4 Ibf/ ft’, and p = 1.94 slugs/ ft. 

Water flows in a trapezoidal channel at a rate of 300 cfs. The 

channel has a bottom width of 10 ft and side slopes of Plan 

1 vertical to 1 horizontal. If a hydraulic jump is forced to occur 1. Find cross section, velocity, and hydraulic depth in the 
where the upstream depth is 1.0 ft, what will be the downstream upstream section. 

depth and velocity? What are the values of Fr, and Fr,? 2. Find pressure in the upstream section to use for left-hand 


side of Eq. (15.37). 


Problem Definition 3. Use channel geometry information to solve for y, in 
Situation: Known upstream conditions, hydraulic jump is right-hand side of Eq. (15.37). 

forced to occur (details not described). 4. Use Eq. (15.2) to solve for the Froude number at both 
Find: sections. 


1. Downstream depth and velocity. 
2. Values of Fr, and Fry. 

Sketch: 1. By inspection, for the upstream section, the cross-sectional 
flow area is 11 fi’. 

Therefore, the mean velocity is V} = O/A, = 27.3 ft/s. 
The hydraulic depthisD, = 4,/T, = 11 f?/12ft = 0.9167 
ft. 


Solution 
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2. The location of the centroid ( y ) of the area A, can be Using B = 10 ft, O = 300 es s, and material properties 
obtained by taking moments of the sub-areas about the assumed earlier, 
water surface (see example sketch). 


A17, = 414 X 0.333 ft +A, _X 0.500 ft +4, 0x 0.333 ft HSN 


4. Froude numbers at both sections are 


(11 ft’) y, = (0.333 ft)(0.500 ft? x 2) + (0.50 ft)(10.00 ft’) 
Pa 27.3 ft/s 








y = 0.485 ft Ai = eee ea 
, 3 NgD, 432.2 ft/s? x 0.9167 ft 
Pressure p; = 62.4 1bf/ft x 0.485 ft = 30.26 Ibf/ft’. 
e 
Therefore, a A E 37.5 45.752 i = 
30.26 x 11 + 1.94 x 300 x 27.3 = p A, + pOV, ae 
3. Using right-hand side of Eq. (15.37), solve for yz. D, = á> _ 90.56 _ 4.21 ft 
Py A, + pQV, = 16,221 Ibf Ny ails 
y 3.31 
=a pO Tp = -s Se) 
Coo o 1022) D Joar 


= _ DA By 
A, A, 


VD, 





Hydraulic Jump in Rectangular Channels 
If one writes Eq. (15.37) for a unit width of a rectangular channel where pı = yy,/2, 


Pr = Yy2/2, Q = q, A, = y, and A, = yy, this will yield 
2 2 
x Y 
vz tea" = Vz + aM (15.38a) 
but q = Vy, so Eq. (15.38a) can be rewritten as 
Z 2 2 
301 -Va) = Fi) (15.39b) 
The preceding equation can be further manipulated to yield 
&y1 Yı yı 


The term on the left-hand side of Eq. (15.40) will be recognized as twice Fry. Hence Eq. 
(15.40) is written as 


(15.40) 


yi 
(>) +22_2Fr? = 0 (15.41) 
Yı Yı 


By use of the quadratic formula, it is easy to solve for y,/y, in terms of the upstream Froude 
number. This yields an equation for depth ratio across a hydraulic jump: 


Xle fisser -i (15.42) 
2 1 


Yı 


or y= a 1 +8Fr-1) (15.43) 
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The other solution of Eq. (15.41) gives a negative downstream depth, which is not physically 
possible. Hence the downstream depth is expressed in terms of the upstream depth and the 
upstream Froude number. In Eqs. (15.42) and (15.43), the depths y, and y, are said to be 
conjugate or sequent (both terms are in common use) to each other, in contrast to the alter- 
nate depths obtained from the energy equation. Numerous experiments show that the relation 
represented by Eqs. (15.42) and (15.43) is valid over a wide range of Froude numbers. 

Although no theory has been developed to predict the length of a hydraulic jump, ex- 
periments [see Chow (5)] show that the relative length of the jump, L/y,, is approximately 6 
for Fr, ranging from 4 to 18. 


Head Loss in a Hydraulic Jump 

In addition to determining the geometric characteristics of the hydraulic jump, it is often de- 
sirable to determine the head loss produced by it. This is obtained by comparing the specific 
energy before the jump to that after the jump, the head loss being the difference between the 
two specific energies. It can be shown that the head loss for a jump in a rectangular channel is 


= (2 -y,)? 
AV V2 


For more information on the hydraulic jump, see Chow (5). The following example shows 
that Eq. (15.44) yields a magnitude that equals the difference between the specific energies at 
the two ends of the hydraulic jump. 


(15.44) 





EXAMPLE 15.11 HEAD LOSS IN 
HYDRAULIC JUMP 


Water flows in a rectangular channel at a depth of 30 cm with 
a velocity of 16 m/s, as shown in the sketch that follows. If a 
downstream sill (not shown) forces a hydraulic jump, what 
will be the depth and velocity downstream of the jump? What 
head loss is produced by the jump? 


Problem Definition 


Situation: Channel is rectangular; upstream depth and 
velocity known. 


Find: 

1. Downstream depth and velocity. 
2. Head loss produced by the jump. 
Sketch: 





30 cm V= 16 m/s 
WU 2 





=e 
EA S = 





Plan 


1. In order to calculate h, using Eq. (15.44), must calculate y, 
from the depth ratio equation (Eq. 15.43). This requires Fr). 


2. Check validity of head loss by comparing to E, — E}. 


Solution 


1. Calculate Fr,, y>, V>, and h; from Eqs. (Eq. 15.43) and 
(15.44). 





re = = MARS = — 6O _ => 
Jgy, J/9.81(0.30) 
Q fet 


1489.33) -1] = 3.81 m| 


— 4 _ (16 m/s)(0.30 m) _ 
2 a 3.81m 


CRI- 
p, = CH =0 0 Ip 
EERI 


2. Compare the head loss to £, — E}. 


162 m ( Lo j= 
n, = (030+ te — Sa Cee | eo 





The value is the same, so 


validity of A, equation is verified. 
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Figure 15.24 





Spillway of dam and 
hydraulic jump. 


Figure 15.25 


Hydraulic jump 
occurring downstream of 
spillway apron. 


Figure 15.26 





Long sloping apron. 


Use of Hydraulic Jump on Downstream End of Dam Spillway 


Previously it was shown that the transition from supercritical to subcritical flow produces a 
hydraulic jump, and that the relative height of the jump (v,/y,) is a function of Fr,. Because 
flow over the spillway of a dam invariably results in supercritical flow at the lower end of the 
spillway, and because flow in the channel downstream of a spillway is usually subcritical, it 
is obvious that a hydraulic jump must form near the base of the spillway (see Fig. 15.26). The 
downstream portion of the spillway, called the spillway apron, must be designed so that the 
hydraulic jump always forms on the concrete structure itself. If the hydraulic jump were al- 
lowed to form beyond the concrete structure, as in Fig. 15.25, severe erosion of the foundation 
material as a result of the high-velocity supercritical flow could undermine the dam and cause 
its complete failure. One way to solve this problem might be to incorporate a long, sloping 
apron into the design of the spillway, as shown in Fig. 15.26. A design like this would work 


Spillway 








Hydraulic jump 





Possible undermining of 
dam due to severe erosion 
in this region 
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Figure 15.27 





Spillway with stilling 
basin Type III as 
recommended by the 


USBR (13). 


—6Q 






Spillway Chute blocks 
Baffle piers 
End still 





very satisfactorily from the hydraulics point of view. For all combinations of Fr, and water- 
surface elevation in the downstream channel, the jump would always form on the sloping 
apron. However, its main drawback is cost of construction. Construction costs will be re- 
duced as the length, L, of the stilling basin is reduced. Much research has been devoted to the 
design of stilling basins that will operate properly for all upstream and downstream condi- 
tions and yet be relatively short to reduce construction cost. Research by the U.S. Bureau of 
Reclamation (13) has resulted in sets of standard designs that can be used. These designs in- 
clude sills, baffle piers, and chute blocks, as shown in Fig. 15.27. 


Naturally Occurring Hydraulic Jumps 


Hydraulic jumps can occur naturally in creeks and rivers, providing spectacular stand- 
ing waves, called rollers. Kayakers and white-water rafters must exercise considerable 
skill when navigating hydraulic jumps because the significant energy loss that occurs 
over a short distance can be dangerous, potentially engulfing the boat in turbulence. A 
special case of hydraulic jump, referred to as a submerged hydraulic jump, can be 
deadly to whitewater enthusiasts because it is not easy to see. A submerged hydraulic 
jump occurs when the downstream depth predicted by conservation of momentum is ex- 
ceeded by the tailwater elevation, and the jump cannot move upstream in response to 
this disequilibrium because of a buried obstacle [see Valle and Pasternak (14)]. Thus, 
the visual markers of a hydraulic jump, particularly the rolling waves depicted in Figs. 
15.22 and 15.23, are hidden. 

A surge, or tidal bore, is a moving hydraulic jump that may occur for a high tide entering 
a bay or river mouth. Tides are generally low enough that the waves they produce are smooth 
and nondestructive. However, in some parts of the world the tides are so high that their entry 
into shallow bays or mouths of rivers causes a surge to form. Surges may be very hazardous to 
small boats. The same analytical methods used for the jump can be used to solve for the speed 
of the surge. 


Gradually Varied Flow 


For gradually varied flow, channel resistance is a significant factor in the flow process. 
Therefore, the energy equation is invoked by comparing Sp and S+. 
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Basic Differential Equation for Gradually Varied Flow 

There are a number of cases of open-channel flow in which the change in water-surface pro- 
file is so gradual that it is possible to integrate the relevant differential equation from one sec- 
tion to another to obtain the desired change in depth. This may be either an analytical 
integration or, more commonly, a numerical integration. In Section 15.2, the energy equation 
was written between two sections of a channel Ax distance apart. Because the only head loss 
here is the channel resistance, the h; is given by Ahs, and Eq. (15.7) becomes 


v? v3 
Yi += + S Ax = yy + + Ahy (15.45) 
2g 2g 


The friction slope S; is defined as the slope of the EGL, or Ah;,/ Ax. Thus Ah; = S,Ax, and 
defining Ay = y, —y,, then , 


Ve Ve I4 te 


a SS 15.46 

2g 2g dx\2g ( ) 
Therefore, Eq. (15.45) becomes 

_ 4( y 
Ay = S,)Ax S,Ax =e 2g Ax 

Dividing through by Ax and taking the limit as Ax approaches zero gives us 

dy, d ( y _ 

~+—|— |}=S,-S 15.47 

dx dx\2g me ( ) 
The second term is rewritten as [d( V?/2g)/dy] dy/dx, so that Eq. (15.47) simplifies to 

So- S 
dy — aie (15.48) 


dx 14 d(V*/2g)/dy 


To put Eq. (15.48) in a more usable form, the denominator is expressed in terms of the 
Froude number. This is accomplished by observing that 


2 
Ord ero 
Se, ed 15.49 
dy\ 2g dy\2gA? ( ) 
After differentiating the right side of Eq. (15.35), the equation becomes 
i ea 
dy\ 2g 2gA3 dy 
But dA/dy = T (top width), and A/T = D (hydraulic depth); therefore, 
ae acer 
dy\2g/ gA?D 
d ( 4 
dy\ 2g)" 
Hence, when the expression for d( V/2 g)/dy is substituted into Eq. (15.48), the result is 
aa a 
dx 1-Fr? 


2 





2 





or 


(15.50) 
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This is the general differential equation for gradually varied flow. It is used to describe the 
various types of water-surface profiles that occur in open channels. Note that, in the deriva- 
tion of the equation, Sọ and Sy were taken as positive when the channel and energy grade 
lines, respectively, were sloping downward in the direction of flow. Also note that y is mea- 
sured from the bottom of the channel. Therefore, dy/dx = 0 if the slope of the water surface 
is equal to the slope of the channel bottom, and dy/dx is positive if the slope of the water 
surface is less than the channel slope. 


Introduction to Water-Surface Profiles 


In the design of projects involving the flow in channels (rivers or irrigation canals, for example), 
the engineer must often estimate the water-surface profile (elevation of the water surface along 
the channel) for a given discharge. For example, when a dam is being designed for a river 
project, the water-surface profile in the river upstream must be defined so that the project plan- 
ners will know how much land to acquire to accommodate the upstream pool. The first step in 
defining a water-surface profile is to locate a point or points along the channel where the depth 
can be computed for a given discharge. For example, at a change in slope from mild to steep, 
critical depth will occur just upstream of the break in grade (see Fig. 15.31). At that point one 
can solve for y, with Eq. (15.22) or (15.27). Also, for flow over the spillway of a dam, there 
will be a discharge equation for the spillway from which one can calculate the water-surface 
elevation in the reservoir at the face of the dam. Such points where there is a unique relationship 
between discharge and water-surface elevation are called controls. Once the water-surface el- 
evations at these controls are determined, then the water-surface profile can be extended up- 
stream or downstream from the control points to define the water-surface profile for the entire 
channel. The completion of the profile is done by numerical integration. However, before this 
integration is performed, it is usually helpful for the engineer to sketch in the profiles. To assist 
in the process of sketching the possible profiles, the engineer can refer to different categories 
of profiles (water-surface profiles have unique characteristics depending upon the relationship 
between normal depth, critical depth, and the actual depth of flow in the channel). This initial 
sketching of the profiles helps the engineer to scope the problem and to obtain a solution, or 
solutions, in aminimum amount of time. The next section describes the various types of water- 
surface profiles. 


Types of Water-Surface Profiles 


There are 12 different types of water-surface profiles for gradually varied flow in channels, 
and these are shown schematically in Fig. 15.28. Each profile is identified by a letter and 
number designator. For example, the first water-surface profile in column 1 of Fig. 15.28 is 
identified as an M1 profile. The letter indicates the type of slope of the channel—that is, 
whether the slope is mild (M), critical (C), steep (S), horizontal (H), or adverse (A). The 
slope is defined as mild if the uniform flow depth, y,,, is greater than the critical flow depth, 
Ye Conversely, if y, is less than y,, the channel would be termed steep. Or if y, = ye, this 
would be a channel with critical slope. The designation M, S, or C is determined by comput- 
ing y, and y, for the given channel for a given discharge. Equations (15.11) through (15.15) 
are used to compute y,, and Eq. (15.22) or (15.27) is used to compute y,. Figure 15.29 shows 
the relationship between y, and y, for the H, M, S, C, and A designations. As the name im- 
plies, a horizontal slope is one where the channel actually has a zero slope, and an adverse 
slope is one where the slope of the channel is upward in the direction of flow. Normal depth 
does not exist for these two cases (for example, water cannot flow at uniform depth in either 
a horizontal channel or one with adverse slope); therefore, they are given the special designa- 
tions H and A, respectively. 
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Figure 15.28 








Classification of 
water-surface profiles of 
gradually varied flow. 
[Adapted from Open 
Channel Hydraulics by 
Chow (5). Copyright 
© 1959, McGraw-Hill 
Book Company, New 
York; used with 
permission of 
McGraw-Hill Book 
Company. ] 


Figure 15.29 
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Figure 15.30 





Number designator as a 
function of the location 
of the actual water 
surface in relation to y, 
and y, 


Figure 15.31 





Water-surface profiles 
associated with flow 


behind a dam, flow under 


a sluice gate, and flow in 
a channel with a change 
in grade. 


The number designator for the type of profile relates to the position of the actual water 
surface in relation to the position of the water surface for uniform and critical flow in the 
channel. If the actual water surface is above that for uniform and critical flow (y > y,; 
y > Ye), then that condition is given a 1 designation; if the actual water surface is between 
those for uniform and critical flow, then it is given a 2 designation; and if the actual water 
surface lies below those for uniform and critical flow, then it is given a 3 designation. Figure 
15.30 depicts these conditions for mild and steep slopes. 

Figure 15.31 shows how different water-surface profiles can develop in certain field sit- 
uations. More specifically, if one considers in detail the flow downstream of the sluice gate 
(see Fig. 15.32), one can see that the discharge and slope are such that the normal depth is 
greater than the critical depth; therefore the slope is termed mild. The actual depth of flow 
shown in Fig. 15.32 is less than both y, and y,. Hence a type 3 water-surface profile exists. 
The complete classification of the profile in Fig. 15.32, therefore, is a mild type 3 profile, or 
simply an M3 profile. Using these designations, one would categorize the profile upstream of 
the sluice gate as type M1. 


= M1 Location of water surface 
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Horizontal 
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Figure 15.32 7 





Water-surface profile, 
M3 type. 




















EXAMPLE 15.12 CLASSIFICATION OF 
WATER-SURFACE PROFILES 


Classify the water-surface profile for the flow downstream of 
the sluice gate in Fig. 15.8 if the slope is horizontal, and that 
for the flow immediately downstream of the break in grade in 
Fig. 15.14. 

Problem Definition 


Situation: Nonuniform flow. Figures from which channel 
steepness and water surface steepness can be determined, and from 


which one can infer whether depth is more or less than critical depth. 


Find: The water-surface profile classification for two 
different flow situations. 
Plan 


1. Select a number designator based upon the location of the 
actual water surface relative to y,, and y, (see Fig. 15.30). 


2. Select a letter designator to describe the steepness of the 
slopes, which can also be characterized by the relative size 
of y,, and y, (see Fig. 15.29). 


Solution 
For Fig. 15.8 


1. The actual depth is less than critical; thus the profile is 


type 3. 
2. The channel is horizontal; hence the profile is designated 


For Fig. 15.14 


1. The actual depth is greater than normal but less than critical, 
so the profile is type 2. 


2. The uniform-flow depth (normal depth y,,) is less than the 


critical depth; hence the slope is steep. Therefore the 
water-surface profile is designated |type S2. 
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With the previous introduction to the classification of water-surface profiles, one can 
refer to Eq. (15.50) to describe the shapes of the profiles. Again, for example, if one consid- 
ers the M3 profile, it is known that Fr > 1 because the flow is supercritical (vy < y.), and 
that S, > So because the velocity is greater than normal velocity. Hence a head loss greater 
than that for normal flow must exist. Inserting these relative values into Eq. (15.50) reveals 
that both the numerator and the denominator are negative. Thus dy/dx must be positive (the 
depth increases in the direction of flow), and as critical depth is approached, the Froude num- 
ber approaches unity. Hence the denominator of Eq. (15.50) approaches zero. Therefore, as 
the depth approaches critical depth, dy/dx — œ. What actually occurs in cases where the 
critical depth is approached in supercritical flow is that a hydraulic jump forms and a discon- 
tinuity in profile is thereby produced. 

Certain general features of profiles, as shown in Fig. 15.28, are evident. First, as the depth 
becomes very great, the velocity of flow approaches zero. Hence Fr — 0 and S; > 0 and dy/ dx 
approaches Sy because dy/dx = (So — S/)(1 — Fr’). In other words, the depth increases at the 
same rate at which the channel bottom drops away from the horizontal. Thus the water surface 
approaches the horizontal. The profiles that show this tendency are types M1, S1, and Cl. A 
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physical example of the M1 type is the water-surface profile upstream of a dam, as shown in Fig. 
15.31. The second general feature of several of the profiles is that those that approach normal 
depth do so asymptotically. This is shown in the S2, S3, M1, and M2 profiles. Also note in Fig. 
15.28 that profiles that approach critical depth are shown by dashed lines. This is done because 
near critical depth either discontinuities develop (hydraulic jump), or the streamlines are very 
curved (such as near a brink). These profiles cannot be accurately predicted by Eq. (15.50) be- 
cause this equation is based on one-dimensional flow, which, in these regions, is invalid. 


Quantitative Evaluation of the Water-Surface Profile 


In practice, most water-surface profiles are generated by numerical integration, that is, by di- 
viding the channel into short reaches and carrying the computation for water-surface eleva- 
tion from one end of the reach to the other. For one method, called the direct step method, 
the depth and velocity are known at a given section of the channel (one end of the reach), and 
one arbitrarily chooses the depth at the other end of the reach. Then the length of the reach is 
solved for. The applicable equation for quantitative evaluation of the water-surface profile is 
the energy equation written for a finite reach of channel, Ax: 
y? y2 
ntzat Sole =at tA 


or 
2 2 
= Vi Vy 
Ax(Sp— So) = (>, ü x) -(y2+ x) 
or 


_ + Vi728) - 02+ V3/28) _ 1-32) + Vi-V3)/28 
Sp— So Sp— So 


The procedure for evaluation of a profile starts by ascertaining which type applies to 
the given reach of channel (using the methods of the preceding subsection). Then, starting 
from a known depth, one computes a finite value of Ax for an arbitrarily chosen change in 
depth. The process of computing Ax, step by step, up (negative Ax) or down (positive Ax) the 
channel is repeated until the full reach of channel has been covered. Usually small changes of 
y are taken, so that the friction slope is approximated by the following equation: 


2 
Í Ax 8gR h 


Ax (15.51) 


(15.52) 


Here V is the mean velocity in the reach, and R, is the mean hydraulic radius. That is, 
V = (V,+V2)72, and R, = (Ry; + Rm)/2. It is obvious that a numerical approach of this type 
is ideally suited for solution by computer. 





EXAMPLE 15.13 CLASSIFICATION AND Problem Definition 
NUMERICAL ANALYSIS Situation: Sluice gate with gradually increasing depth after 
1. Water discharges from under a sluice gate into a horizontal eae erate gate. 

rectangular channel at a rate of 1 m?/s per meter of width, Find: 

as shown in the following sketch. What is the 1. Classification of the downstream profile. 


classification of the water-surface profile? Quantitatively 
evaluate the profile downstream of the gate and determine 
whether it will extend all the way to the abrupt drop 80 m 
downstream. Make the simplifying assumptions that the 
resistance factor fis equal to 0.02 and that the hydraulic 
radius R, is equal to the depth y. 


2. Whether increasing slope will increase all the way to a 
point of interest 80 m downstream. 
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A tions: 
samp ions y= a = [(12 a ORI e 
1. Resistance factor fis equal to 0.02. 


2. Hydraulic radius R, is equal to the depth y. = Wes) 


ketch: 
Skate Thus, the depth of flow from sluice gate is less than the 


critical depth. Therefore the water-surface profile is 


classified as 
type H3. 


3. To determine depth versus distance along the channel, 
apply Eqs. (15.51) and (15.52), using a numerical 
approach. The results of the computation are given in the 
table shown on p. 547. From the numerical results one 
plots the profile shown in the accompanying figure, which 
shows that the 

















Plan 


1. Determine the letter designation of channel using profile extends to the abrupt drop. 
Iii, 115)28). 


2. For flow leaving sluice gate, determine critical depth y,, 
and compare to actual depth of flow. Use this information 
to refine the classification. 

3. Solve for depth versus distance using Eqs. (15.51) and 
(15.52). 





Solution 


1. Channel is horizontal, so letter designation is H. 
2. Determine critical depth y, using Eq. (15.27). 

















e 


Summary 


An open channel is one in which a liquid flows with a free surface. Steady open-channel flow 
is classified as either uniform (constant velocity with distance) or nonuniform (varying velocity 
with distance). For uniform open-channel flow, the head loss corresponds to the potential en- 
ergy change associated with the slope ofthe channel. The discharge in an open channel is given 
by the Manning equation: 


Q= LAR Sy” 


where A is the flow area, Sọ is the slope of the channel, and n is the resistance coefficient 
(Manning’s n), which has been tabulated for different surfaces. 
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Nonuniform flow in open channels is characterized as either rapidly varied flow or 
gradually varied flow. In rapidly varied flow the channel resistance is negligible, and flow 
changes (depth and velocity change) occur over relatively short distances. 

The significant 7-group is Froude number 


y 
gD 





c 


where D, is the hydraulic depth, Æ/ T. When the Froude number is equal to unity, the flow is 
critical. Subcritical flow occurs when the Froude number is less than unity, and supercritical 
when the Froude number is greater than unity. 

A hydraulic jump usually occurs when the flow along the channel changes from super- 
critical to subcritical. The governing equation for hydraulic jump in a horizontal, rectangular 
channel is 


Vo = 2 1+8Fr-1) 
The corresponding head loss in the hydraulic jump is 
ie O2-¥1)° 
4y V2 


When the flow along the channel changes from subcritical to supercritical flow, the 
head loss is assumed to be negligible, and the depth and velocity relationship is governed by 
the change in elevation of the channel bottom and the specific energy, y + v/s? g. Typical 
cases of this type of flow are 


1. Flow under a sluice gate 
2. An upstep in the channel bottom 
3. Reduction in width of the channel 
For gradually varied flow the governing differential equation is 


dy _ So~ Sy 
dx | Fr? 


When this equation is integrated along the length of the channel the depth, y, is determined as 
a function of distance, x, along the channel. This yields the water surface profile for the reach 
of the channel. 


SOLUTION TO EXAMPLE 15.13 








Mean 
Nese Hydraulic Ax = 
: Velocity Radiu 2_ y? 
Section . adius, V;-V3) 
Velocity y (i-ti , 
Number at : R = IV nean Qi =y) + — Distance 
Downstream Depth Section in Reach; 7 T 8gR,, 2 from Gate x, 
of Gate ym Vim/s (Vy +V)/2 y? (yı +y2)/2 CS,- Sp) 7 
1 (at gate) 0.1 10 100 0 

8.57 73.4 0.12 0.156 15.7 

2 0.14 7.14 51.0 IST 
6.35 40.3 0.16 0.064 15.3 

3 0.18 5.56 30.9 31.0 
5.05 25:5 0.20 0.032 15.1 

4 0.22 4.54 20.6 46.1 
4.19 17.6 0.24 0.019 13.4 

5 0.26 3.85 14.8 595 
3.59 12.9 0.28 0.012 12.4 

6 0.30 Books) 11.1 WS) 
3.13 9.8 0.32 0.008 10.9 

7 0.34 2.94 8.6 82.8 


AUYVWINNS 8ST 





LYS 
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Problems 


Describing Open-Channel Flow 


15.1 PQ< Why is the Reynolds number for onset of turbulence 
given by Re > 2000 in fully flowing pipes, and Re > 500 in 
partly flowing pipes and other open channels? 

15.2 PQ A rectangular open channel has a base of length 24, 
and the water is flowing with a depth of b. 

a. Sketch this channel. 

a. What is the hydraulic radius of this channel? 





15.3 PQ< Two channels have the same cross-sectional area, 
but different geometry, as shown. 

a. Which channel has the largest wetted perimeter? 

b. Which channel has more contact between water and channelwall? 
c. Which channel will have more energy loss to friction? 


Uniform Open-Channel Flow 


15.4Consider uniform flow of water in the two channels shown. 
They both have the same slope, the same wall roughness, and the 
same cross-sectional area. Then one can conclude that (a) Q} = Qp, 


(b) O, < Qs, or (c) Oy > Op. 












a 7.07 tt 




















rm 7.07 tt 
A B 
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15.5 This wood flume has a slope of 0.0015. What will be the 
discharge of water in it for a depth of 1 m? 











PROBLEM 15.5 


15.6 Estimate the discharge in a rock-bedded stream (dg, = 30 
cm) that has an average depth of 2.21 m, a slope of 0.0037, and 
a width of 48 m. Assume k, = dg4. 

15.7 Estimate the discharge of water (T = 10°C) that flows 1.5 
m deep in a long rectangular concrete channel that is 3 m wide 
and is on a slope of 0.001. 

15.8 A rectangular concrete channel is 12 ft wide and has uniform 
water flow. If the channel drops 5 ft in a length of 8000 ft, what 
is the discharge? Assume T = 60°F. The depth of flow is 4 ft. 
15.9 Consider channels of rectangular cross section carrying 
100 cfs of water flow. The channels have a slope of 0.001. De- 
termine the cross sectional areas required for widths of 2 ft, 4 ft, 
6 ft, 8 ft, 10 ft, and 15 ft. Plot A versus y/ b, and see how the re- 
sults compare with the accepted result for the best hydraulic 
section. 

15.10 A concrete sewer pipe 3 ft in diameter is laid so it has a 
drop in elevation of 1.0 ft per 1000 ft of length. If sewage (as- 
sume the properties are the same as those of water) flows at a 
depth of 1.5 ft in the pipe, what will be the discharge? 

15.11 Determine the discharge in a 5 ft-diameter concrete sewer 
pipe on a slope of 0.001 that is carrying water at a depth of 4 ft. 
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15.12 Water flows at a depth of 6 ft in the trapezoidal, concrete- 
lined channel shown. If the channel slope is 1 ft in 2000 ft, what 
is the average velocity and what is the discharge? 











oR 
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15.13 What will be the depth of flow in a trapezoidal concrete- 
lined channel that has a water discharge of 1000 cfs? The chan- 
nel has a slope of 1 ft in 500 ft. The bottom width of the channel 
is 10 ft, and the side slopes are 1 vertical to 1 horizontal. 

15.14 What discharge of water will occur in a trapezoidal chan- 
nel that has a bottom width of 10 ft and side slopes of 1 vertical 
to 1 horizontal if the slope of the channel is 4 ft/mi and the 
depth is to be 5 ft? The channel will be lined with concrete. 
15.15 A rectangular concrete channel 4 m wide on a slope of 
0.004 is designed to carry a water (T = 10°C) discharge of 25 
m?/s. Estimate the uniform flow depth for these conditions. 
The channel has a rectangular cross section. 

15.16 A rectangular troweled concrete channel 12 ft wide with a 
slope of 10 ft in 8000 ft is designed for a discharge of 500 cfs. 
For a water temperature of 40°F, estimate the depth of flow. 
15.17A concrete-lined trapezoidal channel having a bottom 
width of 10 ft and side slopes of 1 vertical to 2 horizontal is de- 
signed to carry a flow of 3000 cfs. If the slope of the channel is 
0.001, what will be the depth of flow in the channel? 

15.18 Design a canal having a trapezoidal cross section to carry a 
design discharge of irrigation water of 900 cfs. The slope of the 
canal is to be 0.002. The canal is to be lined with concrete, and 
it is to have the best hydraulic section for the design flow. 


Nonuniform Open-Channel Flow 


15.19 PQ How are head loss and slope related for nonuniform 
flow, as compared to uniform flow? 





15.20 PO Is critical flow a desirable or undesirable flow con- 
dition? Why? 

15.21 Water flows at a depth of 4 in. with a velocity of 28 ft/s 
in a rectangular channel. Is the flow subcritical or supercritical? 
What is the alternate depth? 

15.22 The water discharge in a rectangular channel 16 ft wide is 
900 cfs. If the depth of water is 3 ft, is the flow subcritical or 
supercritical? 

15.23 The discharge in a rectangular channel 18 ft wide is 
420 cfs. If the water velocity is 9 ft/s, is the flow subcritical 
or supercritical? 

15.24 Water flows at a rate of 12 m*/s in a rectangular channel 3 
m wide. Determine the Froude number and the type of flow 


(subcritical, critical, or supercritical) for depths of 30 cm, 1.0 m, 
and 2.0 m. What is the critical depth? 

15.25 For the discharge and channel of Prob. 15.24, what is the 
alternate depth to the 30 cm depth? What is the specific energy 
for these conditions? 

15.26 Water flows at the critical depth with a velocity of 5 m/s. 
What is the depth of flow? 

15.27 Water flows uniformly at a rate of 320 cfs in a rectangular 
channel that is 12 ft wide and has a bottom slope of 0.005. If n is 
0.014, is the flow subcritical or supercritical? 

15.28 The discharge in a trapezoidal channel is 10 m?/s. The 
bottom width of the channel is 3.0 m, and the side slopes are | 
vertical to 1 horizontal. If the depth of flow is 1.0 m, is the flow 
supercritical or subcritical? 

15.29 For the channel of Prob. 15.28, determine the critical 
depth for a discharge of 20 m?/s. 

15.30 A rectangular channel is 6 m wide, and the discharge of wa- 
ter in it is 18 m?/s. Plot depth versus specific energy for these 
conditions. Let specific energy range from E min t0 E = 7m. What 
are the alternate and sequent depths to the 30 cm depth? 
15.31 A long rectangular channel that is 4 m wide and has a 
mild slope ends in a free outfall. If the water depth at the brink 
is 0.35 m, what is the discharge in the channel? 

15.32 A rectangular channel that is 15 ft wide and has a mild 
slope ends in a free outfall. If the water depth at the brink is 
1.20 ft, what is the discharge in the channel? 

15.33 A horizontal rectangular channel 14 ft wide carries a dis- 
charge of water of 500 cfs. If the channel ends with a free out- 
fall, what is the depth at the brink? 

15.34 What discharge of water will occur over a 2 ft-high, broad- 
crested weir that is 10 ft long if the head on the weir is 1.5 ft? 
15.35 What discharge of water will occur over a 2 m-high, 
broad-crested weir that is 5 m long if the head on the weir is 
60 cm? 

15.36 The crest of a high, broad-crested weir has an elevation of 
100 m. If the weir is 10 m long and the discharge of water over 
the weir is 25 m?/s, what is the water-surface elevation in the 
reservoir upstream? 

15.37 The crest of a high, broad-crested weir has an elevation of 
300 ft. If the weir is 40 ft long and the discharge of water over 
the weir is 1200 cfs, what is the water-surface elevation in the 
reservoir upstream? 

15.38 Water flows with a velocity of 3 m/s and at a depth of 
3 m in a rectangular channel. What is the change in depth and in 
water-surface elevation produced by a gradual upward change 
in bottom elevation (upstep) of 30 cm? What would be the depth 
and elevation changes if there were a gradual downstep of 30 cm? 
What is the maximum size of upstep that could exist before up- 
stream depth changes would result? 

15.39 Water flows with a velocity of 2 m/s and at a depth of 3 m 
in a rectangular channel. What is the change in depth and in 
water-surface elevation produced by a gradual upward change 


550 


FLOW IN OPEN CHANNELS 





in bottom elevation (upstep) of 60 cm? What would be the depth 
and elevation changes if there were a gradual downstep of 15 cm? 
What is the maximum size of upstep that could exist before up- 
stream depth changes would result? 

15.40 Assuming no energy loss, what is the maximum value of 
Az that will permit the unit flow rate of 6 m/s to pass over the 
hump without increasing the upstream depth? Sketch carefully 
the water-surface shape from section 1 to section 2. On the 
sketch give values for Az, the depth, and the amount of rise or 
fall in the water surface from section | to section 2. 











PROBLEM 15.40 


15.41 Water flows with a velocity of 3 m/s in a rectangular 
channel 3 m wide at a depth of 3 m. What is the change in depth 
and in water-surface elevation produced when a gradual con- 
traction in the channel to a width of 2.6 m takes place? Deter- 
mine the greatest contraction allowable without altering the 
specified upstream conditions. 

15.42 Because of the increased size of ships, the phenome- 
non called “ship squat” has produced serious problems in 
harbors where the draft of vessels approaches the depth of 
the ship channel. When a ship steams up a channel, the re- 
sulting flow situation is analogous to open-channel flow in 
which a constricting flow section exists (the ship reduces the 
cross-sectional area of the channel). The problem may be an- 
alyzed by referencing the water velocity to the ship and ap- 
plying the energy equation. Thus, at the section of the 
channel where the ship is located, the relative water velocity 
in the channel will be greatest, and the water level in the 
channel will be reduced as dictated by the energy equation. 
Consequently, the ship itself will be at a lower elevation than 
if it were stationary; this lowering is referred to as “ship 
squat.” Estimate the squat of the fully loaded supertanker Bel- 
lamya when it is steaming at 5 kt (1 kt = 0.515 m/s) ina 
channel that is 35 m deep and 200 m wide. The draft of the 
Bellamya when fully loaded is 29 m. Its width and length are 63 m 
and 414 m, respectively. 

15.43 A rectangular channel that is 10 ft wide is very smooth ex- 
cept for a small reach that is roughened with angle irons attached 
to the bottom. Water flows in the channel at a rate of 200 cfs and 
at a depth of 1.0 ft upstream of the rough section. Assume friction- 
less flow except over the roughened part, where the total drag of all 
roughness (all of the angle irons) is assumed to be 2000 lbf. Deter- 
mine the depth downstream of the roughness for the assumed 
conditions. 


| Rough section 
1.00 ft —> _ 
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PROBLEM 15.43 


15.44 Water flows from a reservoir into a steep rectangular 
channel that is 4 m wide. The reservoir water surface is 3 m 
above the channel bottom at the channel entrance. What dis- 
charge will occur in the channel? 

15.45 A small wave is produced in a pond that is 8 in. deep. 
What is the speed of the wave in the pond? 

15.46 A small wave in a pool of water having constant depth 
travels at a speed of 1.5 m/s. How deep is the water? 

15.47 As waves in the ocean approach a sloping beach, they 
curve so that they are nearly parallel to the beach when they fi- 
nally break (see accompanying figure). Explain why the waves 
curve like this. 


3 SS 
Deep-water waves 


Wave direction 









Shallow-water waves 


Beach 


Aerial view of waves 


PROBLEM 15.47 


Hydraulic Jumps 


15.48 The baffled ramp shown is used as an energy dissipator in a 
two-dimensional open channel. For a discharge of 18 cfs per foot 
of width, calculate the head lost, the power dissipated, and the hor- 
izontal component of force exerted by the ramp on the water. 





PROBLEM 15.48 


15.49 The spillway shown has a discharge of 2.5 m?/s per meter of 
width occurring over it. What depth y, will exist downstream of the 
hydraulic jump? Assume negligible energy loss over the spillway. 
15.50 The flow of water downstream from a sluice gate in a hori- 
zontal channel has a depth of 30 cm and a flow rate of 3.60 m° /m 
of width. The sluice gate is 2 m wide. Could a hydraulic jump be 
caused to form downstream of this section? If so, what would be 
the depth downstream of the jump? 
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PROBLEM 15.49 


15.51 It is known that the discharge per unit width is 65 cfs/ ft 
and that the height (H) of the hydraulic jump is 14 ft. What is 
the depth y,? 








PROBLEM 15.51 


15.52 Water flows in a channel at a depth of 40 cm and with a 
velocity of 8 m/s. An obstruction causes a hydraulic jump to 
be formed. What is the depth of flow downstream of the jump? 
15.53 Water flows in a trapezoidal channel at a depth of 40 cm 
and with a velocity of 10 m/s. An obstruction causes a hydrau- 
lic jump to be formed. What is the depth of flow downstream of 
the jump? The bottom width of the channel is 5 m, and the side 
slopes are 1 vertical to 1 horizontal. 

15.54 A hydraulic jump occurs in a wide rectangular channel. If 
the depths upstream and downstream are 0.50 ft and 10 ft, respec- 
tively, what is the discharge per foot of width of channel? 

15.55 The 20 ft-wide rectangular channel shown has three different 
reaches. Sp; = 0.01; So = 0.0004; So 3 = 0.00317; Q = 500 cfs; 
nı = 0.015; normal depth for reach 2 is 5.4 ft and that for reach 3 is 
2.7 ft. Determine the critical depth and normal depth for reach 1 (use 
Manning’s equation). Then classify the flow in each reach (super- 
critical, subcritical, critical), and determine whether a hydraulic jump 
could occur. In which reach(es) might it occur if it does occur ? 


Elevation = 1274 ft zzz 











Elevation = 1272 ft 
Elevation = 1270 ft 


Elevation = 1265 ft 





Elevation = 1264.4 ft 


— Elevation 
= 1261.2 ft 
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PROBLEM 15.55 


15.56 Water flows from under the sluice gate as shown and con- 
tinues on to a free overfall (also shown). Upstream from the 
overfall the flow soon reaches a normal depth of 1.1 m. The pro- 
file immediately downstream of the sluice gate is as it would be 
if there were no influence from the part nearer the overfall. Will 
a hydraulic jump form for these conditions? If so, locate its 


position. If not, sketch the full profile and label each part. 


Free overfall k 


Draw the energy grade line for the system. 





Ta20C 


Ol5m 0.20m 025m 
Ea a 
ODT- — =a ee = 


0:10 0.31m 














PROBLEM 15.56 


15.57 Water is flowing as shown under the sluice gate in a hori- 
zontal rectangular channel that is 5 ft wide. The depths of yọ and 
yı are 65 ft and 1 ft, respectively. What will be the horsepower 
lost in the hydraulic jump? 























PROBLEM 15.57 


15.58 Water flows uniformly at a depth y, = 40 cmin the 
concrete channel shown, which is 10 m wide. Estimate the 
height of the hydraulic jump that will form when a sill is in- 
stalled to force it to form. Assume Manning’s n value is 
n = 0.012. 




















Slope = 0.040 
PROBLEMS 15.58, 15.59 


15.59 For the derivation of Eq. (15.28) it is assumed that the 
bottom shearing force is negligible. For water flowing uni- 
formly at a depth y, = 40 cm in the concrete channel shown, 
which is 10 m wide, a sill is installed to force a hydraulic jump 
to form. Estimate the magnitude of the shearing force F, associ- 
ated with the hydraulic jump and then determine F,/ Fy, where 
Fy is the net hydrostatic force on the hydraulic jump. Assume 
Manning’s n value is n = 0.012. 

15.60 The normal depth in the channel downstream of the sluice 
gate shown is | m. What type of water-surface profile occurs 
downstream of the sluice gate? Also, estimate the shear stress 
on the smooth bottom at a distance 0.5 m downstream of the 
sluice gate. 
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PROBLEM 15.60 


15.61 Water flows at a rate of 100 ft?/s in a rectangular channel 
10 ft wide. The normal depth in that channel is 2 ft. The actual 
depth of flow in the channel is 4 ft. The water-surface profile in 
the channel for these conditions would be classified as (a) S1, 
(b) S2, (c) M1, or (d) M2. 

15.62 The water-surface profile labeled with a question mark is 
(a) M2, (b) S2, (c) H2, or (d) A2. 





Horizontal 





PROBLEM 15.62 


15.63 The partial water-surface profile shown is for a rectangu- 
lar channel that is 3 m wide and has water flowing in it at a rate 
of 5 m?/s. Sketch in the missing part of the water-surface pro- 
file and identify the type(s). 


Normal depth = 30 cm 
DA a! 


Horizontal Nism 
! T 
PROBLEM 15.63 

15.64 A very long 10 ft-wide concrete rectangular channel with a 
slope of 0.0001 ends with a free overfall. The discharge in the 
channel is 120 cfs. One mile upstream the flow is uniform. What 
kind (classification) of water surface occurs upstream of the 
brink? 

15.65 The horizontal rectangular channel downstream of the 
sluice gate is 10 ft wide, and the water discharge therein is 108 cfs. 
The water-surface profile was computed by the direct step 
method. If a 2 ft-high sharp-crested weir is installed at the end 
of the channel, do you think a hydraulic jump would develop in 
the channel? If so, approximately where would it be located? 
Justify your answers by appropriate calculations. Label any 
water-surface profiles that can be classified. 





15.66 The discharge per foot of width in this rectangular chan- 
nel is 20 cfs. The normal depths for parts 1 and 3 are 0.5 ft and 
1.00 ft, respectively. The slope for part 2 is 0.001 (sloping up- 
ward in the direction of flow). Sketch all possible water-surface 
profiles for flow in this channel, and label each part with its 
classification. 
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125 ft 
PROBLEM 15.65 


q = 20 cfs/ft (flowing at normal depth) 


2 
3 
PROBLEM 15.66 


15.67 Water flows from under a sluice gate into a horizontal rect- 
angular channel at a rate of 3 m?/s per meter of width. The chan- 
nel is concrete, and the initial depth is 20 cm. Apply Eq. (15.37) 
to construct the water-surface profile up to a depth of 60 cm. In 
your solution, compute reaches for adjacent pairs of depths given 
in the following sequence: d = 20 cm, 30 cm, 40 cm, 50 cm, and 
60 cm. Assume that fis constant with a value of 0.02. Plot your 
results. 

15.68 A horizontal rectangular concrete channel terminates in a 
free outfall. The channel is 4 m wide and carries a discharge of 
water of 12 m?/s. What is the water depth 300 m upstream 
from the outfall? 

15.69 Consider the hydraulic jump shown for the long horizon- 
tal rectangular channel. What kind of water-surface profile 
(classification) is located upstream of the jump? What kind of 
water-surface profile is located downstream of the jump? If baf- 
fle blocks are put on the bottom of the channel in the vicinity of 
A to increase the bottom resistance, what changes are likely to 
occur given the same gate opening? Explain and/or sketch the 
changes. 





PROBLEM 15.69 


15.70 The steep rectangular concrete spillway shown is 4 m wide 
and 500 m long. It conveys water from a reservoir and delivers it 
to a free outfall. The channel entrance is rounded and smooth 
(negligible head loss at the entrance). If the water-surface eleva- 
tion in the reservoir is 2 m above the channel bottom, what will 
the discharge in the channel be? 

15.71 The concrete rectangular channel shown is 3.5 m wide 
and has a bottom slope of 0.001. The channel entrance is 
rounded and smooth (negligible head loss at the entrance), and 
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the reservoir water surface is 2.5 m above the bed of the channel 

at the entrance. 

a. Estimate the discharge in it if the channel is 3000 m long. 

b. Tell how you would solve for the discharge in it if the channel 
were only 100 m long. 









=> ron = 


Reservoir 
500 m > 


PROBLEM 15.70 








PROBLEM 15.71 


15.72 A dam 50 m high backs up water in a river valley as 
shown. During flood flow, the discharge per meter of width, q, 
is equal to 10 m?/s. Making the simplifying assumptions that 
R = y and f = 0.030, determine the water-surface profile up- 
stream from the dam to a depth of 6 m. In your numerical calcu- 
lation, let the first increment of depth change be y,; use 
increments of depth change of 10 m until a depth of 10 m is 


reached; and then use 2 m increments until the desired limit is 
reached. 






y q = 10 m/s 


| So = 0.0004, f= 0.030 





PROBLEM 15.72 


15.73 Water flows at a steady rate of 12 cfs per foot of width 
(q = 12 cfs) in the wide rectangular concrete channel shown. 
Determine the water-surface profile from section | to section 2. 


@ q = 12 cfs/ft 
Rectangular weir © | 
‘3 ft 
Slope = 0.04 Ff 


PROBLEM 15.73 
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Figure A.1 
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Table A.1 COMPRESSIBLE FLOW TABLES FOR AN IDEAL GAS WITH k = 1.4 





M or M, = local number or Mach number upstream of a normal shock wave; p/p, = ratio of static 
pressure to total pressure; p/p, = ratio of static density to total density; T/ T, = ratio of static 
temperature to total temperature; A/A.« = ratio of local cross-sectional area of an isentropic stream 
tube to cross-sectional area at the point where M = 1; M, = Mach number downstream of a normal 
shock wave; p,/p, = static pressure ratio across a normal shock wave; T,/ T) = static pressure ratio 


across a normal shock wave; p,,/p;, = total pressure ratio across normal shock wave. 


Subsonic Flow 








M P/P. P/ Pr T/T, A/ Ax 
0.00 1.0000 1.0000 1.0000 oo 
0.05 0.9983 0.9988 0.9995 11.5914 
0.10 0.9930 0.9950 0.9980 5.8218 
0.15 0.9844 0.9888 0.9955 3.9103 
0.20 0.9725 0.9803 0.9921 2.9630 
0.25 0.9575 0.9694 0.9877 2.4027 
0.30 0.9395 0.9564 0.9823 2.0351 
0.35 0.9188 0.9413 0.9761 1.7780 
0.40 0.8956 0.9243 0.9690 1.5901 
0.45 0.8703 0.9055 0.9611 1.4487 
0.50 0.8430 0.8852 0.9524 1.3398 
0.52 0.8317 0.8766 0.9487 1.3034 
0.54 0.8201 0.8679 0.9449 1.2703 
0.56 0.8082 0.8589 0.9410 1.2403 
0.58 0.7962 0.8498 0.9370 1.2130 
0.60 0.7840 0.8405 0.9328 1.1882 
0.62 0.7716 0.8310 0.9286 1.1657 
0.64 0.7591 0.8213 0.9243 1.1452 
0.66 0.7465 0.8115 0.9199 1.1265 
0.68 0.7338 0.8016 0.9153 1.1097 
0.70 0.7209 0.7916 0.9107 1.0944 
0.72 0.7080 0.7814 0.9061 1.0806 
0.74 0.6951 0.7712 0.9013 1.0681 
0.76 0.6821 0.7609 0.8964 1.0570 
0.78 0.6691 0.7505 0.8915 1.0471 
0.80 0.6560 0.7400 0.8865 1.0382 
0.82 0.6430 0.7295 0.8815 1.0305 
0.84 0.6300 0.7189 0.8763 1.0237 
0.86 0.6170 0.7083 0.8711 1.0179 
0.88 0.6041 0.6977 0.8659 1.0129 
0.90 0.5913 0.6870 0.8606 1.0089 
0.92 0.5785 0.6764 0.8552 1.0056 
0.94 0.5658 0.6658 0.8498 1.0031 
0.96 0.5532 0.6551 0.8444 1.0014 
0.98 0.5407 0.6445 0.8389 1.0003 
1.00 0.5283 0.6339 0.8333 1.0000 


(Continued) 
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Table A.1 COMPRESSIBLE FLOW TABLES FOR AN IDEAL GAS WITH k = 1.4 (Continued) 











Supersonic Flow Normal Shock Wave 
Mı P/P: P/ Pr T/T, A/Ax M, P2/ Py T,/T, P1/ Pr, 
1.00 0.5283 0.6339 0.8333 1.000 1.0000 1.000 1.000 1.0000 
1.01 0.5221 0.6287 0.8306 1.000 0.9901 1.023 1.007 0.9999 
1.02 0.5160 0.6234 0.8278 1.000 0.9805 1.047 1.013 0.9999 
1.03 0.5099 0.6181 0.8250 1.001 Tome 1.071 1.020 0.9999 
1.04 0.5039 0.6129 0.8222 1.001 0.9620 1.095 1.026 0.9999 
1.05 0.4979 0.6077 0.8193 1.002 0.9531 1.120 1.033 0.9998 
1.06 0.4919 0.6024 0.8165 1.003 0.9444 1.144 1.039 0.9997 
1.07 0.4860 0.5972 0.8137 1.004 0.9360 1.169 1.046 0.9996 
1.08 0.4800 0.5920 0.8108 1.005 0.9277 1.194 1.052 0.9994 
1.09 0.4742 0.5869 0.8080 1.006 0.9196 JEMIG) 1.059 0.9992 
1.10 0.4684 0.5817 0.8052 1.008 0.9118 1.245 1.065 0.9989 
1.11 0.4626 0.5766 0.8023 1.010 0.9041 ZN 1.071 0.9986 
1.12 0.4568 0.5714 0.7994 1.011 0.8966 1.297 1.078 0.9982 
1.13 0.4511 0.5663 0.7966 1.013 0.8892 1.323 1.084 0.9978 
1.14 0.4455 0.5612 0.7937 1.015 0.8820 1.350 1.090 0.9973 
TS 0.4398 0.5562 0.7908 1.017 0.8750 1.376 1.097 0.9967 
1.16 0.4343 0.5511 0.7879 1.020 0.8682 1.403 1.103 0.9961 
eT 0.4287 0.5461 0.7851 1.022 0.8615 1.430 1.109 0.9953 
1.18 0.4232 0.5411 0.7822 1.025 0.8549 1.458 1.115 0.9946 
NS) 0.4178 0.5361 0.7793 1.026 0.8485 1.485 MPZ 0.9937 
1.20 0.4124 0.5311 0.7764 1.030 0.8422 1.513 1.128 0.9928 
1.21 0.4070 0.5262 MISS 1.033 0.8360 1.541 1.134 0.9918 
1.22 0.4017 0.5213 0.7706 1.037 0.8300 1.570 1.141 0.9907 
23 0.3964 0.5164 0.7677 1.040 0.8241 1.598 1.147 0.9896 
1.24 0.3912 0.5115 0.7648 1.043 0.8183 1.627 1.153 0.9884 
25) 0.3861 0.5067 0.7619 1.047 0.8126 1.656 m59 0.9871 
1.30 0.3609 0.4829 0.7474 1.066 0.7860 1.805 1.191 0.9794 
1135) 0.3370 0.4598 0.7329 1.089 0.7618 1.960 3 0.9697 
1.40 0.3142 0.4374 0.7184 1.115 0.7397 2.120 1.255 0.9582 
1.45 0.2927 0.4158 0.7040 1.144 0.7196 2.286 1.287 0.9448 
1.50 0.2724 0.3950 0.6897 1.176 0.7011 2.458 1.320 0.9278 
SS 0.2533 0.3750 0.6754 1.212 0.6841 2.636 1.354 0.9132 
1.60 0.2353 0.3557 0.6614 1.250 0.6684 2.820 1.388 0.8952 
1.65 0.2184 03873 0.6475 1.292 0.6540 3.010 1.423 0.8760 
1.70 0.2026 0.3197 0.6337 1.338 0.6405 3.205 1.458 0.8557 
IRIG 0.1878 0.3029 0.6202 1.386 0.6281 3.406 1.495 0.8346 
1.80 0.1740 0.2868 0.6068 1.439 0.6165 3.613 1.532 0.8127 
1.85 0.1612 0.2715 0.5936 1.495 0.6057 3.826 1.569 0.7902 
1.90 0.1492 0.2570 0.5807 1.555 0.5956 4.045 1.608 0.7674 
E95 0.1381 0.2432 0.5680 1.619 0.5862 4.270 1.647 0.7442 
2.00 0.1278 0.2300 0.5556 1.688 0.5774 4.500 1.688 0.7209 
2.10 0.1094 0.2058 0.5313 1.837 0.5613 4.978 1.770 0.6742 
2.20 0.93577 0.1841 0.5081 2.005 0.5471 5.480 1.857 0.6281 
2.30 ORTAMI 0.1646 0.4859 2.193 0.5344 6.005 1.947 0.5833 
2.50 0.58537 0.1317 0.4444 2.637 0.5130 7.125 2.138 0.4990 
2.60 0.50127 0.1179 0.4252 2.896 0.5039 7.720 2.238 0.4601 
2.70 0.4295- 0.1056 0.4068 3.183 0.4956 8.338 2.343 0.4236 
2.80 0.3685- 0.94631 0.3894 3.500 0.4882 8.980 2.451 0.3895 
2.90 0.3165- 0.8489! 0.3729 3.850 0.4814 9.645 2.563 0.3577 
3.00 0272273 0.7623 | 0.3571 4.235 0.4752 10.330 2.679 0.3283 
3.50 0.13117 0.4523! 0.2899 6.790 0.4512 14.130 3.315 0.2129 
4.00 0.65867 0.27661 0.2381 10.72 0.4350 18.500 4.047 0.1388 
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A-4 APPENDIX 
Table A.1 COMPRESSIBLE FLOW TABLES FOR AN IDEAL GAS WITH k = 1.4 (Continued) 
Supersonic Flow Normal Shock Wave 
Mı P/P: P/ Pr T/T, AlAs M, P2/ Pı T,/T, Pi” Pr, 
4.50 0.34557 0.1745"! 0.1980 16.56 0.4236 23.460 4.875 0.9170"! 
5.00 0.18907 0.11341 0.1667 25.00 0.4152 29.000 5.800 0.61727 
5.50 0.10752 0.7578? 0.1418 36.87 0.4090 35.130 6.822 0.4236! 
6.00 0.6334 0.51947 0.1220 53.18 0.4042 41.830 7.941 0.29651 
6.50 0.38557 0.3643 7 0.1058 75.13 0.4004 49.130 9.156 0.2115! 
7.00 0.2416% 0.2609 0.92597! 104.1 0.3974 57.000 10.47 0.15351 
7.50 0.15547 0.19047 0.8163 | 141.8 0.3949 65.460 11.88 0.1133! 
8.00 0.10243 0.14142 0.72467! 190.1 0.3929 74.500 13.39 0.84887 
8.50 0.6898 4 0.1066 7 0.6472 ! 251.1 0.3912 84.130 14.99 0.64497 
9.00 0.4739 0.8150% 0.58141 327.2 0.3898 94.330 16.69 0.49647 
9.50 0.33144 0.6313 7 0.5249! 421.1 0.3886 105.100 18.49 0.3866 7 
10.00 0.2356 + 0.49483 0.47621 535.9 0.3876 116.500 20.39 0.30457 








yx "means x- 10”. 
source: Abridged with permission from R. E. Bolz and G. L. Tuve, The Handbook of Tables for Applied Engineering Sciences, CRC 


Press, Inc., Cleveland, 1973. Copyright © 1973 by The Chemical Rubber Co., CRC Press, Inc. 
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Figure A.2 





Absolute viscosities of 
certain gases and liquids 
[Adapted from Fluid 
Mechanics, 5th ed., by 

V. L. Streeter. Copyright © 
1971, McGraw-Hill Book 
Company, New York. Used 
with permission of the 
McGraw-Hill Book 
Company.] 
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Figure A.3 





Kinematic viscosities of 
certain gases and 
liquids. The gases are at 
standard pressure. 
[Adapted from Fluid 
Mechanics, 5th ed., by 
V. L. Streeter. Copyright 
© 1971, McGraw-Hill 
Book Company, New 
York. Used with 
permission of the 
McGraw-Hill Book 
Company.] 
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APPENDIX A-7 
Table A.2 PHYSICAL PROPERTIES OF GASES [T = 15°C (59 °F), p = 1 atm] 
op 
J S 
Kinematic R, kg K Sutherland’s 
Density Viscosity Gas Constant č Constant 
kg/m m?/s J/kgK Btu = K 
Gas (slugs/ fC) (ft?/s) (ft-Ibf / slug-°R) Ibm-°R c (CR) 
Air 1.22 1.46 x 10° 287 1004 1.40 111 
(0.00237) (1.58 x 10) (1716) (0.240) (199) 
Carbon dioxide 1.85 7.84 x 10° 189 841 1.30 222 
(0.0036) (8.48 x 10°) (1130) (0.201) (400) 
Helium 0.169 1.14 x 10+ 2077 5187 1.66 79.4 
(0.00033) (1.22 x 10°) (12,419) (1.24) (143) 
Hydrogen 0.0851 1.01 x 104 4127 14,223 1.41 96.7 
(0.00017) (1.09 x 10°) (24,677) (3.40) (174) 
Methane (natural gas) 0.678 1.59 x 10° 518 2208 1.31 198 
(0.0013) (1.72 x 10+) (3098) (0.528) (356) 
Nitrogen 1.18 1.45 x 10% 297 1041 1.40 107 
(0.0023) (1.56 x 10% (1776) (0.249) (192) 
Oxygen 1.35 1.50 x 10° 260 916 1.40 
(0.0026) (1.61 x 10+) (1555) (0.219) 





source: V. L. Streeter (ed.), Handbook of Fluid Dynamics, McGraw-Hill Book Company, New York, 1961; also R. E. Bolz and G. L. Tuve, Handbook of Tables 
for Applied Engineering Science, CRC Press, Inc. Cleveland, 1973; and Handbook of Chemistry and Physics, Chemical Rubber Company, 1951. 
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Table A.3 MECHANICAL PROPERTIES OF AIR AT STANDARD ATMOSPHERIC PRESSURE 





Temperature 


—20°C 
—l0s€ 
0°C 
10°C 
20°C 
30°C 
40°C 
50°C 
60°C 
70°C 
80°C 
90°C 
100°C 
1202C 
140°C 
160°C 
180°C 
200°C 


00°F 
20°F 
40°F 
60°F 
80°F 
100°F 
120°F 
150°F 
200°F 
300°F 
400°F 


Density 


kg/m? 


1.40 
1.34 
1.29 
W25 
1.20 
Liy 
1,13 
1.09 
1.06 
1.03 
1.00 
0.97 
0.95 
0.90 
0.85 
0.81 
0.78 
0.75 


slugs / ft? 


0.00269 
0.00257 
0.00247 
0.00237 
0.00228 
0.00220 
0.00213 
0.00202 
0.00187 
0.00162 
0.00143 


Specific 
Weight 


N/m 


13.70 
13.20 
12.70 
12.20 
11.80 
11.40 
11.10 
10.70 
10.40 
10.10 
9.81 
9.54 
9.28 
8.82 
8.38 
19 
7.65 
Yo 


Ibf/ ft? 


0.0866 
0.0828 
0.0794 
0.0764 
0.0735 
0.0709 
0.0685 
0.0651 
0.0601 
0.0522 
0.0462 


Dynamic 
Viscosity 
N + s/m? 
1.61 x 10° 
1.67 x 10° 
1.72 x 10° 
1.76 x 10° 
1.81 x 10° 
1.86 x 10° 
1.91 x 10° 
1.95 x 10° 
2.00 x 10° 
2.04 x 105 
2.09 x 10° 
2.13 x 10° 
2.17 x 10° 
2.26 x 10> 
2.34 x 10° 
2.42 x 10° 
2.50 x 10° 
DSH 3 O° 


Ibf-s / ft? 


3.39 x 107 
3.51 x 107 
3.63 x 107 
3.74 x 107 
3.85 x 107 
3.96 x 107 
4.07 x 107 
4.23 x 107 
4.48 x 107 
4.96 x 107 
5.40 x 107 


Kinematic 
Viscosity 


m’/s 
1.16 x 10° 
1.24 x 10° 
1.33 x 10° 
1.41 x 10° 
1.51 x 10° 
1.60 x 10° 
1.69 x 10° 
1.79 x 10° 
1.89 x 10° 
1.99 x 10° 
2.09 x 10° 
2.19 x 10° 
2.29 x 10° 
2.51 x 10° 
2.74 x 10° 
2.97 x 10° 
3.20 x 10% 
3.44 x 10° 


ft/s 


126x 10 
1.37 x 104 
1.47 x 10+ 
1.58 x 104 
1.69 x 10+ 
1.80 x 104 
1.91 x 104 
2.09 x 104 
2.40 x 104 
3.05 x 104 
ST lor 





source: Reprinted with permission from R. E. Bolz and G. L. Tuve, Handbook of Tables for Applied Engineering Science, CRC 
Press, Inc., Cleveland, 1973. Copyright © 1973 by The Chemical Rubber Co., CRC Press, Inc. 





APPENDIX 








Table A.4 APPROXIMATE PHYSICAL PROPERTIES OF COMMON LIQUIDS AT ATMOSPHERIC PRESSURE 





Liquid and 
Temperature 


Ethyl alcohol®) 
20°C (68°F) 


Carbon tetrachloride 
20°C (68°F) 


Glycerine 
20°C (68°F) 


Kerosene“)?) 
20°C (68°F) 


Mercury) 
20°C (68°F) 


Sea water 10°C 
at 3.3% salinity 


Oils—38°C (100°F) 
SAE 10wW™ 


SAE 10W-30%) 


SAE 30% 


Density 
kg/m? 
(slugs / ft?) 


799 
(1.55) 


1,590 
(3.09) 


1,260 
(2.45) 


814 
(1.58) 


13,550 
(26.3) 


1,026 
(1.99) 


870 
(1.69) 


880 
(1.71) 


880 
(1.71) 


Specific 
Weight 
3 
Specific N/m 
Gravity (Ibf/ ft) 
0.79 7,850 
(50.0) 
1.59 15,600 
(99.5) 
1.26 12,300 
(78.5) 
0.81 8,010 
(51) 
355 133,000 
(847) 
1.03 10,070 
(64.1) 
0.87 8,530 
(54.4) 
0.88 8,630 
(55.1) 
0.88 8,630 
(55.1) 


Dynamic 
Viscosity 
N + s/m? 
(Ibf-s / ft”) 


12x 10 
(2.5 X 10°) 


9.6 x 104 
(2.0 x 10%) 


1.41 
(2.95 x 10°) 


1.9 x 10% 
(4.0 x 10°) 


1S 98 TO 
(3.1 X 10°) 


1.4 x 10° 
(2.9 x 10°) 


3.6 x 107 
SOR) 


6.7 x 10° 
(1.4 x 10°) 


Toxo 
COELO) 


Kinematic 
Viscosity 
m’/s 


(ft?/s) 


LS oO? 
(1.6 x 10>) 


6.0 x 107 
(6.5 x 10%) 


1.12 x 10° 
(1.22 x 10°) 


2.37 x 10% 
(2.55 X 10%) 


12 3210? 
(1.3 x 10°) 


1.4 x 10% 
(1.5 x 10°) 


Axio 
(4.4 x 10) 


7.6 x 10° 
(8.2 x 10+) 


1.1 x 10+ 
(1.2 x 10°) 


Surface 
Tension 


N/m* 
(Ibf/ ft) 


DD se ior? 
(1.5 x 10°) 


2.6 x 102 
(1.8 x 10°) 


6.3 x 107 
(4.3 x 10°) 


2.9 x 107 
(2.0 x 10°) 


4.8 x 1071 
(3.3 x 10°) 





*Liquid—air surface tension values. 


sources: (1) V. L. Streeter, Handbook of Fluid Dynamics, McGraw-Hill, New York, 1961; (2) V. L. Streeter, Fluid Mechanics, 4th ed., McGraw-Hill, New 
York, 1966; (3) A. A. Newman, Glycerol, CRC Press, Cleveland, 1968; (4) R. E. Bolz and G. L. Tuve, Handbook of Tables for Applied Engineering 


Sciences, CRC Press, Cleveland, 1973. 
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Table A.5 APPROXIMATE PHYSICAL PROPERTIES OF WATER* AT ATMOSPHERIC PRESSURE 








Temperature Density Specific Weight Dynamic Viscosity Kinematic Viscosity Vapor Pressure 
kg/m? N/m? N-s/m m’/s N/m? abs 
0°C 1000 9810 1.79 x 10° 1.79 x 10° 611 
5°C 1000 9810 LSI” LG 872 
10°C 1000 9810 1.31 x 10° 1.31 x 10° 1,230 
ISE 999 9800 AO MAOR 1,700 
20°C 998 9790 1.00 x 10° 1.00 x 10% 2,340 
25°C 997 9781 8.91 x 104 8.94 x 107 3,170 
30°C 996 9771 7.97 x 104 8.00 x 107 4,250 
ITE 994 9751 7.20 x 104 7.24 x 107 5,630 
40°C 992 9732 6.53 x 104 6.58 x 107 7,380 
50°C 988 9693 5.47 x 10* 553107 12,300 
60°C 983 9643 4.66 x 104 4.74 x 107 20,000 
70°C 978 9594 4.04 x 10+ 4.13 x 107 31,200 
80°C 972 9535 3.54 x 104 3.64 x 107 47,400 
90°C 965 9467 21510" 3.26 x 107 70,100 
100°C 958 9398 2.82 x 104 2.94 x 107 101,300 
slugs /ft° lbf/ ft? Ibf-s / ft? ft/s psia 
40°F 1.94 62.43 3.23 x 10° 1.66 x 10° 0.122 
50°F 1.94 62.40 2.73 x 10> 1.41 x 10% 0.178 
60°F 1.94 62.37 2.36 x 10° 1.22 x 10° 0.256 
70°F 1.94 62.30 2.05 = 10. 1.06 x 10° 0.363 
80°F 1.93 62.22 1.80 x 10° 0.930 x 10° 0.506 
100°F 1.93 62.00 42 I0 0.739 x 105 0.949 
120°F 1.92 61.72 1.17x 10° 0.609 x 105 1.69 
140°F 1.91 61.38 0.981 x 10° 0.514x 10° 2.89 
160°F 1.90 61.00 0.838 x 10° 0.442 x 10° 4.74 
180°F 1.88 60.58 0.726 x 10° 0.385 x 10% 7.51 
200°F 1.87 60.12 0.637 x 10° 0.341 x 10° 11.53 
DIDP 1.86 59.83 0.593 x 105 0.319 x 10° 14.70 





* Notes: (1) Bulk modulus £, of water is approximately 2.2 GPa (3.2 X 10° psi); (2) water-air surface tension is approximately 7.3 X 10?7N/m(5 X 10° Ibf/ ft) 


from 10°C to 50°C. 


SOURCE: Reprinted with permission from R. E. Bolz and G. L. Tuve, Handbook of Tables for Applied Engineering Science, CRC Press, Inc., Cleveland, 
1973. Copyright © 1973 by The Chemical Rubber Co., CRC Press, Inc. 
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Answers to Even Problems 


Chapter 1 


1.10 


Ap = 432 Pa = 0.0626 psi = 1.74 in.-H,O 


1.12 P=239 W, AE = 205 calories 
Chapter 2 
2.4 Local conditions: p = 1.09 kg/m’; 
table value: p = 1.22 kg/m? 
2.6 Pmethane = 1-74 kg/m?, 
Ymethane — 17.1 N/m? 
2.8 Pryater/ Pai = 203 
2.10 Mass released is 26.7 kg. 
2.12 M = 3.49 x 108 slugs, 
M = 5.09 X 10° kg 
2.14 # =2.54 m3, M = 5.66 kg 
2.16 S;= 0.972, percent alcohol by volume = 13.7% 
2.18 For water, Aw = -9.06 X 104+N-s/m? 
and Ap = -22 kg/ m; for air, 
Ap = 2.8 X 10%N - s/m? and 
Ap = -0.22 kg/m’. 
2.20 Foroil, u = 6.7 X 10° N-s/m? and 
v = 7.6 X 10° m?/ s; for kerosene, 
“=14X 10°N -s/m?and 
v= 1.7 X 10° m?s; for water, 
u = 6.8 X 10^ N - s/m? and 
v = 6.8 X 107 m’/s 
2.22 v/v = (Pa pXT/ T% (Ty + S)/ 
(T + S) 
2.24 v=1.99 X 10% m’/s 
2.26 v=1.66 X 10° ft/s 
2.28 S=903°R 
230 p=132X 10° lbf-s/ft? 
2.32 For air, 4 = 1.91 X 10% N - s/m? and 
Par = 10.1 X 10° m?/s; 
for water, Mwater = 6.53 X 10° N - s/m? and 
Voa = 0-58 X 10-7 m?/s, 
2.34 7(y = 1mm) = 1.49 Pa 
2.36 (a) Tmax = 1.0N /m?; (b) minimum shear stress will occur 
midway between the two walls 
2.38 (a) Maximum shear stress will occur at y = H; 
(b) y = (H72) — uu,/ (Hdp / ds); 
(c) u, = (1 /2p)(dp / ds)H? 
2.40 Vay = 0.17 m/s 


242 T= 5 muwD*/ s 

2.44 Ethyl alcohol is easier to compress. 

2.46 Ap = 44 MPa 

2.50 Ap = 40 /R; Apam m = 73.0 N/m? 

2.52 Ford = 1/4in., Afgy = 0.185 in.; 
for d = 1/8 in., Ahsr = 0.369 in.; 
for d = 1/32 in., Ahgy = 1.48 in. 

2.54 p=292 N/m? 

2.56 (a) 

2.58 o = 0.0961 N/m 

2.60 Vapor pressure increases. 

2.62 P = 2340 Pa abs 

2.64 Boiling temperature (3000m) = 89.7°C 

Chapter 3 

3.2 (a) p= 0.175 kg/m’, (b) p = 0.531 kg/m? 

3.4 % error = 1.01% 

3.10 The height decreases by 2.55 m. 

3.12 Selection (a) is correct. 

3.14 p= 490, pso/Patm = 5-83 

3.18 Ah = 5.00 cm 

3.20 h,= 0.812 m 

3.22 Fp, = 2850 lbf 

3.24 F, = 2950 lbf (acts down; metal is in tension) 

3.26 p34 / pg = 1.62 

3.30 p(center of pipe) = 0.0 lbf /ft? 

3.32 pa = 395 Pa gage 

3.34 Peontainer = 891 Pa gage 

3.36 p4 = 39.5 kPa gage = 5.72 psig 

3.38 The surface of the water is located 468 mm above the centerline 
of the horizontal leg. The surface of the mercury is located 121 
mm above the centerline of the horizontal leg. p,,,, = 16.1 kPa 
gage. 

3.40 pa — pp = 4.17 kPa, hy — hg = -0.50m 

3.42 pa, Pg= 108 psf, hy — hg = 3.32 ft 

3.44 Pa — Pg = 1.57 kPa, p., — pz = 0.589 kPa 

3.46 — Thoiting, 2000 m ~ 93-2°C, Thoiling, 4000 m ~ 86.7°C 

3.48 28.4 breaths per minute 
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3.50 T=287K=516°R,p, = 86.0kPa = 12.2 psia, p = 1.04kg/ m° 4.28  dp/dz = -65.7 Ibf/ fÉ 
— 3 
= 0.00199 slugs / ft 4.30 p, = 187 psfg 
3.52 p(z = 8 km) = 3.31 mbar, p(z = 30 km) = 0.383 mbar 4.32 ap/ds = -6000 N/m? 
3.56 Valid statements are a, b, and e. 
= 4.34 a, =-141 ft/s? 
3.58 F = 7.85 KN, Yap — y = 22.4 mm 
4.36 dp/dx = -5330 psf/ft 
3.60 — Frydrostatic = 6075 lbf / ft, F, ic = 8100 lbf (tensi 
hydrostatic bottom tie (tension) 4.38 Pe- Pa = 12.7 kPa, Pe- Pa = 44.6 kPa 
3.62 R, = 557 KN (acting normal to the gate) 
4.42 pp = 527 psf 
3.64 h=€/3 4.44 pp- Ppa = 48.1 kPa 
3.66 Gate will stay in position 446 €=0 
3.68 F =5yWh?/3 N43 , R/F =3/10 4.48 a,=4g 
3.70 Unstable 450 w= JT5g/t 
3.72 n=5 bolts 
: 452 w= 17.7 rad/s 
3.74 Resultant passes through the pin. 
3.76 F = (3,120,000i + 565,344j) Ibf 4.54 dp/dz(-1) = -34.8 kPa/m, 
3.78 F,orizonal = 61.6 KN (applied to the left to hold dome in place) op dz (0) = =9;81 kPa/m, 
Line of action is 0.125 m below the center of the dome ðp/ðz (+1) = 15.2 kPa/m 
F vertical = 20.6 KN (applied downward to hold dome in place) 4.56 Apa, = 737 Ibf/ f, 2( Pin) = 0.206 ft above axis 
= = 6 = 
3.80 (a) Fp = 5.9 N, (b) Fp = 4.19 X 10° N, (c) Fz = 0.175 N 4.60 V)=5.46m/s 
3.82 Selection (c) is correct 
4.62 V,=7.13m/s 
3.84 Weerap = 3420 N 
4.64 h=0.815m 
3.86 ¥ = 39.9 m? 
466 V=92.7m/s 
3.88 #K =408L, = 17.2 kN/m’? 
Yolock 4.68 Vo = 1.33 m/s 
3.90 Ah = 0.368 cm 
4.72 V= 18.3 fps 
3.92 d=2.17L 
A . EO 4.74 V = 96.3 fps 
3.94 Due to the addition of ice, the water level will increase by Ah = 
0.306 in. Melting of the ice will not cause any additional change. 4.76 (c) 
3.96 €=859m 4.78 Same reading 
3.98 z = 22.8 km 480 Vo = 8.82 m/s 
3.100 5 = 0.938 4.82 Vre = 80.6 m/s 
3102 MISS ebay 4.88  Irrotational 
3.104 €/w = 0.211, S = 0.211 4.90 Trrotational 
3.106 The block will not float in a stable manner with its ends horizontal. 4.92 A0=8y/(1— 4y?) 
Chapter 4 4.94 z3 — zı = 0.045 m 
4.4 (a) Unsteady, uniform; (b) nonuniform, steady 4.96 p, = 129 kPa, gage 
4.6 Nonuniform, steady or unsteady 4.98 (©) 
4.8 (a) 2-d, (b) 1-d, (c) 1-d, (d) 2-d, (e) 3-d, (f) 3-d, (g) 2-d 4.100 p — p; = 0.96 kPa 
4.16 (a) Steady; (b) Two-dimensional; (c) No; (d) Yes 
4.102 p = 914 mbar 
23, 4 343 
4.18 a= —(3Upro/x )(1-1r9/x ) 1.106 Toward vortex center 
4.20 a,=5 ft/s? 4.108 Gop = 81.1° 
4.22 a, = 4qo/ (Bto) Chapter 5 
5.4 
4.24 a= 3.56 ft/s?, a, = 37.9 ft/s? © 
5.6 Q = 4.19 cfs, 1880 gpm 
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5.8 

5.10 
9.12 
5.14 
5.16 
5.18 
5.20 
5.22 
5.24 


5.26 
5.28 


5.30 


5.38 
5.44 


5.46 
5.48 
5.50 
5,52 
5.54 
5.56 
5.58 
5.60 
5.62 
5.64 


5.66 


5.68 


5.70 


5.72 
5.74 
5.76 
5.78 


5.80 
5.82 


5.84 
5.86 
5.88 


m = 0.239 kg/s 
D=1.25m 
V /Vy = 1/3/ 


Q = 163 cfs, 73,400 gpm 
Q=5m?/s,V=5m/s,m =6.0kg/s 
Q = 0.93 m?/s 

Q = 1.70 X 10° m?/s 

q = 3.09 m/s, V = 2.57 m/s 
V=[1/(n + DIV, 

V = 0.979 fps 

Q = 0.0849 cfs, 37.9 gpm 

Q = 0.0276 m?/s 

(a) T, (b) T, (c) T, (d) T, (e) T 
Rising 


Vai = 2-8 M/S, aai = 3:6 m/8° 


exit 
dy, = -5060 m/s”, az, = —11,400 m/s” 
t= 144s 

Vp = 2/3 fps 

V, = 12 m/s, V, = 36 m/s 

Vis; = 5.66 m/s, Vy = 6.37 m/s 

Vp = 5.00 m/s 

Qp = 3.33 cfm, leaving tank 

Rising, dh/dt = 1/8 fps 

Q, = 7.5 cfs 


m = 7.18 slug/s, Vo = 20.4 ft/s, 
S = 0.925 


V= 10.8 m/s 


Q = 0.658 Ay ,/2(p) = P2)/P 

Q = 5.20 X 104 m3/s 

A = 1.25 X 10% in? 

t= 185s 

At = 5.48 min, 10.6 min (for p = 0) 
At = 24.8 min 

V, = 2800 m/s 


p= (ap, /0 65) O(A / A)” ORT, ved] 
c po g c > 
Ap, = 4.54 MPa 


Pg = 19.3 psi 
Q = 231 cfm 
Ah = 0.160 ft 


V, max = 3-62 M/S, Qmax = 0.00362 m3/s, Lmax = 8850 N 


5.90 
5.92 V, = 24 ft/s, F = 45.2 lbf 
5.96 Q = 0.165 m/s 
5.98 Vo= 12.4 m/s 
5.100 V = 49.0 fps 
5.102 Vo = 46.0 fps 
5.104 Continuity not satisfied 
5.106 v =—Ay*/2 + C(x) 
Chapter 6 
6.2 a, = 0.112 ft/s”, a,/g = 0.0035 
6.6 F = 0.31 N,v = 57.6 m/s 
6.8 y = 0.218 
6.10 v, = 51.5 ft/s 
6.12 F, = 182N, F, = 169N 
6.14 m =200kg/s,d=7.14cm 
6.16 F, = 643 lbf, Fẹ = 88.9 Ibf 
6.18 F, = 2pvtr 
6.20 F, = -4.42 kN (to left) 
= —1.15 kN (downward) 
6.22 F, = 890 lbf/ft(to left), 
F, = 382 Ibf/ft (upward) 
6.24 F,= 2.01 N, N = 17.3 N, block moves 
6.26 F= 1.48 N (to left) 
6.28 h=3.21m 
6.30 (on vane) = (14701 + 332j) N 
6.32 F, = 4.05 kN (to left) 
6.34 a, =-80m/s? 
6.36 D = 91.8 lbf, L = 5260 lbf 
6.38 F, = -4.15 lbf 
6.40 F = (-5370i + 387k) lbf 
6.42 F = (808i — 356j + 350k) Ibf 
6.44 F, = 3310 lbf 
6.46 = 12,200 Ibf (downward) 
6.48 F, = 1840 Ibf (opposite flow direction) 
6.50 F,=1140N 
6.52 F, = -167 lbf (to left) 
6.54 F, = -9.96 kN (to left) 
k= —1.8 kN (downward) 
6.58 v,=51.1 m/s, F = 98.3 lbf (to left) 
6.62 F, = -40.7 N (to left) 
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6.64 F,=—-18.3 kN 

6.66 F(per bolt) = 1410 N 

6.68 p, = 13.3 kPa, F, = -1.38 kN/m 
6.70 F = (-524i — 58.99) lbf 

6.72 F = (-36.8i + 119j)N 

6.74 F, = -474 lbf/ft 


6.76  F(stationary) = 161 1bf, 
F(moving) = 113 lbf 


6.78 (pa-p) = P% (DL - D?)/ Di 
+ pv; D'/D- pv" 
(P2-p1) = 32 kPa 

6.80 D=13N,L=3.33N 

6.82 T= 15.3 kN 

6.86 F.=60N 

6.88 t=10s 

6.90 Vmax = 15.2 m/s 

6.92 Ap = 5.93 MPa 

6.94  APmax = 525 psi 

6.96 Ap = pe 

6.98 Q= 1.22 m3/s, L = 2160 m 

6.100 P= 1.11 kW 


6.102 F = (1240i — 420j) lbf 
M = 1260k ft-lbf 


6.104 F, = -908i lbf 
M, = (-1820j + 299k) ft-lbf 


Chapter 7 

7.4 (a) cost = $0.67, (b) P = 1010 W, (c) P = 13.6 hp 
7.6 P = 55.2 W 

7.10 (a) a= 1.0, (b) a> 1.0, (c) a> 1.0, (d) a> 1.0 
7.12  a@=27/20 

7.14 æ=(n+1%/68n + 1), a= 1.05 

7.20 (b) 

7.22 ps = -250 psf, V} = 30.0 ft/s 

7.24 9 po/ y= 13.16m 

7.26 p= 16.9 psig 

7.28 pı = 9.23 psig 

7.30 p= 152 Pa 

7.32 ppg = -2.38 psig 

7.34 z, = depth = 9.07 m 

7.36 Q = 0.302 m3/s 


738 t=6.63h 
7.40 P = 1.49 W 


electrical 


7.42 P =1.76 MW 
7.44 h=120ft 
7.46 P=95.9kW 
7.48 P=149kW 
750 P = 61.6 kW 
7.52 P = 1590 hp = 1.18 MW 
7.54 t=9260s = 2.57h 
7.56 h, = 2.52 ft 
7.58 h, = 0.104 m 
7.60 Q = 0.0149 m?/s 
7.62 F; = 11.7 lbf acting to the left 
7.64 Fy = 198 lbf acting upward 
7.66 F} = pU?mD*/8[1/(D?/@ — 1°), 
F; = 0.372 N 
7.70 Possible if the fluid is being accelerated to the left 
7.78 Q =6.23 ft/s 
7.80 P = 49.0 hp 
7.82 z = 129ft 
7.84 Q= 0.320 m/s, p,, = -78.7 kPa 
Chapter 8 
8.4 (a) homo, (b) nonhomo, (c) homo, (d) homo 
8.6  Ah/d=fiD/d, yt"/ pd, h,/d) 
8.8 (Fp/pVd) = C 
8.10 (ApD?) /(AfuV) = C 
8.12 Ap/(n?pD*) = KQ /nD?’) 
8.14 h/d=f(aot?/ pd, yt/ pd, ut/ pd”) 
8.16  Apd*/pQ? = f(ud/ pQ, D/d) 
8.18 m/(JpApD’) = fiuD/m) 
8.20 Fp/(pV?S) = fla@’S/V*) 
8.22 V,/ JgD = flu/ (pg D”), 
(Pp — Pa)” PA 
8.24 Fy/ pV B? = f u/ pVB, ums” V, Ly/B) 
8.30 Um = 21.4 m/s, Fp m/ Fpp = 0.500 
8.32 V,=1.5m/s 
8.34 V,,/V, =5 
8.36 F, = 21.1kN 
8.38 p = 27.6 kbar 
8.40 (c) 
8.42 Re = 25,200, Fp = 20.4 X 103N, 


P = 163 X 10° W 
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8.44 V,, = 4.50 m/s 
8.46 V,=11.6m/s, Ap, = 7.33 kPa 
8.48 Pm = 0.024 slugs /ft*, F, = 500 lbf 
8.50 V, = 0.215 m/s, n, = 117 N -m 
8.52 Pm = 808 kPa 

8.54 d= 3.93 mm 

8.56 v/v, = (Ln/ L} /? 

8.58 V, = 12.5 m/s, Q, = 312 m/s 


8.60  V,,/V, = 1/6, Qm/Q, = 1/7776, 
On = 0.386 m? / s 

8.62 V, = 39.3 ft/s, Q, = 11,000 ft/s 

8.64 t, = 5 min, Q, = 312 m/s 

8.66 F, = 3.83 MN 

8.68 L,,/L, = 0.0318 


8.70 V, = 25 ft/s, F, = 31,200 Ibf 


8.72 Pwindward watt = 1-08 kPa 
Pyide wall 7 -2.93 kPa 
Pieeward wall = —868 pa 
F, = 5.65 MN 

Chapter 9 


94 V=2.13m/s 

96 w=3.85 X 10°N s/m? 
98 (a) T, (b) F, (c) F, (d) F, (e) T 
9.10 (a) F, (b) F, (c) T, (d), F, (e) T 
9.12 T=1.99N-m 

9.14 T=3.45X10°N:m 

9.16 P = 0.00780 W 

9.18 mna = 0.150 ft/s 

9.20 q= 4.65 X 10° m?/s 

9.22 dp/ds = —464 psf / ft 

9.24 g=1.44m*/hr 

9.26 t= 1.024 mU/L 

9.28 4.8% 

9.34 6/x = 0.0071 

9.36 (a) is correct 

938 F,=5.15N 

940 u=U,=1m/s 

9.42 = 15.8 mm, F, = 0.0943 N 
9.46 F, = 1.29 xX 10*N 


9.48 Fy wing = 230 N, P = 12.8 kW 
Xe, = 14.4 cm 
F, tripped B.L./ Formal = 1-162 
9.50 F,/B = 3.53 N/m, du/dy = 9.33 X 10° s 
952 d= (tu ~ (pu) /(paU)\dy 
9.54 6*/65=0.125 
9.56 P=104kW 
9.58 Uy = 0.805 m/s 
9.60 U= 103 m/s 
9.62 F, = 26.4 lbf 
9.64 P= 103 hp 
9.66 = Fyjg9 = 1360 N, F209 = 5000 N 
Pioo = 37.8 KW, Poo) = 278 kW 
9.68 / Wain yer = 9.0406, 6/ W max yer = 0.036 
9.70 F, = 375 lbf 
9.72 Fyaye = 3-72 X 104 Ibf 
9.74 Tomin = 106 N/m? 
9.76 Fp = 287 kN, ô= 0.678 m 
Chapter 10 
10.2 Flow is turbulent, L, = 7.5 m 
10.6 Piank = 1.75 kPa gage 
10.8 V= 2.19 m/s, Q = 0.110 L/s 
10.12 m = 0.0141 kg/s, f= 0.064, 
h, # L = 0.00108 m per meter of pipe length, 
Ap/L = 10.6 Pa per meter of pipe length 
10.14 V,=0.215 m/s 
10.16 h; = 66.4 ft per 100 ft run of pipe 
10.18 V=0.81 ft/s, Q = 2.76 X 107 cfs 
10.20 P= 1340 W 
10.22 Correct choice is (d) 
10.24 V, = 0.0409 m/s 
10.26 v=8.91 X 10° m’/s 
10.28 Flow is downward (from right to left), 
f= 0.076, u = 0.00154 lbf - s/f, laminar 
10.30 Ap = 684 Pa 
10.32 f= 0.0185 
10.34 f= 0.0258 
10.36 Re = 6.37 X 10°, f = 0.023, 7, = 51.7 Pa 
10.38 hy = 182 ft 


10.40 


v= 2.0 X 10° m?/s 
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10.42 (a) Ap = 1.58 psi, (b) hp = 3.64 ft, 11.16 Fp = 18.6 kN 
(E= O03 Bp 11.18 M,=3.12MN-m 
10.44 Ap/L = 208 Pa/m 1120 T= 142N 
10.46 Ap/L = 2.48 psf /foot 11.22 M=21.2kN-m 
10.48 Ap = 48.9 psf, P = 349 hp 11.24 (5.9 m)/s) < V < (17.7 m/s) 
10.50 (a) case 1, (b) case 3, (c) case 3 11.26 P = 55.5 kW 
10.52 D = 0.022 m 11.28 Energy = 77.2 kJ = 18.4 food calories 
10.54 V= 3.15 m/s 11.30 Additional power = 21.9 hp 
10.56 Q = 6.59 X 10° m/s 11.32 14.7% 
10.58 D = 22 cm, P = 45.6 kW for each 11.34 P = 47.2 kW 
kilometer of pipe length 1136 V.=12.6m/s 
10.60 P= 18.3 kw 1138 756 N 
nee: =o mi 11.42 The bubble will accelerate as it moves upward. Form drag. 
10.64 t= 46.5 min 
11.44 V)=1.32m/s 
10.66 P = 30.1 kW 
10.68 Select a pipe with D = 8 in. 11.46 Vo = 1.33 m/s upward 
10.70 P = 726 W (clean tube), 11.48 V, = 1.55 mm/s 
P = 3.03 kW (scaled tubes) 
11.50 V,=9.1 
10.72 P = 7.49 KW a a 
10.74 P= 10.1 X 10“ hp 14.52. Vo= 5.70 m78 
: ? : 11.54 Time to reach 99% of the terminal velocity is 0.54 s. The 
HR cS pocity a: eae corresponding distance of travel is 14.2 cm. 
RE ANN 11.56 (a) F, = 4.84 N, 
10.80 Cavitation could occur in the venturi throat section or just (b) A = 5.23 X 10° mm? 
downstream of the abrupt contraction. ` 
10.82 z4 =114m 11.60 F, = 2.82 N 
10.84 Pios, = 40.4 kW ee a 
11.64 The correct answer is (d) 
10.86 Viran” Vree = 0.84 
oe 11.66 V=29.6 m/s 
10.88 Q=0.25m’/s 
11.68 V, = 99.8 m/s, V, = 108 m/s 
10.90 Q = 4700 gpm 
11.70 Vo = 10.5 m/s, F,/length = 16,000 N/m 
10.92 Vs/Vp = 1.26 
10.94 Q, = 2 cfs 11.72 C,= [7ACp,» 
10.96 (Qharge/ Osman) = 3.86 C,/ Cp = (1/2) [7TA/ Cp, 
10.98 Q(12 inch pipe) = 6.46 cfs 11.74 Fp = 4000 N 
Q(14 inch pipe) = 7.75 cfs Chapter 2 
Q(16 inch pipe) = 10.8 cfs 12.2 761 mph 
hiag = 107 ft 124 M=271 
Chapter 11 126 c= 1070 m/s 
11.2 Correct choice is (d) 128 cm- cy, = 656 m/s 
11.4 Cp=2.0 
12.10 c = 1480 m/s 
11.8 Fp = 2250 lbf 
12.12 T,= 218°C 
11.10 Fp = 198 lbf 
é 12.14 V = 200 m/s 
11.12 Fp = 6.24 X 10° lbf 
12.18 T,= 51°C, p, = 284.6 kPa 
11.14 V= 19.7 m/s 
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12.20 T = 407K, p = 177 kPa, V = 346 m/s 


12.22 T = 291 K, p = 487 kPa, M = 0.192, 
m = 0.032 kg/s 


12.24 C,=2/(KM)[(1 + (k = DMD — 1], C2) = 2.43, 
C,(4) = 13.47, Cy ine = 1.0 


‘p,ine 
12.26 T,T,F 


12.28 M, = 0.657, p, = 208 kPa, 
T, = 316 K, As = 35.6 J/kg K 


12.30 M= 1.59 
12.32 V, = 1200 m/s 


12.34 M)=2-Mj 


12.38 m = 0.0733 kg/s, (with Bernoulli) 
m = 0.0794 kg/s 


12.40 m = 0.100 kg/s (130 kPa), 
m = 0.322 kg/s (350 kPa) 

12.48 A,/A« = 4.00, Ap = 29.5 cm? 

12.50 Underexpanded 

12.52 M = J2,A/A, = 1.123 


12.54 A,/As = 3.60, T (ideal) = 2791 N, 
T = 2790 N 


12.56 A/A, = 2.97, x = 5.40 cm 
12.58 M; = 0.336, p, = 461 kPa, p, = 499 kPa 
Chapter 13 

13.4 V,=0.511 m/s 

13.6 V=3.96m/s 

13.8 Percent error = 0.1% 

13.10 Q = 4.26 X 10° m3/s 
13.12 V, = 4.33 m/s, Vinax/ V, 


mean max mean 


Q = 0.196 m?/s, laminar 


22 


13.14 (a) r„/D = 0.224, (b) r./D = 0.341, 
(c) m = 9.96 kg/s 


13.16 Q = 549 m?/s 

13.18 V = 0.468 m/s 

13.20 C, = 0.975, C, = 0.640, C4 = 0.624 
13.24 h = 1.54 ft 


mercury 


13.28 V 


pipe = 1-21 m/s 


13.30 Percent increase in discharge = 96% 
13.34 d= 6.26 cm 
13.36 d= 0.601 m 


13.38 Q = KA J2Ap/p, Q = 0.290 m°? /s 


13.40 
13.42 


13.44 
13.46 
13.48 


13.50 


13.54 


13.58 


13.60 
13:62 


13.64 
13.66 
13.68 
13.72 
13.74 
13.78 


13.80 
13.82 


h = 0.44 m 
Q = 1.36 cfs 


Q = 11.3 m?/s 
Q = 6.08 cfs 
Q = 0.00124 m?/s 


2 
h; = 64V 5/2 
(a) V=(L/Ad[-1 + V1 + (cAt/L)’, 
(b) V = c’At/(2L), (c) V = 22.5 m/s 
Q = 0.0248 m3/s 


Correct choice is (b) 


Correct choice is (c) 

H = 0.53 ft, Q = 2.54 ft/s 
Q = 62.7 ft/s 

Water level is falling 

Q = 3.96 ft/s 

h = 1.24m 

m = 0.0021 kg/s 

m = 0.0338 lbm/s 

Q = 3.49 cfs, Ug = 0.192 cfs 


Chapter 14 


14.4 
14.6 
14.8 
14.10 
14.12 


14.16 
14.18 
14.22 
14.24 
14.28 
14.30 


14.32 


14.38 
14.40 
14.42 
14.44 
14.46 
14.48 
14.50 


F; = 926 N, P = 35.7 kW 
N = 1160 rpm 

D = 1.71 m, Vy = 89.4 m/s 

N = 1170 rpm 

a = 0.783 m/s? 

Q = 0.22 m?/s, P = 6.5 kW 

Q = 54.6 cfs, AH = 21.8 ft, P = 169 hp 
D = 0.882 m, P = 14.2 kW 

P = 26 kW 

Q = 0.228 m?/s 

Hygo9 = 261 ft 

Q = 0.218 m3/s 


(a) Q = 0.218 m?/s, (b) Q = 76.4 gpm, (c) Q = 77.4 gpm 


Mixed flow pump 

Radial flow pump 

Radial flow pump 

P = 94.4 kW 

P = 229 kW 

P = 10.6 MW, D = 2.85 m 
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14.52 F = (1/2)pAV; 


14.56 a, = 6.36°, T = 44,700 N-m, 
P = 281 kW 


14.58 Pu = 271 hp 
14.60 Prax = 4.69 kW 
14.62 Q = 289 gpm 


Chapter 15 
15.2 R,=b/2 
154 © 


15.6 Q = 448 m?/s 


15.8 Using Darcy-Weisbach, Q = 243 cfs; 
using Manning, Q = 214 cfs 


15.10 Q = 10.6 ft?/s 


15.12 Using Darcy-Weisbach, V = 5.74 ft/s and Q = 758 cfs; 
using Manning, V = 5.18 fps and 
Q = 684 cfs. 


15.14 Q = 546 cfs 

15.16 d= 4.92 ft 

15.18 Half-hexagon with all three sides having length of 8.57 ft 
15.20 Undesirable 

15.22 Supercritical 


15.24 Fro3 = 7.77 (supercritical), 
Fr, 9 = 1.27 (supercritical), and 
Fr, 9 = 0.452 (subcritical), 
Ye = 1.18 m 


15.26 y, = 2.55 m 
15.28 Subcritical 


15.30 


15.32 
15.34 
15.36 
15.38 


15.40 
15.42 


15.44 


15.46 
15.48 


15.50 
15.52 
15.54 
15.56 


15.58 
15.60 
15.62 
15.64 
15.68 
15.70 
15.72 


Alternate depth is y = 5.38 m; 
sequent depth is y, = 2.33 m. 


Q = 187 cfs 
Q = 50.5 cfs 
Elev. = 101.4m 


For upstep, Ay = —0.51 m, new water elev. is 2.49 m. 
For downstep, Ay = 0.40 m, new water elev. is 3.4. 


Before upstream depth change: Zstep, max = 0.43 m. 
Az = 0.89 m 

Ship squat = 0.30 m 

Q = 35.5 m’/s 

y = 0.23 m 

h; = 2.30 ft; P = 4.70 hp, and 


F, 


ramp,H = 51.2 lbf opposite to direction of flow 


Hydraulic jump can occur; y, = 2.82 m 


y2 = 2.09 m 
q = 29.07 fÊ /s 


A hydraulic jump will form at ~ 29 m downstream of sluice 
gate. 


AElev = 1.86 m (increase) 
S3; m = 143 N/m? 

(d) 

M2 

= 1.51m 

Q = 19.2 m?/s 


Profile progresses from an elevation of 52.2 m to 53.5 m 


I N D E X 


A 
Abrupt expansion, in pipes. See Sudden expansion, in pipes 
Absolute pressure, 35 
Absolute viscosity, 18-24. See also Viscosity 
Acceleration, 82, 83-84 
Euler’s equation, 86-89 
types, 84-85 
Advance ratio, 477 
Adverse pressure gradient, 110—111, 305, 307 
Airfoil 
drag of, 385-388 
ground-effect vehicles, 391—392 
lift of, 383-385 
section, pressure gradient effects, 305-306 
sound propagation by, 404—405 
stress distribution, 364 
Airplane 
lift and drag forces on, 387—389 
propeller motion, 476-477 
Anemometer types, 437—440 
Apparent shear stress, 294-295 
Archimedes’ principle, 61 
Atmospheric pressure variation, 40—43 
Automobile(s) 
drag force, model test for, 269-270 
drag forces on, 389-392 
streamline pattern, 79 
Axial-flow pumps, 481—485 
Axial-flow turbomachinery, 476, 477 


B 
Barometer, 44 
Bernoulli equation, 114 
applications, 93—99 
derivation, 92—93 
energy equation, compared to, 229-230 
flow properties, evaluation of, 127 
irrotational flow, 105—107 
See also Euler’s equation; Lagrangian approach 
Best hydraulic section, 519 
Bingham plastic, 24 
Blasius, H., 288 
Body force, 166 
Boundary layer 
laminar, 288—292 
overview, 286—288 


pressure gradient effects on, 304—306 

separation, 305 

thickness, 286-306 

transition, 292 

tripped, 307 

turbulent, 292—304 
Bourdon-tube-gage, 44 
Broad-crested weirs, 527—528 
Buckingham II theorem, 251 
Bulk modulus of elasticity, 24—25 
Buoyancy, 55—61 


C 
Capillary action, 25-26 
Cavitation, 27, 144-147 
Celerity. See Wave celerity, rapidly varied flow (open 
channels) 
Center of pressure, 48—49 
Centrifugal 
compressors, 493—496 
pump in pipe system, 343-345 
pumps, 485—488, 491—492 
Centripetal acceleration, 84—85 
Channels. See Open-channel(s); Rectangular channels; 
Trapezoidal channel, transition in 
Characteristic curves, for turbomachinery, 343, 482 
Chezy equation, 516, 518 
Circular cylinder, pressure distribution around, 111—112 
Circulation, 379-381 
Clift and Garvin correlation, drag on a sphere, 371 
Coefficient of drag, 365-372 
Coefficient of lift, 381-383 
Coefficient of pressure, 110, 268, 391, 436, 478, 482, 
486 
Coefficient of velocity, 446 
Combined head loss equation, 339-340 
Compressible flow 
Mach number classification. See also individual 
types of flows 
Mach number relationships in, 407-411 
mass flow measurement, 459-461 
pressure measurements, 458 
velocity measurements, 458—459 
wave propagation, 401—406 
Compressors, 493—496 
Computational fluid dynamics, 13 
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Conduits 
definition, 315 
flow classification, 316-318 
nonround, 341—342 
systems of, 345—349 
See also Pipes 
Continuity equation 
differential form, 147—149 
for flow in pipe, 142-144 
general form, 138—142 
See also Reynolds transport theorem 
Continuum assumption, 2-3 
Control volume approach, 133—138 
Convective acceleration, 84-85 
Couette flow, 283. See also Parallel plates 
Critical depth, 525—530, 540, 542-545 
Critical flow 
characteristics of, 524—527 
occurrence of, 528—530 
See also Venturi flumes, critical flow 
Critical pressure ratio, 424 
Culverts, uniform flow in, 520, 521 
Cup anemometer, 438 
Curved surface, hydrostatic pressure distributions on, 55—59 
Cyclonic storm, pressure variation in, 107—110 
Cylinders 
circulation and uniform flow around, 380-381, 382 
drag coefficient of, 366-369, 371, 372 
vortex formation, 376 


D 
Dams 
hydraulic jump, in spillways, 537 
water-surface profiles, 540, 542—543 
Darcy-Weisbach equation, 320-322 
Darrieus wind turbine, 504, 505 
Density 
in compressible flow, 409—410 
delivered, 15 
See also Mass density 
Developing flow, in conduits, 317—318 
Dimension, 4 
Dimensional analysis 
importance of, 249-250 
methods, 253-257 
of open-channel flow, 512-513 
See also ™-groups 
Dimensional homogeneity, 6—9 


Dimensionless groups, 6. See also m-groups 
Discharge. See Volume flow rate 
Discharge coefficient, 446 
Doppler effect, sound, 405 
Drag 
on airfoils, 385-388 
on automobiles, 389-391 
axisymmetric bodies, 370-373 
coefficient of drag, 366-369 
compressibility effects, 378-379 
drag force equation, 365-366 
on a sphere, 410 
streamlining, 377 
and stress distribution, 364—365 
terminal velocity, 374-375 
Dynamic similitude, 261—263 
Dynamic viscosity. See Absolute viscosity; Viscosity 


E 
Efficiency, of a machine or system, 227—228 
Elasticity, bulk modulus of, 24—25 
Electromagnetic flow meter, 452—453 
Energy, definition, 217 
Energy equation 

for a control volume, 219-221 

for open channel flow, 522 

for steady flow in a pipe, 222-226 

for a system, 219 
Energy grade line (EGL), 233-236 
Engineering analysis, 11—12 
Enthalpy 

specific, 18 

total enthalpy, 407 
Entropy, in normal shock waves, 416 
Environment, definition, 219 
Eulerian approach, 127, 133-138 
Euler’s equation, 92, 114 
Exponent method (of dimensional analysis), 255-256 


F 

Fan laws, 484—485 

Favorable pressure gradient, 111 

Flow, 99 
coefficient, 446, 447f 
dimensionality, 82, 83 
discharge rate, 129-131 
fully developed, in conduits, 317-318 
mass flow rate, 131 
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Flow (Continued ) 
meters, types, 452—454 
nozzles, 451, 452 
pattern, 78—80 
rate, direct measurement of, 443—444 
separation. See Separation 
work, 220 
Flow rate equation 
mass, 131 
volume, 129 
Fluid, definition, 1 
Fluid jet, force on, 168—171 
Fluid particle, 33 
Force coefficient, 257 
Force diagram, 166 
Form drag, 365 
Francis turbines, 496, 501 
Free surface, 511 
Friction drag, 365 
Friction factor, in a pipe 
chart for (Moody diagram), 329-331 
Darcy and Fanning, 322 
definition, 321 
formula, laminar flow, 326 
formula, turbulent flow, 331 
total, 320 
in turbulent pipe flow, 328-329 
Friction velocity. See Shear velocity (friction velocity) 
Froude number, 257, 258, 259 
Fully developed flow, in conduits, 317—318 


G 
Gage pressure, 35-36 
Gas 
Bernoulli equation, application of, 99 
flow, 99 
turbines, specific speed for, 503 
Gaseous flows, flow measurement of, 442—443 
Gases, compared to liquids and solids, 1—2 
Geometric similitude, 260—261 
Gradually varied flow in open channels 
differential equation for, 538—539 
water surface profile, 538—545 
Grid method, 9-11 


H 
Hagen-Poiseuille flow, 324. See also Poiseuille 
flow solution 


Hardy Cross method (pipe network design), 346-347 
Head 
definition, 225 
elevation, 233 
loss, 225, 320 
piezometric, 40 
pressure, 233 
pump, 225 
total, 233 
turbine, 225 
velocity, 233 
Head loss 
chart (Moody diagram), 329-331 
definition, 225 
formula, laminar flow, 326 
formula, turbulent flow, 331 
in a pipe, 320-322 
total, 320 
in turbulent pipe flow, 328-329 
Hele-Shaw flow, 284. See also Parallel plates 
Hot-film anemometer, 438 
Hot-wire anemometer, 438 
HVAC duct, pressure drop, 342 
Hydraulic 
depth, 525 
grade line, 233-236 
jack, 37 
jump, 533-539 
machine, 36, 37 
radius, 341, 512-513 
Hydraulics, 12 
Hydrogen bubbles, in velocity measurement, 441 
Hydrology, 12 
Hydrometer, 56 
Hydrostatic 
condition, definition, 33—34 
differential equation, 36, 37—38 
equation, 39—41 
force, 52-59 
force on curved surfaces, 55—59 
force on plane surfaces, 52-55 
pressure distribution, 48, 49 
stability, 56—61 


I 
Ideal fluid, 110 
Ideal gas 
dimensional homogeneity of, 7 
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enthalpy of, 408 
law, density, calculation of, 16-17 
speed of sound, 403—404 
Impulse turbines, 496-499 
Incompressible, 16, 25 
Integral, primary dimensions, 8—9 
Interferometry, 462 
Internal energy, 18 
International System of Units, 4-5 
Irrotational flow, 105—107 
Isentropic compressible flow 
definition, 409 
duct area variation, 416-419. See also Laval 
nozzle 


K 

Kaplan turbines, 496 

Karman’s constant. See Universal turbulence 
constant 

Kinematic viscosity, 20, 21 

Kinetic-energy correction factor, 222-223, 224 

Kinetic pressure, in compressible flow, 410—411 


L 
Lagrangian approach, 127—129 
Laminar boundary layer, 288-292, 302 
Couette flow, 283-284 
Hele-Shaw flow, 284-286 
regions of laminar flow, 282 
sheer stress differential equation, 282—283 
Laminar flow, 81—82 
in conduits, 316-317 
in a round tube (Poiseuille flow solution), 
324-327 
Laser-doppler anemometer, 439—440 
Laval nozzle, 419—421 
exit (flow) conditions, 423—426 
mass flow rate, 421—423 
truncated nozzle, 427 
Law of the wall, 297 
Lift 
on airfoils, 383—385 
on automobiles, 391—392 
circulation, 379-381 
coefficient of lift, 381-383 
and stress distribution, 364—365 
Liquid density 16. See also Density 
Local acceleration, 84—85 


M 
Mach angle, 405%, 406 
Mach number, 257, 258-259, 263 
and compressible flow properties, 407—411 
duct area variation and, 417 
of Laval nozzle, 419-422 
of normal shock wave, 412 
am-groups, 378—379 
in subsonic flow, 418 
in transonic flow, 418-419 
Mach wave, 405f, 406 
Mach-Zender interferometer, 462 
Manning equation, 517-518 
Manning’s n, 517 
Manometer, 45—50 
definition and description, 45—46 
pressure variation, 91 
Marker methods, for velocity determination, 
440-443 
Mass density, 15. See also Density 
Mass flow 
compressible flow, measurement in, 459-461 
Laval nozzle, 421—423 
through a truncated nozzle, 427 
Mass flow rate equation, 131 
Mean velocity, 130-132, 295, 322, 325, 328, 337, 
439 
definition, 130 
equations for, 130-133 
formula, laminar pipe flow, 325, 326 
in turbulent pipe flow, 328 
Measurement 
in compressible flow, 450, 458—462 
of discharge, 443—458 
of pressure, 43—48 
uncertainty analysis, 463-464 
of velocity, 435—440 
Mechanics, definition, 1 
Microchannel flow, 13 
Minor loss coefficient, 336—339 
Mixing-length theory, Prandtl, L., 296 
Model performance 
and approximate similitude, 268-271 
and prototype performance, 266-268 
similitude, 264-266 
Moment-of-momentum equation, 192—195 
Momentum accumulation, 166—167 
Momentum diagram, 167—168 
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Momentum equation 
applications, 168. See also individual applications 
derivation, 163—165 
interpretation of, 165-168 

Moody diagram, 329-331 


NASA testing facilities, 265 

Natural gas, mass flow rate of, 450 
Navier-Stokes equations, 196-200 

Net positive suction head, 490—491 
Newtonian fluids, 23—24 
Newton-Raphson method (for nonlinear systems of 
algebraic equations), 348—349 
Newton’s second law of motion, 163—164 
Nominal pipe size (NPS) standard, 319 
Non-Newtonian Fluids, 23—24 
Nonuniform flow, 79, 511 

Normal depth, 511, 516, 529, 540-544 
Normal shock waves 

(flow) property changes across, 412—414 
in supersonic flows, 414-415 
Nozzle(s) 

acceleration, 85 

critical pressure ratio, 423 

flow, 451, 452 

force on, 172-173 

head loss test, 269—270 

hydraulic and energy grade lines, 234 
ideally expanded, 425 

momentum diagram, 167 
overexpanded, 425 

truncated, 427 

underexpanded, 424 

See also Laval nozzle 








o 

Open-channel(s) 
defined, 511 
differential equation for, 539 
dimensional analysis in, 512-513 
energy equation, 514 
flows, 538 
overview, 511—512 
rapidly varied flow, 523 
steady nonuniform flow, 522 
steady uniform flow, 514—521 
water-surface profile, 538—545 


See also Rapidly varied flow (open channels) 
Orifice meter 

head loss, 448-451 

uncertainty estimate, for, 463—464 


P 
Parachute, drag coefficient of, 372 
Parallel plates 
Couette flow, 283—284 
Hele-Shaw flow, 284-286 
Particle image velocimetry, 441—442 
Pascal’s law, 37 
Pathline, 80—81 
Pelton wheels, 496 
Performance curves, for turbomachinery, 482 
Piezometer, 45 
Piezometric, head, 40 
Piezometric pressure, 393 
m-groups 
common groups, 256-259 
experimental design methods, 253—256 
Pipe bends, force on, 176—179 
Pipe, hydraulic and energy grade lines, 233, 234, 235 
Pipes 
diameter of, 332, 335-336 
flow rate, 332, 333—335 
force diagram, 165f 
forces, 166 
head loss (Darcy-Weisbach equation), 320-322, 333 
head loss, in components, 336-340 
Moody diagram, 329-331 
networks, 345, 346-349 
nominal pipe size (NPS) standard, 319 
in parallel, 345 
reducing bend application, 193-194 
stress distributions of flow, 322—323 
water hammer effect, 187. See also Water hammer 
Pitch angle, 476 
Pitot (stagnation) tube 
Bernoulli equation, application of, 96—99 
viscous effects, 435-436 
Pitot-static tube, 436f, 437 
Bernoulli equation, application of, 96—99 
definition and description, 436, 437f 
Plane surface (panel), hydrostatic pressure 
distributions on, 51—55 
Poiseuille flow solution, 324-327. See also Hagen- 
Poiseuille flow 
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Power coefficient, 478 
Power, definition, 218 
Power equation, 218, 227 
Power-law formula, 299-300 
Prandtl, L. 
and essence of boundary-layer hypothesis, 288 
mixing length theory, 295—296 
Pressure 
absolute, 35-36 
atmosphere pressure variation, 41—44 
coefficient, 110-111, 268, 391, 436, 478, 482, 
486 
in compressible flow, 409 
critical pressure ratio, 423 
definition, 34—36 
distribution, 34, 48—49, 90, 107-111, 323 
elevation variation with, 36—43 
gage, 35-36 
instruments of measurement, 44—50 
measurements, 36—43 
scales, 36-37 
vacuum, 35-36 
Pressure equations, 35 
Pressure transducer, 50 
Primary diversion, 4 
Projected area, for drag, 366 
Propeller anemometer, 438 
Propellers, 476-481. See also Airfoil 
Properties, 15 
Prototype performance, and model performance, 
266-268 
Pump(s), 218, 342 
axial-flow pumps, 481—485 
centrifugal pumps, 343, 485—488, 491—492 
curve, 343 
hydraulic and energy grade lines, 233—234 
power equation, 227-228 
specific speed, 488—489 
suction limitations of, 490-492 
viscous effects, 492—493 
See also Centrifugal, pump in pipe system 
Pump performance curve, 343 


R 
Radial-flow machinery, 476-477, 485—488. See also 
individual machines 
Rapidly varied flow (open channels) 
channel transition, 530—531 


critical flow, 522—530 
hydraulic jump, 533-538 
specific energy, 522—523 
wave celerity, 532 
Rate of flow. See Flow, discharge rate 
Ratio of specific heat, 403 
Rayleigh supersonic Pitot formula, 459 
Reaction turbines, 496, 499-501 
Rectangular channels 
best hydraulic section, 519 
hydraulic jump in, 535 
transition in, 530—531 
Rectangular weir, 455—457 
Relative roughness, 329 
Resistance coefficient. See Friction factor, in a pipe 
Reynolds number, 6, 7, 257, 258 
and approximate similitude, 268-271 
similitude, 264—266 
Strouhal number versus, 376 
transition, 292 
Reynolds stress, 294 
Reynolds transport theorem, 136—138 
Rock-bedded channels, 515—516 
Rocket 
equation of motion, 184—187 
thrust of, 169-170 
Rolling resistance, 206, 370, 373-379, 396-397 
Rotameter, 454 
Rotating flow 
Bernoulli equation, application of, 99 
pressure distribution in, 98—91 
Rotation 
in concentric streamlines, 104—105 
definition, 100—102 
See also Irrotational flow 
Roughness. See Sand roughness, in pipe flow 


S 
Sand roughness, in pipe flow, 329-330 
Savonius rotor, 504, 505 
Schlieren technique 

on cylinders, 369 

described, 461—462 
Separation, 112-113 
Separation point, 111, 305 
Sewers, uniform flow in, 520-521 
Shaft work, 220 
Shear strain, viscosity and, 18—20 
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Shear-stress 
coefficients, of laminar boundary layers, 291, 292—293 
viscosity and, 18—20 
Shear velocity (friction velocity), 293 
Shells, drag coefficient of, 372 
Ship model testing, 260-261, 273-274 
Ship, stability relations, 57—58, 60 
Shock waves 
normal, 412, 415—416, 424—425 
oblique, 415—416, 424—425 
visualization, 461—462 
Similitude 
dynamic, 261-263 
geometric, 260 
Sluice gate, 181-182, 524, 527, 542, 546 
Solid mechanics, definition, 1 
Solids, properties of, 2 
Sound 
Doppler effect, 405 
speed of, 401 
See also Mach number 
Specific energy, 523—527, 530, 536, 546 
Specific gravity 
definition, 16 
hydrometer, 56 
Specific heat, 17 
Specific speed, 488—491, 503, 506 
Specific weight, 16 
Speed of sound. See Sound 
Sphere 
compressibility effects, 378—379 
drag coefficient, 370-371, 372-373 
drag force on, 410 
lift forces on, 382-383 
terminal velocity of, 375 
Spillway model 
definition, 271 
free-surface model studies, 271—274 
Spillways. See Dams 
Stagnation tube, Bernoulli equation, application of, 95—98 
Static tube, 436 
Steady flow, 80, 511 
Step-by-step method (of dimension analysis), 253—255 
Stokes’s equation for drag, 371 
Stratosphere, pressure variation, 42, 43 
Streakline, 80-81 
Streamlines 
concentric, 104-105 


and flow patterns, 78—80, 81 
Streamlining, 377 
Stress distributions 

on airfoils, 364 

in pipe flow, 322-323 
Strouhal number, 376 
Subcritical flow, 524-525, 531, 537, 546 
Subsonic flow, duct area variation in, 417 
Sudden expansion, in pipes, 230-232 
Supercritical flow, 524—525, 531, 537, 543, 546 
Supersonic flow, 418 

Laval nozzle, 419-421 

in normal shock waves, 414—416 
Surface force, 166 
Surface tension, 25—27 
Sutherland’s equation, 23 
Swamee-Jain equation, 331 
System curve, 343 
System, definition, 133 


T 
Temperature, total temperature equation, 408 
Terminal velocity, 374-375 
Theoretical power, pump 
adiabatic, 493 
isothermal, 494 
Thermal energy, properties of, 17—18 
Thermodynamics, first law of, 219 
Thrust coefficient, 481 
Torque, moment-of-momentum equation, 192—195 
Torques, 192 
Traditional Unit System, 5 
Transonic flow, Mach number, 418—419 
Trapezoidal channel, transition in, 531 
Triangular weir, 457—458 
Troposphere, pressure variation, 42—43 
Turbine, 218 
flow meter, 453 
Francis, 194-195 
gas, 503 
hydraulic and energy grade lines, 234 
impulse, 496—499 
power equation, 227, 228—229 
reaction, 499-501 
specific speed for, 503 
vane angles of, 501-502 
wind, 503—505 
See also Vane, force on 
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Turbomachinery 

classification, 476. See also individual machines 

power absorbing, 476 

power producing, 476 
Turbulent boundary layer 

sheer stress, correlations, 300—302 

velocity distribution, 292—300 
Turbulent flow, 81—82 

computational examples, 332-336 

in conduits, 316-317 

friction factor, 328—329 

Moody diagram, 329-331 

overview, 327 

velocity distribution, 328 
Two-dimensional bodies, drag coefficient, 

366-369 


U 
Ultrasonic flow meter, 453 
Uncertainty analysis, 463—464 
Units 
defined, 4 
grid method, 9-11 
systems, 4—5 
Universal turbulence constant, 296. See also Karman’s 
constant 
Unsteady flow, 80, 532 
Vv 
Vacuum pressure, 35-36 
Valve, Reynolds-number similitude, 266 
Vane anemometer, 438 
Vane, force on, 173—176 
Vapor pressure, 27 
Velocity defect law, 297-299 
Velocity distribution 
in boundary layer, 287 
in Couette flow, 283 
formula, laminar pipe flow, 325 
formula, turbulent pipe flow, 328 
in Hele-Shaw flow, 284 
in laminar boundary layer, 287 
in turbulent boundary layer, 293—299 
Velocity, marker methods, 440 
Vena contracta, 445—446 


Venturi flumes, critical flow, 528—529 
Venturi meter 
defined, 451, 452 
flow rate measurement, 460—461 
using, 452 
Viscosity, 18—24 
kinematic viscosity, 20, 21 
temperature, effect of, 20-23 
See also Absolute viscosity 
Viscous sublayer, 293—299 
Volume flow rate, 129-131 
Volume flow rate equation, 129 
Vortex flow meter, 453—454 
Vortex shedding, 376 
Vorticity, 102—103 


W 
Water distribution systems, 345, 346—349 
Water hammer 
force relations, 189-192 
overview, 187—189 
Water-surface profiles (gradually varied flow), 
539-545 
Wave celerity, rapidly varied flow (open channels), 
532 
Weber number, 257, 258, 260 
Weirs 
critical flow, 527—528 
definition and description, 455—458 
Wind, 265 
Wind tunnel 
aircraft testing, 264, 266-267 
drag force on, 179-181 
Laval nozzle application, 419—421 
Wind turbines 
definition and description, 503—505 
specific speed for, 503 
Work 
definition, 217 
flow work, 220 
shaft work, 220 


Y 
Yaw meters, 437 
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Table A.6 NOMENCLATURE 








Symbol Dimensions Description Symbol Dimensions Description 

A Ee Area h; L Head loss 

Aj Lv Jet area hy L Head supplied by pump 

Ao ie Orifice area h, JL Head given up to turbine 

Ax if Nozzle area at M = 1 T Lt Area moment of inertia, centroidal 
a aT Acceleration i Unit vector in x direction 

b aes Intensive property j Unit vector in y direction 

B IL, Linear measure k Unit vector in z direction 

B Taie Extensive property K Minor loss coefficient 

b L, Linear measure k TE Ratio of specific heats 

C; Coefficient of contraction k, L Equivalent sand roughness 

Cp Coefficient of drag ve, L Linear measure 

Cy Coefficient of discharge l L Linear measure 

C Average shear stress coefficient € L Linear measure 

Cr Force coefficient M ae Mach number 

Cy Head coefficient M ML?/T? Moment 

C; Coefficient of lift m M Mass 

Cp Power coefficient m M/T Mass flow rate 

Cp Pressure coefficient N T” Rotational speed 

Co Discharge coefficient N, L3/4/ T3! Specific speed 

Cr Thrust coefficient Nog L3/4/T3!2 Suction specific speed 

CR ee Coefficient of velocity n ee Manning’s roughness coefficient 
c L/T Speed of sound n T! Rotational speed 

Cf ae Local shear stress coefficient Ng Specific speed 

Cp L/T Specific heat at constant pressure ngs Det Suction specific speed 

a JEU INA) Specific heat at constant volume p M/LT? Pressure 

CP Center of pressure Ap M/L?’ Change in pressure 

cs Control surface B WILIS Power 

cv Pe Control volume ps M/LT? Pressure at M = 1 

D L Diameter Pr M/LT? Total pressure 

D L Hydraulic depth Py M/LT? Vapor pressure 

D, IE Hydraulic diameter j2- MEPIT Piezometric pressure 

d L Diameter Q DZT Discharge, volumetric flow rate 
d Ji Depth Q WU JI” Heat transferred 

E ML? / T? Energy q L?/T Discharge per unit width 

E L Specific energy q M/LT? Kinetic pressure 

E, M/LT? Elasticity, bulk Ry L Hydraulic radius 

e JEI Energy per unit mass R ML/T? Reaction or resultant force 

Fr nas Froude number R L / 9T? Gas constant 

F ML/T? Force Re TE Reynolds number 

Fp ML/T? Drag force r L Linear measure in radial direction 
E ML/T? Lift force S m Planform area 

Fs ML/T? Surface resistance St Strouhal number 

ii Friction factor So — Channel slope 

G sa Giga, multiple = 10° s L /T?9 Specific entropy 

g TE Acceleration due to gravity S ee Specific gravity 

H L Head s L Linear measure 

h JL, Piezometric head ip ML2/T?2 Torque 

h ETTO Specific enthalpy T 0 Temperature 

hy JL, Head loss in pipe (Continued) 





Table A.6 NOMENCLATURE (Continued) 








Symbol Dimensions Description Greek Letters 
te 0 Total temperature a Angular measure 
Tx 0 Temperature at M = 1 a Lapse rate 
t T Time a Kinetic energy correction factor 
Up L/T Free-stream velocity a Angle of attack 
u Hf TF Velocity component, x direction B ae Angular measure 
u L ZT? Internal energy per unit of mass Tr L?/T Circulation 
u, IE I Shear velocity y NIIA Specific weight 
u’ L/T Velocity fluctuation in x direction A ee Increment 
V Lge Velocity ò JE Boundary layer thickness 
Vo L/T Free-stream velocity ò L Laminar sublayer thickness 
a Vb Volume Dm L Nom. laminar sublayer thickness 
V L/T Area-averaged velocity n Efficiency 
v TOP Velocity component, y direction 0 Angular measure 
v’ L/T Velocity fluctuation in y direction K s Turbulence constant 
W MILEY Work u M/LT Dynamic viscosity 
W ML/T? Weight T M/LT? Shear stress 
We Se Weber number v MPP Kinematic viscosity 
w L/T Velocity component, z direction T ms Dimensionless group 
be IL Linear measure p M/E Mass density 
y L Linear measure Px M/L Density at M = 1 
Vo IL Critical depth P; M/I? Total density 
Vn L Normal depth Q T7 Rate of rotation 
E Ji Elevation w T Angular speed 
Az JL, Change in elevation w T™ Vorticity 
o M/T? Surface tension 





